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EHETER O D 2 Wi = A ER T 2 =MAEED T 4
V7 VERZ AL OUIE

TR B (JEERSIKYE ERERREAAES)
HPE BE (RIRASIREE B SeRT) <2

SHEE (H2, p) LO=fTE AL, &2 (&t 3 AOERK) TOH DKL OEK
THERENS, MEREOSELMI SR IMEEZL. CORIHREI Y k2 &, C
NEB=ZABF LTINS, TO=MAEL, WITh2DATOHHDELIZK G OMES
1%, ZOBETA ORAMERD 1 OTH 2, 2 2 TR EAFOEADETIZ RV p € H2
KN LTEEATA VI LERSAT L MZh 2 HAHBEE 2 2. AR TERS
ns:

Dy(Ta) i=(Hy(f), 772Ul Hy(f):={qeH|p(q.p) < pla, f()}.
fela
R E DES OILEH DD 57722 ZOESDEENRIKIE, WA, TOWFDEKRLE R;
T x (1] KEDROFRMESN TV S

(Hp(R; o R)), L, ph A DNERICH D & X,
Dy(Ta) =4 "R .

(V(Hp(Ri o Rj) NHy(Rj0 Ry)), %EL,pDA; LichsL &,

j=1,2,3

CDFRRICHNE —ODGEZFNFNXRT B TD LSS,

AQ AS
®
Aq D
(1) p2’ A DHEICH 3 & = (2)pH A Eichzrx

*le-mail: ushijima@em.u-hyogo.ac.jp

*2e-mail: tosihiro@riko.shimane-u.ac.jp
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FREDRRDFEHIZIE, W =AM T 2 F = NOEEPHFLN R EEE R F. &
7o, ERLOREROILR Y LT, %020 OTEAAWEhFmH O R E oH? Ficd 355,
D% D HEMETEA (ideal vertex) 2% 2 5E1CS D,y (Ta) DFAMRDETIREZ N E Z &%,
“ABEOERICIC Y 72 2 BURBRICN T 28R (1, 2] THEIh TV

AROFERIE, WHth=ATEOTHRDEZ X 51— T 25D TH 5.

FFED D, (Ta) OFRRIE, HREDOE OB E T NMITBT 2 ZDIMINCDH 555
&, TROBEMAMATEA (ultraideal vertex) 2SN =ATEICH 2 HEITDH LD LD,

C OEHOFEINC, EE OTES, HATES, @HATEENEE T 2 =AFICHEHT
XD EXDIHIRE N2 F 2 NDEHEHWS., ZOFRIILLTOHED TH 3.
aed ([3])
N NS 2HEAZBZ2ERE [ T2 % 3KDER I, Iy, I3 D5 A DHNELD
—HTRbDBZ e, UFOERXDKD IO L L IXFMETH 5:

(I, Az) r(l2, As) (I3, A1)

=1.
r(l, As) r(l2, A1) (I3, As)
o THA Ao N Az PEEDTESERS, r(ly, Ag) 1F Ay ZETLEME [ EOKT

A% EBE sin TELRZDDTH 3,

o THR Ao N A PEMTHSR S, ZORZHLE 5 horocycle Z{EEIC 1 DHL
D, 11, Ag) W30 Ay ZETERY |, L THRENBHS OWETH 2

o THA Ao N Az PWEIMESZ S, r(ly, As) 13 As 2 ETEME I; DD
PEAfEE AN E5LBEEL sinh TEL/2dDTH 5.

SE 3k
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(KBTI SRR

[2] /NER PR, MEA I&FTF, On Dirichlet polyhedra for generalized simplex groups, HARIF =
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Newton-Mandelbrot set

Shunji HORIGUCHI

The Wasan(Japanese mathematics in the Edo period(1603-1868:national isolation)) of 1673 leads
to the extension of Mandelbrot set, i.e., the Newton-Mandelbrot set(Def. 1(2)). We use the Newton-
Mandelbrot set to show that the complex plane continuously transforms the Mandelbrot set and the
Multibrot set(Thm. 4). This shows the originality of Japanese traditional mathematics (Wasan).

Definition 1. (1) Let C be the complex plane and #(>=2) a natural number.
M, ={ceClzy=0, zxy =z} +c, klgrolol Zkl<o } (1)

Here, M- is called the Mandelbrot set(1979), and M,(n>=3) the Multibrot set.
(2) Let p(>=2) be a natural number and m a real number.

(m—=1)z{ -

c ..
NMP(m):Z{CEC|ZOZOaZk+I= mz,ffl—l ,I}ILTC}O|ZIC|<OO} 2)

It is called the Newton-Mandelbrot set. In particular, NM>(0) is the Mandelbrot set M> and
NM,(0)(p>=3) is the Multibrot set M,,.

NM,(m) can be considered as a picture. This is obtained from the formula (2) when m is determined.
We can obtain NM,,(m) using a computer.

Theorem 2(Douady and Hubbard[2]). The Mandelbrot set and the Multibrot set are connected
and closed sets.

Theorem 3(Mitsuhiro Shishikura[3]). The Boundary of the Mandelbrot Set has Hausdorff
dimension 2.

Theorem 4([1]). The complex plane C can be continuously transformed to Mandelbrot set M or
Multibrot set M(p>=3).

Proof.  If we apply f(z)=z"—z+c(p>=2) to Newton’s method, then the following is obtained.

zi—zx+c  (p—-Dzf—c

Zk =Zk — = =
(zf —zi+c)  pzP'-1

In this case, let zo = 0 and z; = ¢. This is the formula of NM,,,,, and it is the following set.
NM,(py={c(e O) such that z; converges to the root of {z)=0 or
z performs various actions within C (except z=(1/p)"? ).}
Therefore, NM,(p) is the connected set, and C is represented as follows.
C=NMyp) L (1p)! e

Here, if we continuously move from p to 0, then (1/p)"%" =0 and pz¢#'—1=—1. Hence, Ctransforms

to (NM,(0y=)M, continuously. []
zi—ze+e  (3-Dz—c

(z2—zi+¢)  3z2-1

This is the formula of NM5(3). From 3z72-1=0, z=+(1/3)"? is obtained. Then C'is represented as
follows.

Example 5. Iffiz)=Z—zt+cthen ziu =2z —

C=NMx3)U {=(1/3)"2}



Here, if we continuously move from 3 to 0, then 3z>—1=—1,|zx/=}+(1/3)"’|=c0, and C transfers to
(NM;3(0)=)Ms5 continuously.

Example 6. 'We show NM(m) approaching M. The recurrence formula of NMa(m) is this.

(m-1zi-c
Zppl =
mzy — 1

If m continuously approaches 0, then this approaches zi1=zi*+c. We will show the following

examples. () NMx(—1)  (2) NMx(0.1) (3) NM~(0.5) (4) NML(1)
Next, we will discuss the Fatou set, the Julia set, and Newton’s map. Newton’s map for
Jo(z)=z'—z+c 1s this. Here, add the parameter m to the notation f,(z) to write it as fpu(z).

zl -z +c¢ _ (p(m)—1)z" —c
(zF —z+c) p(m)z"™" -1

Nfpmoyp(2) =2 =

Let F(Nfpmu(2)), J(Nfo.m(2)) be the Fatou set, the Julia set for Nf,,x(z) in the Riemann sphere,
respectively. Let c,=z=(1/p)"%""V. Then C'is represented as follows.

C=EWNpn2) N O INpl2)) N O), € JNfpl2)) N C
where oo ¢ (F(Nfy(z,m)) N OO (J(Nf(z,m)) N O).

Now, we obtain the following.
Proposition 7.  I[fm —0, then C=(F(Nfyu(2)) N OO JN(fpm(2)) N O), continuously transformed
to C=F(Nho(2)N OO JNEho(2) N O), co—og C where Nfyo(z)=="+c.
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Analytic continuation of local zeta functions to a slit
complex plane

WA St (Julike)

KB R (SN

MR O¥ (IR A
1 EA

AFHEEHTIE, RO TERSND WL —ZBEBICOVWTEZ S !

Zolsif) = | @lel@)de (s €C) (1)
ZIT, f, 0 BERDREE U L TERS NI EBIEEREKT ¢ 0B U ITE&EN D

bOE T 5. LOBEMIETE Re(s) > —co(f) TIAR—RRICR T 2728, 2 ZTOIEH]
B ARTIENTES. ZIT,

co(f) :=sup{c > 0: FEDELHEV BFELT, |f|¢ e LY(V)}

% f @D log canonical threshold % extendibility exponent 72 ¥ ¥ FEENZ FAEETH 5.
ZL DBEIL, Zy(s; ) BT DRV ER S NS Z e TE D, ZDfiE
RO T3 [ ORF R AR IEEICHR S 8B 22T 5.

| DRI D ¢ 3 C /TH 25EX, [N OFRE SHHER O & 5oty
WZED Zy(s; f) BETFHICEHMBER I NS, T HIT, Zy(s; f) DRTOMIIEDE
fill EICFETEL, ¢(0) > 0,¢0(z) > 0 EWSREDD £ T s = —¢o(f) IXMEFRFOZ 23D
% ([2]).

[ OIREZR C° HITETHHD T, Zy(s; f) DIRNEFORRFEERLTALD. £5m
X [1]12BWT, BB DGE & R DT AL T 5 72D DSEMFITDOWT,
FRMEFLNTWS. — /T f HFEATEH (Taylor BN RIEZFOHE, Zs(s; f)
s = —co(f) TMTRBRWRRERZFOFIAHM SN TWS ([2]). LZedoT, f25C0°
T D 2HETE A O HRUE —RICHAIE T, Z,(s; f) DRRAIZOW
TRVWERLZORLRNI EBZWN. ZTRETICHILN TV A RRANETHDFH £IZ
HNTWBZ e HRD &5 REENBARCHEREINS.

BSZE 1 Z,(s; f) ASHEIR C \ (—o0, —co(f)] ICIERINCARATHESE X LB 72 DEefE 2 KD X

*le-mail: joe@math.kyushu-u.ac.jp

*2e-mail: h.mizuno@ip.kyusan-u.ac.jp

*3e-mail: nose@fit.ac.jp

AFRIIERE (BEFRS:JP25K07037, JP26K06847) OB =232 7-d DTH 2,
F*—7—F ! local zeta functions, flat functions, analytic continuation



2 FHER

AHEHTEATAOMEICE L Tn=1D85EE2E 2 5. [ PEATHHTRZRWES, f
D3 C® WTHIUE Zy(s; f) DR FHEANE RGN BE 0T RiclziEo Z o
BHTREINS. [ HRRERATHETH 255080 T, —IC [ AFRFICBVWTH 5D
EREE 2 ROGE, M 1 OO OIS 2 Z e RE 5.

T2 5>02F5. ¢l%(—06,0) BEFETHD, f HROEHEMLT LT 5.
(i) f(z) & (=8,0)\ {0} £ O #ho f'(z) #0. (i) limysuo f(2)/f'(x) DTFHET 5.
ZDEE, Zy(si f) 12 C\ (—00, —co(f)] WWIFRNCAATHEG SN 5.

EH 2 12BVTE f I CCRTH2HEIZRL, 2RDIEVWT 7 ZDBEIIH LT
Zs(s; f) DIERIZR TS S5 . T ORI, Z4(s; f) DRERFD C\ (—o00, —co(f)]
WHEELRVWI EDAZRTDHDT, s = —co(f) BT 2FERDHEES (—o0, —co(f)]
TOREFDOAEIZOWTIEID 252V, ZOEHDOIEINIEBZEL U L D RD & 5 7z5#
PEREEL D Mellin ZH#AD M AT REMEICIRAE S N B

EE 3 aeRtﬁa.¢%(0mytmL%%ﬁf:yﬂ7btA%%o%®t?
5. ZOYE, lim, . 0t(x)/z* BEIETIUL, Mellin 2282 M[y)(s) = [;° 2* 1 (x)de 1&
C\ (—o0, —a] WCIERNZfEfrmi s 5.

TR 31X T o DEMATEIBDIGE ZHEH L, Weierstrass Oy MUEH % AW T—&D
HBR DG AR T 5. EH 2 D% (i) 1IZE AL O HHFE T BB EH 3 D5
R T T-DDEMTHY, fICHTRELZMLL LTABNCEER D TH S,

St (i) OFHMICOVWTE X B, &M (i) FFETHEHETRWESIEEICHILL, F
HTHHATHD2BOMMEEROGEEBLT 2. —77, [3] ITBWTEM (i) &k
TG (i) T R VEBPER I A TWEH, ZDBBUCE S 2 AT — X B
M 1 D &5 R 2RO E 53D o TWIRW. £z, Zy(s; f) BEEDINC
FRR S FFD X 5 RERREK f OFEDH LN TOVRWY. Leh> T, &4 (i) 2z
TR CEAEREEL f T Zy(s; f) DFEBPANRRLA 2RO D DMK T 2 Z e SR OFE

SE Xk
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Everywhere divergence of tangential parabolic limits
of Gauss-Weierstrass integrals

Hiroaki Aikawa (Chubu University)*

We investigate the initial limits of Gauss-Weierstrass integrals over the upper half
space R = {(x,1) : x € R",t > 0} withn > 1. By

1 x —yI?
Wit = o [ e (=B )r00ay

we denote the Gauss-Weierstrass integral of a locally integrable function f on R".

The classical Fatou theorem says that the Poisson integral of a function f on R" has
nontangential limit f(&) at almost every boundary point £ € R". See [3] for the initial
paper. Watson [6, Theorem 4.1] proved the following parabolic Fatou theorem.

Theorem A. Suppose that the Gauss-Weierstrass integral W f(x, t) of a function f on R"
exists. Then W f(x,t) has a parabolic limit f(&) at almost every boundary point § € R",
ie.,

ltir{)l Wf(x,t)= f(&) foreverym > 0. (1)

|x—&|<mt'/?

The sharpness of nontangential limits of the Poisson integral is known as the Lit-
tlewood theorem. See [4] for the initial reference. Watson [6, Theorem 4.3] gave the
following sharpness of the parabolic approach in Theorem A.

Theorem B. Let n = 1. Let h(t) be a positive function of t > 0 such that lim,_, h(t) = 0
and lim,_ h(t)/t'/? = co. For each £ € R let L denote the graph {(x, t) : x — & = h(t)}.
Then, there exists a bounded function f on R such that

ltirrol W f(x,t) diverges for almost every £ € R.
(X,t)EL;

We strengthen Theorem B by constructing a bounded function f for which the tan-
gential parabolic limit of the Gauss-Weierstrass integral W f diverges everywhere, rather
than almost everywhere. We also treat various approaches more general than translated
graphs.

Definition 1. Let ¥ be a continuum (connected compact set) in the closure of R**'. We
say that y is tangentially parabolic at (£, 0) if the following two conditions hold:

(i) ynoRY™ ={(,0)}.

(ii) For each m > 0 there is § > 0 such that

{(x,t)ey : 0<t <8 Cix,0b) : |x =& > mt'/?. (2)

*e-mail: aikawa@fsc.chubu.ac. jp
This work was supported by JSPS KAKENHI Grant Number 21K03281.
2020 Mathematics Subject Classification: 31B35, 35K05, 42B25.
Keywords: Gauss-Weierstrass integral, parabolic Fatou theorem, tangential parabolic limits.



If the precise ¢ is irrelevant, we simply say that y is tangentially parabolic. We should,
however, note that y N dR”*" is a single point. Observe that (ii) implies that y lies even-
tually outside a parabolic approach region {(x,t) : |x — &| < mt'/?} for any m > 0. By
d,((x,1),(,s)) we denote the parabolic distance |x — y| + |t — s|*/? between (x, ) and
v, 5).

Definition 2. Let y and y’ be continua in the closure of R*'. We say that y’ is at least
as tangential as y if there exists a continuous mapping T on y with the properties:

@ Ty=v"
(ii) T preserves the t-coordinate, i.e., T is written as T(x, t) = (T,x, t).

(iii) T is non-contracting, i.e., there is a positive constant ¢, such that
d,(T(x,1),T(y,s) > crdp(x,1),(y,5)) for(x,1),(y,s) €y. (3)

We say that y and y’ have equivalent tangency if y’ is at least as tangential as y, and vice
versa.

Obviously, y and its translation y + & = {(x + £,t) : (x,t) € y} have equivalent
tangency. Moreover, y and its rotation around the ¢-axis have equivalent tangency. The
main result of this note is the following.

Theorem 3. Let y be a tangentially parabolic continuum in the closure of R, Then there
exists a bounded function f on R" such that

ltinol W f(x,t) diverges

(x.ney’
for every continuum y’ at least as tangential as y.

Corollary 4. Let y be a tangentially parabolic curve in the closure of R, Then, there
exists a bounded function f on R" such that

1{1_1’)101 W f(x,t) diverges for every £ € R".
(x,t)ey+¢
The construction of f in Theorem 3 are given in the same spirit as in [1] and [2].
Nagel-Stein [5] improved the Fatou theorem so that the approach region can include a
non-nontangential sequence. Watson [6, Theorem 4.5] proved a parabolic counterpart
of Nagel-Stein’s non-nontangential boundary limit theorem. We compare the tangential
parabolic approach and the non-nontangetial parabolic approach of Nagel-Stein type.
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2 v FBARIZEIE T 5 Loewner chain \ DDA AV E

e —Hl (AR R BRI R FER
Sebastian Schleiflinger (University of Wiirzburg)

1. BSOS %, IEBUEZHE F(0) =0, £/(0) = 1 27D = {2 € C: || < 1} LOIFRIBIERES A
BT BB L T3, %5 X — 2 EERIREL(f,)im0 D

f:(0) =0, e 'fL eS8, (D) C fi(D) (s<t)

P32 &, Ik EHR{LX N7z radial Loewner chain ¥ W5, D%, HilZ Loewner chain & FER.
Loewner chain ¥, I A Y TXRTDt > 01 LT Loewner DIRIM D HER

Ot () = =fi(lt. 2
Zi7zs. TZTp(t, )&, IFEAETRTOHIN L TD 2 LA FHADIEAIEHRTH D, p(t,0) =1
il g, FB2eDITNLUTE— p(t,2) IFAIHITH 5. D X 57288 p ¥ Herglotz function &
Eh 3. IR D Herglotz function t&—7EMIZ Loewner chain € 5.

Loewner (2 & 2 TCRDAFZE [Low23[ 1lZ AV v FERIZBET2bDTH o7, TITCRBIZAUY
FEid, B35z € Cl oo LEERY s LA VHIRTH 2. f(D)HRV v FORMEETHZ L5 7%
€SNy FEREIESR. Loewnerld, RV v FNE& f € SI137272—DD Loewner chain {f;} IZH®
ADBZ TR LIz, £ E, {fLHFLIALTCHRTH S, 512, @Ik : [0,00) — ID
DFEL T

T = (1)
DR LD, AFHETIX, D Loewner DEZHFERE LT, RV v FEHICHT 20 O00d)
ABREZERT 5.

2. feSITHLT fy = f &7 % Loewner chain BfEET 5 £ X, f13 Loewner chain [Z3B®HASH B &
WL RIFHDALBEICE L TR d BEANZHEETH 5.

FI 1 ([Pom75)). (EED f € SI&H % Loewner chainlZH®AL Z B TE 5.

2-1. Loewner chain (f;) I LT, &2z € DIZOWTEMt — fi(2) BITXTDt > 0 TMOATRET D
Y&, (f) IMPEETHZ VI ZLICT S, ZITROEI REBEEEZ 3.

Sq:={f €S8 : fI3MIvIHE’R Loewner chain IZHDAD 5 }

AR D Loewner DFERIZE D, TRXTORV v FERIZS, IR T 5. %7z f(D) 23FH Jordan #HifIZ
o THENZHERTH 255D S ITET 5.

RiZ, fESHDE_ODHVWIIKRDLLREWVWRAY v FDFEEGANETLTE. Zorx, HiXMH
0,71 T—2HDRY v bO—FEHEL, ROXM (T1,T:] TZ2OHDRY v bO—HEHT, W5
EZ#E DR Z 8T, f% Loewner chain (IZHDIAL Z LA TE L. ZOHAE, (fi)ldt =T, THWIA
BETWX WV, 7272, Z2o0R Y v FERKICHEHL TWL X33 UE, S5 F % Loewner chain %
FTRTORLNTHAAREICIN S Z e TE 5. XD —&iZ, f(D)BEREDEHWVIZZDOLZRVAY v b
DHEETH2 X572 DL TBHFERD Z £ H7F Z % ([Boh16, Theorem 2.31]).

TITTS; =SHRDILDOH, W) BAREERMAET 5. L, ThEBTH 5.



T 2 ([HS24)). f €S\ S5 fOTHET 5.

2-2.
Sy :i={f €S8 : fld772—DD Loewner chain I[ZDADH 3 }

LEDD. TRTDRY v VERIIS, WCETS. ZOZehrb5BERERNZX, feS, THDEDIZIEM
BAC\ f(D)IE TN bDTHEIRERDZLBZS. LENST, 20X BEHIIOVTIE

C\ /(D) = 9f(D)

DD LD, SIS LAV, LA L ZAURIEL K 20 (Gehring 1T & 2 g, THZH) .

RiZf €S, THEEDDREBELZBHDNONTHS.

EIE
(i)
(i)

ii)

(iii

3 ([HS24]). f€S, £T5. DL % f(D)IIROWE %7 T.
f(D)FIFERTH 2.

Of (D) FHAETH 5.

b L C,Cy COf(D) AR - AR - PARATHZ7251F

ClgCQ ifcbi CQQCl

i AV RYAON

(iii) & [—ENRE DAL Z DD, BEBOMES - HRP—XTHNT, KarhokwEz
LTOWARITIUIRSRY) LI HZEKRLTWVS.

2-3. ®#&iZ, Loewner M HREXOFIRIRFIZOVWTE R .

Sli={feS: fIdihn s TT3 (1) ITHEDAD S )
SZ={feS: fIRAHE kT3 (1) ITHEDAD S )

INMBHD7 7 RELTIE, LESLE L bEHL TOWL O DMFHERLH 2. FEDFFEIE, S!
BLUS2ICHT 2 BEAIOE RSB X CRREEICOWTRAN T 5.

BE 3

[Boh16] C. Bohm, Loewner equations in multiply connected domains, PhD dissertation, Wiirzburg, 2016.

[HS24] 1. Hotta and S. Schleiflinger, Problems related to conformal slit-mappings, Complex Var. Elliptic
Equ. 69 (2024), no. 2, 215-233.

[Low23] K. Lowner, Untersuchungen tiber schlichte konforme Abbildungen des Einheitskreises. I, Math. Ann.
89 (1923), no. 1, 103-121.

[Pom75] Ch. Pommerenke, Univalent functions, Vandenhoeck & Ruprecht, Gottingen, 1975.
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Boundary characterizations of little Bloch and VMOA
functions on the half-plane

i 7aZ  (FARER)
g 3 (FREERY)

Pommerenke! gave fundamental characterizations of the boundary geometry of con-
formal mappings in terms of the vanishing behavior of the pre-Schwarzian derivative.
If I is a conformal mapping of the unit disk D onto a bounded Jordan domain, then
the boundary curve OF (D) is asymptotically conformal if and only if log F” belongs to
the little Bloch space By(D). He also proved the rectifiable analogue: the boundary
curve is asymptotically smooth if and only if log F’ belongs to VMOA(D), the space
of analytic functions of vanishing mean oscillation.

The purpose of this work is to extend these results to conformal mappings of the
upper half-plane onto unbounded quasidisks. Let H = {z € C : Imz > 0} and let
G : H — Q be a conformal mapping onto an unbounded quasidisk 2 C C such that
G(00) = 0o. We denote by g : R — I" = 02 the boundary extension of G. Since €2 is
a quasidisk, the map G extends to a quasiconformal self-homeomorphism of the plane,
and hence ¢ is a quasisymmetric embedding of R onto the quasicircle T'.

For a conformal mapping G on H, the derivative of logarithm log G’ is a Bloch
function: sup,cy(Im z) |(log G') ()| < co. We say that a Bloch function log G belongs
to the little Bloch space By(H) if limpy, .—0(Im 2) [(log G')'(2)| = 0 uniformly in Re z €
R. We also consider VMOA (H), which may be characterized by the condition that the
boundary values of the function belong to VMO(R), or equivalently by the vanishing
Carleson measure condition for (Im z)|(log G')'(2)|?dzdy.

A difficulty in the half-plane case is the non-compactness of the boundary R. In
the disk case, smallness on the parameter circle and smallness on the boundary curve
are uniformly comparable. In the present setting, however, intervals may escape to
infinity, and the boundary map g need not be uniformly continuous. Thus the usual
definition of asymptotic conformality is not sufficient for a global theorem on H. To
overcome this difficulty, we use relative versions of asymptotic conformality and asymp-
totic smoothness with respect to the boundary parametrization g.

We say that I is asymptotically conformal relative to g : R — I if

lg(x1) — g(x)| + |g(z) — g(x2)]
<:v1r£a(?§xz |g(a:1) _ Q(Iz)’ ) — 1 (t — O)

We also use the infinitesimal form of quasisymmetry. A quasisymmetric embedding
g : R — C is called asymptotically symmetric if, for every € > 0 and every ¢ > 0, there
exists § > 0 such that

l9(x) — g(a)l

e=al < (1+e)t
[z —b] ~ |g(x) —g(b)| —
whenever x,a,b € R lie in an interval of length §.
Our first result is the following half-plane analogue of Pommerenke’s little Bloch
characterization.

sup
O0<zo—x1<t

Theorem 1. Let G : H — Q be a conformal mapping with G(co) = oo, and let g :
R — T' = 09 be its boundary extension. Then the following conditions are equivalent:

1On univalent functions, Bloch functions and VMOA, Math. Ann. 236 (1978), 199-208.

11—



1. log G' € By(H);
2. T is an asymptotically conformal quasicircle relative to g : R — T';
3. g: R — C is an asymptotically symmetric embedding with image T'.

This theorem shows that three different notions are identical in the upper half-plane
setting: the analytic vanishing of the pre-Schwarzian derivative, the relative asymp-
totic flatness of the boundary curve, and the asymptotic symmetry of the boundary
parametrization. The relative formulation is essential in the non-compact case. With-
out it, one has to impose additional uniform continuity assumptions on g or on ¢! in
order to pass between small parameter intervals on R and small arcs on I'.

We next consider the VMOA version. Recall that a locally rectifiable Jordan curve
I' is chord-arc if £(ab) < Cla — b| for all distinct points a,b € I', where ¢(ab) denotes
the length of the subarc between a and b. It is asymptotically smooth if the chord-arc
constant tends to 1 at small scales. For the half-plane theorem we again use a relative
version: I is asymptotically smooth relative to g : R — T" if

sup Uglz)g(z2)) (t — 0).

0<zy—m<t [9(21) = g(@2)]
For the boundary parametrization ¢ : R — I', this means that the curve becomes
chord-arc with constant tending to 1 uniformly over all sufficiently small intervals of
the parameter line.
We also say that an embedding g : R — C with the image I'" being a chord-arc
curve is asymptotically smooth if, for every £ > 0 and every t > 0, there exists § > 0
such that

o Ho(x)o(@)
b = T —gy =0T

whenever z,a,b € R lie in an interval of length §.
The second result is the VMOA analogue of Theorem 1.

Theorem 2. Let G : H — € be as above, and let g : R — ' = 082 be its boundary
extension. Then the following conditions are equivalent:

1. log G € VMOA(H);
2. T' 1s an asymptotically smooth chord-arc curve relative to g : R — I';
3. g: R — C is an asymptotically smooth embedding with image T'.

The implication from VMOA(H) to asymptotic smoothness uses the boundary val-
ues of logG’. If u denotes the boundary value of log G’, then u € VMO(R). The
John—Nirenberg inequality gives exponential integrability with constants improving on
small intervals. Since the boundary derivative satisfies ¢’ = e* almost everywhere, this
yields sharp estimates for the length of g([a, b]) relative to the chord |g(a) — g(b)| when
la — b| is small.

Conversely, relative asymptotic smoothness implies the VMOA condition by lo-
calizing the problem on small intervals of R and reducing it to the disk case. The
relative formulation guarantees that the vanishing estimates are uniform even for in-
tervals escaping to infinity. In this way Theorem 2 gives the half-plane analogue of
Pommerenke’s characterization of asymptotically smooth boundary curves by VMOA.

Together, these two theorems show that the disk results remain valid for the half-
plane once the correct relative geometric notions are used. We note that the relative
formulation of curves is equivalent to the original one for the disk, so our results can
be regarded as the generalization of Pommerenke’s.
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SVllE:

RS ME AR R OO R R \SBREFTREN: & Wnr s
BNCEE T 3 RT > > v VBT

FH BEARES (K&K

B =
AFHEIE, BERMOBHIEE 72 3IUEZ b OB EAE AR OO R
MOBRERREM  BNOEENCE T 25D TH 5. N Ee n—-3 XLl Foa
Yo7 b C® WRERA LD 2R R A ORRERAREMICE T 2 TR 2/ L,
Ahlfors IERIZMF ¥ —kk Minkowski $:fF & 723 n—2 Xt T OFRFEEEE D
FRZEFTREME: & AT 2 IR O 777E (o Z8E)) 2B 3 2R 2 55 5.

1 BEMROEENER

1851 4£ D Riemann D=7 5 3 O T A1 B &= 1E R BE R D AL A 2 L D BR A Al HEE
23 U oA TUURE, RiRADDE RFRADRERTRENE S X CHNEZEH)) 34 72782
BOWTHLDOEWIHIFENRDO—D e S TW5. A#H T, FHIBFHEMEER

~Au(x) = V()| ux) P ulx) (1.1)

EZD. 72120, AMIXR" LoD Laplace fERZR, VIXEY L& 2m2 3B, p
BIEEBTH 2. HER (LD X, BONENEEZFH T % Lane-Emden 125, FRT#
¥D b OETFEEICE D %5 Thomas-Fermi HHEX, IEFE Schrodinger 2R D ETER
fiR, ACERIEREMH R LR T 2 RKISIEET RO E IR, p=22 0L S3RMY
DA T 2B A H 7 - ARRXOFRRIRGEE TS H 5. A#BHEHTIE, R"NOIE
DRTL% b OB DRERTREIEICEI LD H 57280, ZERIXTTIE n=3 L5 5.

1.1 RS ORETEN CMISERSETOES)
x> X R\ {0} THAMTH D, BXRFAMBEK L Jidh 3. R® OHNBERE B TE 7.

EIE A (Bocher[6]) B\{0} LOIEMEFAFMBIE b LT, B LOFANIBIR hy & ER

c=0 WIFELT
h(x) = colx|> "+ ho(x) (xeB\{0}) (1.2)

YRIND. FHZ, XD DAL,
(1) WEDTEE - }Cii%lxln'zh(x):co’éféé.
(2) BRETTHEM: - lim X" 2h(x) =0 2 51F, F 0 h OREFRERERATH 3.

“e-mail: hiratake@hiroshima-u.ac. jp
ANHfFZE1E, JSPS B2 JP23K03149 D% 21372 DT,
2020 Mathematics Subject Classification: 35J91, 31B05, 31B10, 31B25, 35A01, 35A21, 35B40, 35B60.
oo R RRNOREFELE, WHERE, FRBHEMRER, SR, BRI, S, Ahlfors EHI%
f:, —Hk Minkowski £&ff
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FERRIPIEZ 07N (LD X LT (1.2) D& 5 RO EKNFRZG2 Z L i3HL
WA, NZRFRFDO DI T 2B EEZH L. ZITIE, V=+1 & LERER

—Au(x) = u(x)?, u(x) >0, (1.3)
Au(x) = u(x)P, u(x) >0 (1.4)

DZNZIUCHET 2T RN T 5. AL T C? BB LA
EHE B (Lions [26]) 1<p<.t5 &3 5. B0} LD (1.3) DfF uix L TRAED AZD.

(1) WPRDTETE : }Ciir(l)lxln_zu(x) € [0,+00) DIMFIET 5.
(2) FREATHEN - Jlci_’r%lxln_zu(x) =051, HO0lXuDRERERFFRSTHD (D
D, ueC*®) 2o BT 1.3) 2z X 5 IHEARETH 3).

KT ¥ v VERINTGTRIC & 2 IEER RBOFEAENZ 35] 22, p> -5 Dt 2

_(2lp(n=2) = n} |7
P '_( (p—1? )
EFIUL, ux) = cpalxl 7T DSRIN(0} T (1.3) BT 2 LIS T 5.

E C (Gidas & Spruck [19]) L <p<ZZ2 v 33, B\{0} LD (1.3) D u LT
RDNT DALY LD,

(1) BRETTHEM ¢ F 013 u ORREVRELRNRATH 5.

() BROHETE  lim |xI7Tu(x) = cpn THE.

W0 ISR R R 2 b DEIRE O IEEBON RO AEICBI LTk 17] 23K,

EHE D (Aviles[3, 4]) p=-1% 3%, B\{0} LD (1.3) Dff u iTH L TRDWFTIHD
I RYASN

(1) BREFTREM @ M 01F u DREFRELRRIEMNTH 3.
- n=2 Covne
(@) BIROFE - lim|x]" ?(log ) 2 u(x):(”—ﬁz)n ‘TH3B.

EI E (Dancer&Du& Guo[11]) p=22 52, B\{0} Lo (1.3) DfF u 2’

__2

ulx)<clx| ! (xeB\{0}) (1.5)

iz 518, ROWTHLHMBED LD,
(1) BREAREM : S0 u DRERERRESTH 3.
() BROHE : §eSITHLTHIC lim PPTurd) =@ TH3. =EL, oldh
f 3K S O Laplace-Beltrami /FH 3R As (2BI3 2 /M A2

Asw—chlw+wP=0 inS (1.6)
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DIEERTH 5.

p > B2 D IEEEOFFMRICIRAUE, S&fF (1.5) 3ARETH 3 (271 2BH). nz4h>
1 <p<pnr(n-1) (Joseph-Lundgren #5850 Dt &, (1.6) BIFEHREMEE DB, Z
N HWT (1.3) OIEBRNFI R 2 T X 5720 ((12] 2B, MRIZ EITIKS.

Laplacian 23275 OHE D UBREIRR 5.

EHE F (Veéron[33], Vazquez& Véron [32]) 1<p<;5 v $%. B\{0} LD (1.4 D
i u 1T L TROWT DK D LD,

(D) BREAEMY : S0 u OREFRERFERTDH 3.

(2) B\HRME: lim |x1" % u(x) € (0, +o0) DFET 5.

(3) BRFRME T lim 27T u(n) = (22225 T3,

FEL p OHEIFICEWT, n-2<5 TH2 I LITHET 2.

I G (Brézis& Véron[9]) p=-"%5 72513, B\{0} ED (1.4) DT RTDM u XL
T, ROBPREATRELRRREFATH 2.

1.2 EESDORERTEEY

QcR" ZHEREHE T3, u:Q— (oo, +o0] BEBAFMTH 2 1%, uz+oco, QTFF
e, Q CERECEFEMEOAER (v OEREAFE X D Fic B 2 u DIEDHHREFWV) %
fi7egdeEr0nd., —uPQTERHNTHI X, ulZQTHRAMTHS 205, EcR”
PBESTHB 2L, ELTu=400 %% R" FOBFNBER u BFEET I E2 VWS,
M & D Hausdorff XITIdE A n—2 TH 2. a7 MBEELEFIRMBEECH LT
PRZEFIRETH % Z ¥ 1d Bouligand (1926) 12 & DRI N7z, K D —fRICRHIAL D 3D,

T H (Brelot[8]) EcQ 2HMWIMRIESY L, u% Q\E LOBRNMEKYL T 5.
UM EDEL TFICERTH %513, uldQ FoOBRRMKCIECE 3.

MxeR" PO BERER EcCR” S TOREHMY dx,E) TRT. r>0I1IHLT
E(r)={xeR":dx,E)<r} (1.7)

L, D nXXJit Lebesgue PfE% |E(r)| TET. E D m Rjtt Minkowski B=E1X

|E(r)]

rn—m

A" (E) :=limsup

r—0+

TREFRINS. —iZ, m Xt Hausdorff AHIE ¥ DEERIZ #™(E) < c™(E) TH 5.
PEoT, M"2E)<+007251E, EFMELETH 3.

FIH | (Bochner[7], Harvey & Polking [21]) me[0,n-2] ¥ L, EcQ 3HEMNIIE
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DD MME)<+oo THB LT 5. Q\E LM h 2

lim dx,E)"?  ™Mhx)=0 (yeEICELT—kI) (1.8)
O\E3x—y

Ziti7z 372561, hi3d Q LoFMBERICHRTE 5.

n—-2-—

n=42>omefl,---,n-3t D& X, h(xl,---,xn_m,---,xn):(xf +xn m) RS
R\ {x;1==Xy_m=0} CHMTH 205, WREZEHE (18 DA —X—I1IHRETH 5.

I J (Gardiner[18], Riihentaus[30]) me[0,n-2] &L, EcQIIHIHIEALD
MME)<+00o TH 2 LT 5. Q\E LOFHFMBIEK u i3 LT, ut = max{u,0} 2RI
fF (1.8) 272372 51F, uld Q LOLBFMBIBIHERTZ 3.

AE m=n-202%, ut ITNITZEF AT uNEDEL CRICERTHEZ R
BERL, EEHHICEENS. HEOBANICOVWTIEE LRI TWARL,

TE K n=422me{l,....n-3t2 L, EcQ% mRXjLar 7 b C®MZHkikL 3
%. Q\E LD (1.4) D u T3 U TR D LD,
(1) (Véron[34], Grillot [20]) p= -5 72 51F, wid Q RIKT (1.4) D C* fRfRIT7
% XS IHRRTE 5.
(2) (Finn& McOwen [15], Finn[16]) 1<p <52 v 55, ud E DJHRTHE
DEREL O BIF, /jz@ma“rhybvb){{a@ yeE@J}‘Lf;ﬁbjo.

0 im de E)PTu(x) = (2= m(pp(ﬁzz 5T T B,

(i) Q\Eax—y D%, dx,E)" > "u(x)=0(1) TH 5.

EHIT, m=n-20L &b, (i) & qpraty = 00) D RZ TR DD,

EEE (1) D Sobolev B&E % HW/=—&biZ [5] 2SR, HER (1.3) 120 LT REKDLE
RRIDPESNTD, MBOTERIFEEKL XL THD, RSO L & v FRRICR RN
DEREZIN DI TIERV. EE, AEXA3) L TUToZ eBHsnTwb

FIH L (Reébai[29], Fakhi[14]) n=4»Dme{l,...,n-3} 2L, EcQ% mXima
YRY b COEREE TS, p> B B, R L.

(1) ECRRAZ S5, MEKOEKT Q2K T (1.3) &t/ 3 ue CHQ\E)NL) (Q)
DFIES 5. $abb, Q ETu>0THDY

fQu(x)(—A(,b(x))dx:j;)u(x)p([)(x)dx (P € CZ(Q).

2) p<Z2=m 72 203, FROR u IR LT, EMc>1DPFELTEDEL T

n-2-m

__2 __2

c ld(x, E) 71 < u(x) <cd(x,E) 1.
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p>IEl DrE, REM d(x, B 7T RIEEFAIBI DR R d(x, B~ 2™ X 53
WIZEITHERET 5.

EE M(Adams[1]) p=-l5 &35, QLD (1.3) OEEEAE ue L () 120 LT, %
EAE S Ec Q AF(E L T ue C3(Q\E) 2»2 E ® Hausdorff XITIdH 4 % TH5.

CDEEPOSRXBOND . p>1HhrOmsn-20Dr =
n-m p(n-2)—-n
P —— = > —
n-2-m p-1
XD, phEWGE, KREESEDXIT mIERELRDS. o T, WEMATI, @

BL~ANULTH QRIRT (1.3) 2T X0 WCHEEZIETAZLIETER L. ZOHEDE

BEEESOBRETTREMEICE U C#EEE 2 /N (2014) 1I2 X AR D A DXRETTHMNT 3.
2 EHER

il xeR?, 2 r>0D R NOBIERE B(x,r) TERT. XF c T HROIEEREERT
(BIGOE, HIZRL20d LRV, e XEIT2XEND 2LEFRITEMNLT
€1,Co... METET. 2 OB f,g 1T LT, Z8 x TR ER c> 1 HTEE
LTclgx)sfx)<cgx) KDDL &, f=gTEL, cZHBETEHL VS,

21 HESESIINTBIHRHGCH
2.1 HICBWT, ECR®, mel0,n) £ $ 5. #™ T m Xt Hausdorff SARIE % K 5.

EE 2.1 (1) EA mR5T Ahlfors ERIRGZ T 21, E8 >0, o > 1 DFE
LT
;LM< AMENBx, ) < car™ (xeE, re0,r)
MDD ZZ2 NS,
(2) E %Y m Ryt—#k Minkowski Sz iiii7- 3 21, EE >0, ;> 12FELT

IE(r)NnB(x,R)| <c;r"™™R™ (x€E, r,Re(0,r1))
MDD EZR WS, =L, EMZ(1.7) THE2Z6h28EETH 3.

) 2.2 (1) mefl,...,n-1} £ 35%. EcR"7 Lipschitz 2k TH 2 L 1%, T, >0
DFEE L TIERE D x € E 28 L CHM Lipschitz B v : B(x, 1) — w(B(x,12)) € R"
DHEELTYENBKX, ) =RI'NyB(X,r) THZ2LEEZWS. LEL, Rl =
{(x1,...,Xp) ER" : Xppy1 =+ =%, =0} THB. m XIC Lipschitz ZEIRIE, m XIT
Ahlfors IERISEE & m RIT—Hkk Minkowski & % {7z 5.

) R" LOKi/NER ce (0,1) DMEUEEDOM W := {y,...,wn FHARESH T &
L, m=22 v 32 orsx, YickoTARSNSHCHBESE, mAXT

—logc
Ahlfors IEBISeE ¥ m ot —HE Minkowski £t % 1#i7-3 ([23, Section 7] ZZH4).
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m JOrH ARG E ORREAREN, E2RRAEE L T2 LEROFE, EXBT 2
BN ZIEEIR DFEFIX, ROBE S LITH#@mS 5.

B 2.3 mel0,n-21 £ T5. HREEE ECR 7 0< A#™E) < +oo %75 7% 513
pE(x) = fE Ix—yP " dA#™(y) (xeR")

W R? EOIEEEFMEKTHD, R'NE THNTHS. 51T, E D m KT Ahlfors Ik
RIS 27372 013

d(x,E)"""=2=m) (1< pn-2)

pE(x) = 2 e (xe EQ)\E) 2.1
og A ) m=n
DAL D 37D,
E 2B 2 IFEMROEREB & CRFESREREMOFEHICB W TROMMEE AW 5.

#ieE 2.4 ([13]) E A m XjT Ahlfors IERISEHE 27 372 613, 8 c>0 DFEL T,
EE®D yeE, re(0,rn/10) <X LT, d(y,,E)=cr %23 y, € B(y,r) BFEHET 3.

EE 25 yeE 0=211IHLT, MyXBir3 EICIERRES
dy(y) ={x € Q\E:|x—y|<0d(x,E)}

T&T. E D m XL Ahlfors IERIGFZ 72372 51, @24 XD, 0= 1 DFELT
TED yeE 020 IR LTAy()#o D yedy(y) TH5. Q\E OB ud yeE

f#ﬁ@mz%%otm,E%@@ﬂhmﬂbfdgm ux)=0 3 ER NS,
0Y)3Xx—Yy

2.2 TEEOEER
DTFIBWT, QcR” (n=3) ZAREE, EcQ ZHUNEARES, f:OxR—-R %
Borel FJHIBE% L 3 5. Q OBENES D B\ THEKX

—-Au(x) = f(x,u(x)) (2.2)

2EZ%. FREBBR ub DICBIF2 22) OBTH2Z L3, u, fG,uel, (D) THD

fDu(x)(—AdJ(x))dx:fo(x,u(x))tl)(x)dx (p e CX (D))
iz E R0, ROEHICBVWTHRONFENHIRI NN LITERT 5.

FIE 2.6 (H&Ono[22], H[25]) me[0,n-2] &L, E X m Xt Ahlfors IERIZA &
m Xot—k Minkowski s:fF %2 ifi7- 32 55, 7, B8 >0k

p>0, a<min{2,n-m-pn-2-m)}
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BEIEL T
If(x, D] < c2d(x, E)"*|t|P (x€Q, teR) (2.3)
RT3, 2O E, Q\EWZBIT3 (2.2) O C #fE u H3ERSEM
u(x)

im

O\Esx—y pp(x)
73720618, uld Q2T 2.2) 2T EGFRICHETE 2. 512, a<l b
X, ulx QEeHT (2.2 BT C FRICIEETE 3.

=0 (yeE) (2.4)

COEHDFHOE S 2 REATTHHT 2. HEILEE 1S 2 72D E&H a <2 BRET
H5. AL A4 DPERETHDZLIEIROEHEML LN,

EIE 2.7 (H&Ono[22], H[25]) dQiExCY#iTHhsr$%. meO,n-21¢L, E
% m Xt Ahlfors [IERISE ¥ m Kot—H Minkowski Seth Z2i7- B RHE S L 5. £
72, BRle>0k

0<p#1, a<n-m-pn-2-m), B<p+1

DFIEL T
|f(x, D] < c2d(x, E)"%d(x,00)P11]P (x€Q, teR)

Zlil-3 233, ZD¥r %, Dirichlet [

{—AuwﬂszJdm)(xEQ\EL 25

ux)=0 (x€0Q)
DIEfEf#E ue CLQ\E)nCQ\E) T

ux) = ppx)d(x,0Q) (xeQ\E)
Tz b DOBEET 5.

ZDEHEDIFHIX, Green BIEGETHM % W 7= — RN DR & Schauder O AH) 5
EHICHED L.

EIE 2.8 (H[24]) melo,n-2] &L, EX m Xt Ahlfors IEHIS&H 253 5.
uld Q\E L OIEEEFAMBIR BB Laplacian 73 ~Aue L (Q\E) TH2L$5.
BIZ, B >0, p>0, aeRVPFEL T, XROVWTI 2T LTS

AD) pe(0,555), a<n-m-pn-2-m DL X

—Au(x) <cod(x, E) " *u(x)? (x€Q\E). (2.6)

2-a

(A2) pzﬁ, a<2DEE, (2.6) & limsup d(x,E)PTu(x)<+oo(yeE,0=0g).
Ay (y)3x—y
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LI E ED A -ae. THRDIEEIRZ 0. KR

ZOrE, L

) u(x)
HLMye E:30 =0 s.t. limsu =+o0{|=0
({y E dg(y)axgy PE(X) })

Ths.
ZOEHOFEAX, W/NIMRER 1ICBS$ % Fatou-Naim-Doob O EH & [Green K7 >~

> X VO EN ZIHEMR DTFE L 2 OFEREOERE L OBtk B XU DHEERES
D u OIERFHM w(x) < cpp(x)) 1ITEDL.

AE 1<p<Zorx, O\E LD -Au=uP DFTNTOEMMK ue CHQ\E) XL

n

fuuhnmLBT%ﬁmbﬁo(uamﬁu%ﬁﬁlpz%%®%éu$%&f%5

mm@EM%#K%LT,p>1®t%n—zﬂn<%%f@5:tm&§?5.

3 TE2.6DIAAHICEVTRELIWMELRTICSL BEALEDER

D% Dc Q%3RO ERMES L L, D D Dirichlet-Laplacian I2B3 % Green
B % Gp TRT. #ERoMEIIXRTDH 3.

#RE 3.1 EH26 DREDD LT, D LOFMBE h HIFEL T
u(x):h(x)+fD\EGD(x,y)f(y,u(y))dy (x€ D\ E) 3.1)

LRINS.

—H, #i#E3.1 2RDIUE, KDXIICLTuel® (D) BRI, EH26 0815615,

loc

s m<n-2DHE, fOFKMEFQ23) LEARENF 2H+Q.1) BEXL ue L (Q\E) &)

|f, u(y)| < cd(y, )" % P"=2=m (ye D\ E) (3.2)

THDH, B ERTYIy il : EED A<n—m, xeQITHLT

d(x,E)** (1>2),
f<aﬂmynu%Er“dysc/ﬁx—yﬁ—ﬂu%Er*dys cdln BT (A>2), 44
Q Q 1 <2),
ERWERBECED, uel® (D) 2152 e TE 3.
e m=n-2DEHE, KTV v LiHli : EED a<2, p>0, xe DXL T
p
Ay, B log—2—) dy <, 3.4
fD|x Yty By (log 7 2 ) dy < (3.4)

DR DILODT, B.1) D ueLP (D) TH2 I LHEBINES.
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3.1 m<n-2DHFEDFMEE3.1 DIFADESR
e>0ZERICE 5. (3.2 XD |f(y,u(y)| < c3d(y, E)"*P=2=") (y e D\E) T®» 2% DT

v(x)=c3 fD . Gp(x,y)d(y, E)y " P=2=m gy (x e D)

cL
Ug(x) = ulx)+v(x)+epp(x) (x€ D\E) (3.5)

#EZ%. u\XD\E LOTNICERREFNBERTH 20, EHH XD D _EOEFRM
BN U ICHEER XN 5. Riesz DfREM LD, D _EOFHMBEIE he BDTFEEL T

Ug(x) = he(x) + fD Gp(x,y)due(y) (x€D) (3.6)
eRIND. 72770, pe 3 U 2T 5 D EDRieszflIfETHD, D\E LTI
dpe(y) ={f(y, u() + c3d(y, )~ P21 qy

ThHhb. BERDIFIU(END)—0(E—0) &R2PTHDH, XD LSIZLTAFHENT.
ze END Z{EREICE D, ¢peCP(B(2,2r) % xpen<¢P<1¥ |Apl<cr? ZHilT X5
W UE, m Rt —Hk Minkowski 4% FWT

_ c
Ue(B(z,1)) Sf (bdug:f (-AP)uedy < —zf lueldy
B(z,2r) B(z,2r) r= JB(z,2r)\E

- {c(sr’” +pma-p=2=m) (g + p(n—2-m) > 2)

cler™+r"2) (@+pn-2-m)<2)

MDD Z eBbhb. EHIZ, m RIL—H Minkowski & X D, &4 cr ™ {EDEK
B(zj,r) (272U, zj€e END) 22> TEND 2WHETE30DT

c(e+rn-a-m-pn=2=m) (g 4+ p(n—2-m)>2)
te(END) < Y 3.7)
cle+r"—=m) (@+pn-2-m)<2)
PES. r—02 L Tu(EnD)<e #18%. Zhhbd
lim| Gp(x, ) dus(y)=0 (x€D\E) (3.8)
e~0JEnD

DPHES DT, (3.5) ¢ 36)ICBVWTe—-02LT
ulx) +vx) =hx) +fD\EGD(x,y)f(y,u(y))dy+ v(x) (xe D\E)

7= D FOFEANBEE h BEET L2 bhr 5.

AR m=n-20r%, BN u(EnD)<scle+1) &b, 3.8) 2182 Z X TEAW.,
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3.2 m=n-20DHE0OHHE3.1 DIFADES

WA 3.2 u%z Q LoEFAMERKE L, 2D RieszllEE u, & 5. udEAEMH (2.4
72RO, uu(E)=0TH5.

AEFADER ALY AZTRD LD WWERTIUL, AN 24) b 24 XD EcL
TH DY, JFFT Riesz 7R & HHEIEIZ XD py @ Newton R7 ¥ ¥ L% T 55 LT
LcAZRTZEMNTES. 2L

EnB(y,
L= {yEE: liminf &:0}, A::{yEE:liminfuu(n—_(yr)):O}
O\Esx—y —log|x — | 0+ pn=2
TH 5. Vitali DHEEHEZ VT uy(A) <eff2(A) — 0 (e — 0+) DIRENS. O

BE 33 1050 LF 5. ¢:(0,70/3) — [0,400) ' lim —2 D =0 237 512, H
1—0+log(ro/ 1)

ARSE N 72 M BEE W : 1, +00) — (0, +00) T

W

(1)

lim 0, im ——————— = (3.9)
t—+oo t 1—0+ W(log(ro/t))
BRI THORFEET S, E512, FED c>01Z¥ LT lim __em 02725,

t—0+ W (clog(ry/1))

FEMEZHVTHE3LIERD LSICRENT. e>0Z2ERICL 3. AN 2.4
L33 LD, re>0BFELT

lu(x)| < e(WYopp)(x) (x€(E(re)ND)\E)

DR YILD. 22T, fr:=max{f,0}, f~:=max{-f,0} & L
Ue(x) = u(x)+_/;)\EGD(x,y)f_(y,Lt(y)) dy+eWopgp)(x) (xeD\E) (3.10)

%25, Yoppld D CEHFAMTH 205, u. X D\E LOTICERBEFMBELTH
5. EMHIY, u 3D LOEFAMBEK U Ik Nb. U, & Yopp iZXf3 25 D L
O Riesz HIEZ ZNEN e & pwop, & TAUX, D\E LTI

due(y) = Ty u()dy +edpyop, (y)
THb. 61T, EREM 24+2.1) ERT ¥ v LEHl (3.4 BLTU 3B.9) &b

. Ue ()
lim
D\E3x—y —logd(y, EN D)

i3 DT, ME32ED u(END)=0T»H%. {it> 7T, Riesz DREHE LD

=0 (yeEnD)

ﬁg(X):hg(fo GD(x,y)f+(y,u(y))dy+8f Gp(x,y)dpwep(y) (xeD) (3.11)
D\E D\E

2723 D FOFEMBEE he PTHEET 2. 3.10) £ 1) IXBWTe—0+ LT

Lt(X)+f GD(x,y)f_(y,u(y))dy=h(x)+f Gpx, V[T, uy)dy (D\E)
D\E D\E

Zii7z 5 D _EOFMBEE h DIFED DD 5.
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Thompson’s groups and Teichmiiller modular groups of
generalized Cantor sets (Part I)

BB OB (RBRWLRY: BEAWTFeRT)*

1 Introduction

Thompson’s groups—@% F,T and V 32 &5 3 DDHE— & R. Thompson 12 & -
TEAZN, LUREFOMA 7B EBEDDDRH L Z e BALoNTWS. KRGFEHTII,
Thompson’s groups F, T 8 XUV B— b7z Cantor FH D Teichmiiller 22[EITE
3 % Teichmiiller modular groups O L TEREHSIN D Z e Z2WET 5. SHI
Teichmiiller ZEIANDIEHIZOWTH#E X %. Thompson’s group & Teichmiiller 22 D
W5%id E. de Faria, F. P. Gardiner and W. J. Harvey([2])) X5 dD23H 5. 51
Thompson’s group F Zi@#H @ Cantor 85 DML Teichmiiller 2%R4, M5 M 72
Teichmiiller modular B THIZE L TW3. Fix DIFZEIXE S DD D% EH D Teichmiiller
ZBRITHE X, X HIZJAW Thompson’s groups IZDOWTHIZE L7 b DTH 5. Part I D
{#HT%, Thonpson’s groups % Teichmiiller modular BHIZFEE$ 2 FHIEIZOWTHN S,

2 Main results

Thompson’s groups & 1% [0,1] K26 ZNHENDORXTHIZ 1 XA TN D
% D bijections ZTLE T AT, ZOHIRI S F, T,V D3 DODHNERINS.
Thompson‘s groups IZ& £ 5 EMIE, b 2571723 2 DD binary trees DT H
RILEN, ZDZ eh o Cantor FE & DRIHMESHER X, ANGHTE T~ 2 FEsF 7%
19, XHRAIRE D ATREIC 72 5.

¥ w = (g,), € Q:= (0, 1)N 2 the bounded rate divergence (BRD) &% 7z 3
X, limy oo g, =1 THDH, D

<M (n=12,...)

DBHLZEBM < 00 IZOWTHDILDEEZES. T, we QITHLT, wiZkD
0,1] ETERZI NS —fRILE N7z Cantor 5% E(w), ZOMEE C\ E(w) & X(w)
EEL IO E, X(w) D Teichmiiller 22 Teich(X (w)) @ Teichmiiller modular £
Mod(X (w)) DFEB7EE, Mod(X (w))°F, Mod(X (w))FO, Mod(X (w))POF CEFIZFHEIC
B 3) 25 Thompson’s groups F, T,V ~NOUERIIE © D3FLE L TR D ILD.

*e-mail: shiga.hiroshige.i35@kyoto-u.jp
AWFFIIRIAE (FREZRS:26K06849) OB 22T /1-bDTH %,
2020 Mathematics Subject Classification: 30F60, 20F65
#—7— F ! Thompson’s group, Teichmiiller modular group, quasiconformal mapping
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Theorem | w € QX BRD &% 3 55, 2ok %, ¥EHEAIEE/ O TROD exact
sequences Z 7z 3 H DDBFEET 5.

0 — Mod(X (w))o - Mod(X (w))°F & F — 0, (2.1)
0 — Mod(X (w))o = Mod(X (w))"° 2 T — 0, (2.2)

and
0 — Mod(X (w))o - Mod(X (w))P°" & v — 0, (2.3)

2 2T Mod(X(w))o = {[¢] € Mod(X(w)) | @lpw) = id.}, ¢ ZAEEETH .

bEC DERS 2R B CHERI R E AR © ORERIIISEARMIITHD, Lo XWULRD D
DEENRF—LD.

Proposition 2.1 w = (¢,)%%, 2’ infen g, > 0 Zifi7z81E, X(w) EOEFMAEHE C
PIRCHREMEGR L LTIRREIN 5.

Proposition 2.2 w = (¢,)%%, ¥ lim, 00 ¢, = 1 TH RT3, ZOLE, Gxohi
K>1iZRLtc, K O)%\&JM’??‘% d(K) € N BMEE L TRz 5

EED K-HEAER ¢ : X(w) —» X(w) 1& depth d > d(K) @ pants curve % pants
curve IZEF.

Cantor 8£& F(w) OREBUIEE Cantor £E L FIRROREEIEE AV, 4 Step kT 28 @
ML EXOHXMEZEFD Ey(w) 2ED, E(w) =NEy(w) TERINS. ZOWBIEDS
HIAIZ X (w) O pants DEHEF 5. ETF S pants curve &I1ZZ D pants 77D pants

WA Y AT Ny R BB S. £/, & Step k TAEU % 28 AD pants
curves % depth k& @ pants curve £\ 5.

SE X

[1] J. W. Cannon, W. J. Floyd and W. R. Parry, Introductory notes on Richard Thompson’s
groups, L’Eneignement Mathématique, t. 42 (1996), 215-256.

[2] B. de Faria, F. P. Gardiner and W. J. Harvey, Thompson’s Group as a Teichmiiller
Mapping Class Group, Conptemporary Math. 355, 165-185.

[3] H. Shiga, On the quasiconformal equivalence of Dynamical Cantor sets, J. d’Analyse
Math. 147 (2022), 1-22.

[4] H. Shiga, Structures of moduli spaces of generalized Cantor sets in (0,1)Y, to appear in
J. d’Analyse Math.

[5] S. Wolpert, The length spectrum as moduli for compact Riemann surfaces, Ann. of Math.
109 (1979), 323-351.
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Thompson’s groups and Teichmiiller modular groups of
generalized Cantor sets (Part II)

BE BN (RBRRILKRY: BAEZErn)*

1 Introduction

Part I T, BRD &2z 5 w 256G o0 3 —fR{L S L7z Cantor £E E(w) &
ZOfMES X(w) @ Teichmiiller Z2f Teich(X (w)) IfEHF % Teichmiiller modular #f
Mod(X (w)) DFf7r#E L LT Thompson’s groups i 2WTam U7z, Part [I TIEZH 6
DEED Teich(X (w)) NDIEHIZDOWTEZ 5.

2 Main results

¥73, Mod(X(w)) OEB7EET Thompson’s groups F,T and V 22 e © 12k -
TR L 72 2GR REZ RS 5.

J(z) =7z 2EZHEZ L T 5. Mod(X(w)) DEBTHE, Mod(X (w))r, Mod(X (w))r and
Mod(X (w))y ZHATFD X S5ITERT 5.

Mod(X (w))r = {[¢] € Mod(X (w))°" | J o ¢ is homotopic to ¢ o J},
Mod(X (w))7 = {[¢] € Mod(X (w))¥° | J o ¢ is homotopic to ¢ o J}

ey
Mod(X (w))v = {[¢] € Mod(X (w))F°F | J o ¢ is homotopic to ¢ o J}.
ZDEE, RO ILD.

Theorem | w € Q X BRD &ffxii/z32 3%, ZOrE, G=FTor VIIXtLT
0 13 Mod(X(w))e & G DRMELZ 5.

iz, THSDESHBED Teich(X (w)) ~OIER%E R 3.

Theorem Il w € Q ¥ BRD &£H%itiz3 3%, 2O %, Mod(X(w))r T
Mod(X (w))r @ Teichmiiller Z¢f Teich(X (w)) ~NODIEHZEMERERTH 5, —7,
Mod(X (w))y @ Teich(X (w)) ~OIEFIZEMEAET TR,

Theorem IT DR DEEHIZIX, XD Proposition % HW\ 2

*e-mail: shiga.hiroshige.i35@kyoto-u.jp
AWFFIIRIAE (FREZRS:26K06849) OB 22T /1-bDTH %,
2020 Mathematics Subject Classification: 30F60, 20F65
¥ —7—F ! Thompson’s group, Teichmiiller modular group
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Proposition 2.1 K > 112/ LT,
A(K) = {[¢] € Mod(X (w))r | K([¢]) < K}
LB TOLE, FAK) <00 Tha. £EL, K(p)) = infue K1),

Theorem I 225, Mod(X (w))p, Mod(X(w))r KT Mod(X (w))y &, ZHZH O IZ
& o T Thompson’s groups F, T,V L [FEITH 2. L7z2->T, ZDOEKT Thompson’s
groups F, T % Teichmiiller ZZf] Teich(X (w)) ICEMEAERIHEH L, V IZZ 5 TRV
A5, TIX, ZOX5BEEPEHT % Teichmiiller ZZRENIEAUIEHZ DL E VS D
EZ5H. BETHE, BRD S&FZ272T wiE, S ENIZ I EE R Teichmiller 22[53
HHBHEELZDONEWVWS 2 THD. ZHELT, — kX /z Cantor £EHITOWVWTD
FER (4] THWTRXRE1R 5.

Theorem Il BRD &%z 3 w T, X(w) PEFARE TRV S OPEREFES
%. L7h35 T, Thompson’s groups F,V I3ERRAE D 572 5 Teichmiiller 2% BEEA
EZE T 5.

Theorem I 1ZFERIC w 252 TREINS.
BEHER
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On curve graphs of hyperelliptic translation surfaces

PizE HEE (FREE)

1 Introduction

A translation surface is a pair (X, w) consisting of a compact Riemann surface X and

4
a nonzero holomorphic 1-form w on X. The local coordinates z = / w have transition

Po
maps of the form z — z + ¢, and hence induce a Euclidean geometry on (X,w).

Let X be a compact Riemann surface of genus g > 2. A hyperelliptic involution is
an automorphism 7 of order 2 having 2¢g + 2 fixed points. In this article, we consider
hyperelliptic translation surfaces belonging to H"™?(2g—2) or H™P(g—1,g—1), namely

translation surfaces admitting a hyperelliptic involution 7 satisfying 7w = —w. Let
hyp __ q/h h
HyP=HP(29 —2)UH P (g — 1,9 —1).

A regular closed geodesic on (X, w) is a simple closed geodesic avoiding the zeros
of w. For such a geodesic 7, the union of all regular closed geodesics homotopic to y
forms a maximal Euclidean cylinder, denoted by [7].

The curve graph C(S) of a closed surface S = S, is the graph whose vertices are
homotopy classes of simple closed curves and whose edges correspond to disjointness.
It is known that C(S) is connected [1], has infinite diameter and is Gromov hyperbolic
3], and has clique number 3g — 3 (pants curve).

Nguyen [4] introduced an analogue of the curve graph for translation surfaces.

Definition 1 Let (X,w) be a translation surface. The curve graph C(X,w) is the
graph whose vertices are maximal cylinders [] arising from regular closed geodesics.
Two vertices [y] and [§] are joined by an edge if i([7], [0]) = 0, where i(-,-) denotes the

geometric intersection number.

Unlike the classical curve graph, C(X,w) is not always connected. To remedy this

phenomenon, we introduce degenerate cylinders.

Definition 2 Let (X,w) € Hgyp and let 7 be its hyperelliptic involution. A degenerate

cylinder is a union [y] = s; U sy of two saddle connections such that

e cach s; is invariant under T,

* T422-8529 FHATHERIIIX KA 836 #ibi R £l BH i B E RS
e-mail: shinomiya.yoshihiko@shizuoka.ac.jp
% —7— F ! Translation surfaces, Curve graph
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e At each endpoint of s; and s, one of the angles between s; and ss is equal to 7.

For cylinders and degenerate cylinders, define i([v], [0]) as the number of transverse
intersection points counted with multiplicity.

~

Definition 3 The extended curve graph C(X,w) is the graph whose vertices are cylin-
ders and degenerate cylinders. Two vertices are connected by an edge if their intersec-

tion number is zero.
2 Main Results

Our first result concerns the geometry of the extended curve graph. Nguyen [4]
proved the genus two case. For higher genus, we use the quotient by the hyperelliptic

involution to prove the result.

Main Result 1. For any (X,w) € H¥P and any vertices [7],[0] € C(X,w),
d([7],[6]) < 3i([v],16]) + 6

holds. As a consequence, the extended curve graph is connected.

Corollary 1 For every (X,w) € H®", the graph C(X,w) is connected.
Combining this with Nguyen’s argument, we obtain the following.

Corollary 2 For every (X,w) € H»”, the graph C(X,w) has infinite diameter.

Finally, let Aff* (X, w) be the affine automorphism group of (X,w) and SL(X, w) the
Veech group of (X,w). Nguyen proved that, in genus two, the lattice property of the
Veech group is equivalent to the finiteness of the quotient graph C| (X, w)/AffH (X, w).
We generalize this criterion as follows. Here, a simple cylinder is a maximal cylinder

each of whose boundary components is a saddle connection.

Main Result 2. Let (X,w) € H}¥P. The following are equivalent:

1. SL(X,w) is a lattice in SL(2,R);
2. 5(X,w)/Aﬁ+(X,w) has finitely many vertices;

3. the quotient graph has finitely many vertices corresponding to simple cylinders.

BE ik

1] W. J. Harvey, Geometric structure of surface mapping class groups, 1978.

[1]
[2] N. V. Ivanov, Automorphisms of complexes of curves and of Teichm”uller spaces, 1997.
[3] H. Masur and Y. Minsky, Geometry of the complex of curves I, 1999.
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Uniform perfectness of the limit sets of conformal tree
iterated function systems

KEF LE (BERRFE KFEBE N[ - BREEAWT5ERE)

A compact set C' C C is said to be uniformly perfect if there exists L such that
for any ring domain B separating C' (i.e. there exist non-empty C; and Cy such that
C1 U Cy = C and B separates C and Cy), module M (B) of B satisfies M(B) < L.
Uniformly perfect sets were introduced by A. F. Beardon and C. Pommerenke in 1978
in [1]. Uniform perfectness means that C' is not so sparse at any point.

Uniform perfectness of the limit sets of autonomous IF'Ss were shown by R. Stanke-
witz in [3]. In [2], it was shown that uniform perfectness of the limit set of a non-
autonomous IFS follows from the condition |¢'| > n > 0 for all ¢ and some other
conditions.

In this talk, we consider tree iterated function systems, which are generalizations
of non-autonomous IFSs. For such systems, we show that the limit sets are uniformly
perfect if the similar conditions to non-autonomous cases hold.

The definition of tree iterated function systems is as follows.

Definition 1. We say a partially ordered set (7', <) is a rooted tree if 7" has a minimum
element () named root and for any 7 € T, {7/ € T' | 7/ < 7} is isomorphic to a partially
ordered set ({0,...,n}, <) for some n > 0.

For 7 € T, the height |7| of 7 is the unique number n such that {r' € T | 7/ < 7}
is isomorphic to ({0,...,n}, <). We write I, ={w €T |w > 7,|w| = |7| + 1}. Let 0T
be the set of all simple paths with infinite length starting from ().

Definition 2. Let (X, d) be a compact connected metric space and let (7, <) be a
rooted tree with 1 < #1I, < oo for all 7. We say that {¢, : X — X} cp\qp is a Tree
Iterated Function System (for short, TIFS) if it satisfies the following condition:

e There exists s € (0,1) such that, for all 7 € T\ {0} and all z,y € X,
d(¢-(x), 6-(y)) < sd(z,y).

For a TIFS {¢; }-em oy and 7 € T, we write &, = ¢, 0---0¢,,, where (0, 7,...,7,)
is the unique simple path connecting () and 7. (If 7 = 0, we set &y = Idy.)

For each 7 € OT, {®,), (X)}2, are decreasing compact sets, therefore (", ®,, (X)
is a non-empty compact set. By the uniform contractivity,

diam(®,, (X)) < s"diam(X). (1)
Therefore, (,—; ®;,(X) is a one-point set. Hence, we can give the following definition.

Definition 3. Let S = {¢;},;cr\ 9y be a TIFS. The coding map 7s : 0T — X is
defined as the map satisfying the following.

) @71, (X) = {rs(7)}.

The limit set Js of S is defined by Js = 7ws(9T).

* T 606-8501 FABT /£ IX 35 FH ZAMM] FHABKE KRBT - IREAATCR

e-mail: ono.hiromichi.58c@st.kyoto-u.ac.jp
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With these preparations, we can state the main theorem.

Theorem. Let V' be an open set with X C V. C C. Let m > 0. We assume that a
TIFS S = {¢-}rer\(oy on X satisfies the following conditions.

1. #I, > 2 forall T €T.

2. (Conformality) Each ¢, can be extended to conformal diffeomorphism on V' into
V.

3. (Open Set Condition) Int(X) # 0 and for each T € T and a,b € I,

bq(Int(X)) N gp(Int (X)) = 0. (2)
4. For all T € T\{0},
min |6 ()] > m. 3)

Then, the limit set Js is uniformly perfect.
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Bohr-Rogosinski radius in complex Banach spaces
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This is an announcement of [11]. Let f(¢) = >272;a;¢? be a holomorphic function on
U, where U is the unit disc in C. Classical Bohr’s theorem states that if |f({)| <1 on

U, then the series Z |a;|r? is less than or equal to 1 for all ¢ with |[¢| =r < 1/3. The
=0
constant 1/3 is sharp and called the Bohr radius (see e.g. [3], [18], [19]).
There is also the notion of Rogosinski radius [17] which is as follows. Let N denote

the set of positive integers. If | f(¢)| < 1 on U, then we have |S{(¢)| < 1 for [¢] < 1/2
N-1

for every N € N, where S%(¢) = Z a;¢?. The constant 1/2 is sharp and called the
=0
Rogosinski radius.
Motivated by this result, I.R. Kayumov, D.M. Khammatova and S. Ponnusamy [13]
introduced the Bohr-Rogosinski radius which is as follows. If | f({)] < 1 on U, then we
have R%(¢) <1 for |¢| < Ry for every N € N, where

RL(Q) =11+ D _lalr?, ¢ =,
j=N

and Ry is the positive root of the equation
21+ 7)YV — (1 —r)* =0.

The constant Ry is sharp and called the Bohr-Rogosinski radius.
Actually,

oo

FO =Y ad

n=N

1S5 (O] = < R{(Q).

Let Bx and By be the unit balls of the complex Banach spaces X and Y, re-
spectively. A holomorphic mapping v : Bx — By with v(0) = 0 is called a Schwarz
mapping. Let F: Bx — Y be a holomorphic mapping. For k € N, we say that z = 0
is a zero of order k of F if F(0) =0, DF(0) =0, ..., D*"'F(0) = 0, but D*F(0) # 0.
We note that if v is a Schwarz mapping such that z = 0 is a zero of order k of v, then
the following estimation holds:

lv(2)lly < ll2ll%, = € Bx. (1)

For z = (z1,...,2,) € C" let ||z]|c = max |z;| denote the maximum norm and let
i=1,..., n

Ur ={z=(z1,...,2,) € C": ||z||« < 1} denote the unit polydisc in C".

H. Hamada was partially supported by JSPS KAKENHI Grant Number 22K03363. T. Honda was
supported by a Senshu University Research Grant in 2026.

*le-mail: hi.hamada01@gmail.com
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In this talk, we investigate the Bohr-Rogosinski radius for holomorphic mappings
on the unit ball of a complex Banach space with values in a higher dimensional complex
Banach space. The classical Schwarz lemma states that every holomorphic mapping f
of the unit disc U into itself with f(0) = 0 satisfies | f(¢)] < |¢] for all ¢ € U. Lindel6f
removed the assumption “origin is a fixed point” and improved the classical Schwarz
lemma of holomorphic mappings. Chen, Hamada et al. [4] generalized Lindel6f’s result
to holomorphic mappings between the unit balls of complex Banach spaces, which plays
an important role in the proof of the Bohr-Rogosinski phenomena. Our results give
extensions and improvements of the results in [9, 10, 13]. For recent results on Bohr
radius in several complex variables, see [2, 7, 8, 9, 12, 15] and the references therein.
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KNG IR 72 85 2 OBk iR Ic S 2
7 —~UVEHE DRI HRER

TREPZH (R RET)*

WMo TR 7 — XS > 7~ BEE 2 1B (L X & THBE UL ¥ o f1F RIS &
BENBFONZ T, T— XKL VBB AED R ETHEFIHEI N
TW5. 3] Tid, ¥ 7 ~BfeR#EAT 28RN0 Z VT, M2 o@EksrHih
FRICHEES % & 7~ B O BIUMR GG E S N, [2] T, £ ZHWT, Hlllg
DEEE IS % > 7 < B OB(LR 2 F TR S iz, FEFBRRAN DX 2 o4t
DR T 2 BRIV TH 5 £\ AFERTIE, [1] CEE I IEMH
fEEL 2 oEEHEFRICRES 2 7 — VB MBI TRdib 3 5 sz FH W T, WS
B 7285 2 ORI 2 7 — LB OB LR 2 515 5 % .

X ZfEE g oEMER, ox(u), u="(u1, us, ..., uzy1) € CY, Z X INFETZ> 7
B, o = =040, 1ogor T 5. oF E X DY AL ZEA EOFHMBHTS 5.
72, @ 13 KAV B, sine-Gordon 72X, KP TERZEDETHS. o,f e CiZ
MNLT, VEy =z(r—1)(z—a?)(r— ) (r—a?p?) TERINSFEE 2 OEEFEH
e 35, M2 OEBHBERSIMEHNTH 2 2 &, V OJEOEIEMEIRR  FART
HBHZEIFAMEICRE S ZeBHISNT WA,

Theorem 1 u = (uy,uz) € C2 IR LT, RO ILD.

lim p‘l/l(u) =97, lim p}/:s(u) = —B’9;%9;.

a—1 a—1
ZZT, t =tanh((8 — 1)(u1 + Bus)/2), t, = tanh(—(8 + 1)(u1 — Bus)/2),
@1 = B(tl -+ tg)(fltg — 1) + (tg — fl)(tth + 1),
Dy =t —t)(ita + 1) + (& + t2)(tite — 1),
F = @7 296~ D(EE 1)+ 207 + 6 - 2286 ¢~ )
+28(6 - 8)(H6 — 1) + (6 - £)*

Corollary 2w = (uy,u3) € C2 TR LT, RHLD LD,

2042 1)\2 2 2 _
i oY, () _plu Fua (pT = D74 P72 — 1)
a—1, B—1 {(u1+U3)(p2—1)—p}

_ (up +us)(p> —1) +p > -
__{(u1+U3)(p2—1)_p} ’ p_tanh(u?,—ul).

*T558-8585 KBRM{EEXAZA 3 TH3HK 1385 KRIRNIZKT: BN
e-mail: ayano@omu.ac. jp
web: https://researchmap. jp/ayano75/
AWFLIRIAE (FREES:26K06850) DB 22T 7bDTH 5.
2020 Mathematics Subject Classification: 14H42, 14K25, 14H70
F—U— R 7—~OVEIR, REFEE, > o< BER, Rk
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Corollary 3w = ‘(uy,u3) € C* TR LT, RHHLD LD,

_ 2 o 2
lim pll( ) :4q(U3 Ul)(l‘l—q )+2q+(U3 2“1) q
a—1, B—0 {(U3—u1)(1+q2)+2q}

2q 2
_ = tanh 2).
N 1111161 0@13( u) = {(u;; w)(1+ q) 2q} ) q anh(u;/2)

24135 AZXRTERINLHEMMIRE 5.

2A Y2:X(X—1)<X—%>.

O & pu ERT. ply =dpa/du tF 5. v,we CITHLT, ROBEEEZS.
(v) gy (w) = 2(5* = 1) pa(w),
(v, w) = (62 + 1) tan(v) py (w) + 2(6 — 1)pa(w),
§(v,w) = (82 + 1) tan® (v)pa(w)? — (36" + 28° + 3) tan® (v) pa(w)
— (8% — 1) pg(w) + 2(B* + 1) tan?(v) + 2(B* — 1)
Theorem 4 (2 # -1 255, u="uy,u3) € CCITMNLT, RIHILD.

hgl ) 1, 1( ) - 8@9{(1&])@1(0, w>_2$(va w)? l_l)gl_l @KS(U) = —@1(2), w)_2©2(v7 w)z'

Z :VG, v = (BQ — 1)<U1 +U3)/(2ﬁ), w = (52 + 1)<U3 - ul)/(2ﬁ) e L7,

D, (v,w) = (5% + 1) tan(v) py (w

Theorem 5 % # —123%. u="uy,u3) € CCITMNLT, RIHILD.
lim o, (1) = 8570 ()0 (0,0) 2§ (0, w),  lim ol () = ~5Ds (v, 0)*Da(or )
ZZT, v=(1-=p3%(ur + B*u3)/2, w = (1 + B?*)(uy — B?u3z)/2 & L7=.
Remark 6. 32 = -1 23%. uc C2iZx LT, RHBED IO,
i ol = lm ol = lim i, =13

ZDORPRIE Theorem 1 XKD B R TE 3.

2] & [3] TEME N> r~ BB E B W CTEETE 2 7 — LB OB
W ¥ A% CIE B AU 7 — ~ LB EALMR % T 2 = L 35 HOMETH 3.

BE R
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1] 6 R ERAR 1 BE 3 2 VLR 2 5%
- A computer algebraic study on plane sextic curves -

~ " ER oM & FIFREFRRD Puiseux fizdi~
=g IE CHRERERY)
B B
e D TIX 2 TE RGBT 2 B R OERN (A0 FERA
% b O 6 KER) ZEH T 3 %2 BEVUBEANOR U, A
TlE. FHROEERZEZ2ERICBVWTE- —HIHROF & Puiseux
MR RRET 2 210k o T, SHROEBRREBBANZEHERZ VT,
ZFORHAEBEFEINCIEZ 3 2 L 25T 5,

1 FESOAMEBRIEESHBVW_EIZDHF)
A, R REZ ORI XA =22 H T 2 FEMUEFRIITH LT, RrBEL#
(RN 2=2+y" (neZ’) ZFETL. EBERDOBRE (I X=5%) KD
EOREMFEDOTRT, FHRIBIZFRELDINF—HEBED LS ICENT 2 0%
HET B e TES, 2O, REOBFRZRIFICH - T&REZ RETHEE
LT, ZV7F—HEERHET2HEL 200ZIENX ((RED T X — X BB
3 5ZHEN) OBERZEIAT2HELD 2, 7V 7 F—RERZHET 2 51E
. FHEDI KIS 2 3EB OS2 FRRICAM T Z 8 ITEITH %, 20U
LU 2 0DZHEADIEMZ KD 2 BRIITEERZETE T 2 5ENEMTH 5,
HEROERR (1)) OEHBRICBWT AT X — X B OBGRREZERLT S
aW e fl FRRADMHERDIRE TEXRWHD 21572, BRI,

(dzy? + 42?2 + 4y*2 + 2%)2 =0
BEDO—HITH %,

o, [1,0,0) TEXZDT, x =1 BE 2= —y? LEEEHETZ L,
y" (n>8) DIHNBING, KIT 2 =2 +y* LEELIT 2L, y* (n>12) D
EABN S, KT 2 = o — %/6 LB T B L. g (n > 20) OIEDENS,

C DFEFEZEHADOMED IR LG . TOHRIT. ROBEEE (FEEZIOERE)
oa— b UBERTEZVIHHAZBEOSLTH 3,

2 Puiseuxffiz AV TEREERNORHZ HNNERICIER B
iR b RO BIERENZR TERR L THNS 2 3 E 2 6ThbRTED 11
DI BTN ZER R 28 L CHER O MBI LR EZ IR Z 2 2 e TE 5,
Puiseux fAUTREIEBICEH DB B ZFF L Tu—F VEMZILR L7z d DT,
REBHFRDO DI Z ERTE D, NFHRBTEZ D Z Lid, BIFEINTFIFEHLT
WBRDOIEFEZILR L TEE T2 Z 2 iafstLTws ([2),

2010 Mathematics Subject Classification: 32G05

F*—7 — I ! Sextic curves, Singularity
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HIRDERRD Puisenx Gt E T2 2. UTFD X512k 5,

1 1 1 1
eyt (VO 4 oo (=3 = VB)yT+ (25 + 9VE)y (14 Vo) +

1
m(—217 —105v/5 — i\/3(1686 +754V5) )yt 4 -

2.1 Puiseux#i#z5HE I3 TRHDHZDH ?
EEED Puiseux fBUC BT 2y DFRELX, EEROLERE (BEZELOER)
WEBWTHNz2=2-Cy" 2<n<9)DCEFELWVDz=2-Cy"DC &I
85, 2O iE GROERADIHINZEBEETEIC X 5T, ¢y* (2<n<9)
Eozyt (2<n<9) DPEKRICHEZIN S (HOBRBDENI0E K DE) Z 2 ITHIE
LTW3,

Z LT, GHROEERD Puiseux iU BT % 410 DfRE

1

5217 - 105v/5 — 2\/3(1686 + 754v/5) )

F. BERRZER Ty OFREE 01235 2 =2+ CyPDC THHZ DTN 5
(o=, 20 OREIZ 01232 57W), Puseux iz W2 Z 212Xk b,
HIEDERNDFHDHS IR 5,

2.2 PuiseuxffEZESI L TRATL3E

PLED K572 & D, Puiseux itz WMo I, FEARZAH TR I,
z2=2—-Cy" 2<n) DEHUTL->T " DEHZHEET I Z2EhiRT I LI
MIBLTW5, ZHE, Newton-Puiseux 73V X4 ([3]) ODBERFEITTH
(K2 LUTiT <178 (JRPTH 7% BEARZSH) I3EUEMZRD 2 2 TH5),
JRIFTHY 72 B ZE I K o TR O 7R R A DEFR Z Puiseux IR THERR T2 Z &
MTE 5,

3 SEBRDFHFE
FRto#E W f] RPESDOMMHRDTE T E WD X3RN ZEIMFRTH D,
Z DGR, blow-up TIXE D & 5 BIGUTHIE L TW B0 DOWTHHT L7zw,
FLHEIDOFHE L TV, HEROERR (6XEHRT A 2EOEER) 13,
I9EDRF XA —=REZHFLTWED, HHIRETZS2bDD40H 5, ZD4D
B EBANDEN (BREEH) THELEERN (DRI X—2%E2HT 362X
MR T A Z2HOEBR) 215 T, 20 Puisenx iz K>, ZDEHRER DR
PHEFR L7200,

BE R
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B! =

&% 2 ML E DB Riemann M EO#EE n KUK B 27 7 4 ~N—2 52 1EH]
77 AN—R_EEZ L. ZOIEH]I B" 123 (FIEEH e R CTIEAIRZFO 2 WS
EET) IBE AR & Fo358c, IERI B™ Ko 1 ¢y e, BRI B Kt
B3 2 BRI CP" RICHDAALZREOMEG D n M ZFEALZ (1] O T, 2h
ZHET .

1 7274 NN—FDENME

1980 FARMITHIC, a2 > 87 MEBZSHRIE Lo ERIFNKR (BAMARZ 7 7 4 N—F
% (RATEHZ) IEAIZ 7 4 N—R) ORZEMOHFMPESIIR S N, £Z2[DY Stein 1272
%5 [6], fEMAEIEIC & % exhaustion ZHF7z 72 Wl [4] 23R X 17z, Diederich—KiR [5]
&, a7 + Kihler 284K EOERIFHRR D222/, 1299 1 580 (#38 Hessian A3
WIS PIEEMEE 725 X 5 R 6572 exhaustion DIFETE) TH 5 Z & ZiHMEBRO M -
Hodge #im%x FHWTREBA L 2. 2, JKZEEA3a > o827 + Riemann H DG, 222025 1
i (#855 Hessian 233 ¥ %7 MEAZRWTIEEM E 72 % £ 5 724 & 2272 exhaustion A3
FAE) 18725 2 & L IERIFHCR D R E B YW 2 ¢ 72 720 2  1X[FET & % . Diederich—
KR [5] 1 & b g X N7z 1ERIFIARERE, Levi “F3HA - IERIEEE O AEHE S ORI B W
THELZBEF e LTHRDLATWS (cf. [2]).

W, 2 S ERIFRFICE T 26RD, o 7 7 4 N—HADHILIRICEE DR 72 T
W3 (3, 7). KT, Seo [7] &, BINIEEZ 7 7 4 N— T BIERI 7 7 4 N—{HFA]
U fio L X, 2O RZ%EMPT 1M TH S Z e ZFFA L. Z OB - —BbEX
DIETH 5.

RIEE. o0 s MEESRE LD, HRNIERE 7 7 48— LT BERT 7 4 A—HD
LSRR 1ML B BDEY D XS AEAEN. 1M RERNEEE, YOk S Ry -
R R o, $7, COERT 7 4 N—HEAY KT FET 7 4 A—TFUER

WHEDIAATEIRE, Z DRIEEIZE D & 5 AR EE 2 R0 D
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2 TRROFRCAADTIT1T

B xDFEMBEIX, 2 >¢7 b Riemann H LD IERIBRIAFICEA LT, Z ORIWIZEZI
BIEER 52 5.
FRER S E2EH 2 Eoar %7 b Riemann [, £ %2 ¥ FOEEAIB e L, E I
i3 2 EHI CP" 3 E 12 E #HDRAATEZ 2. B (AASHE RC) EASZHOM
MY ERFRT 2 L RETS. 2O &, BifR OE ® CRIEMEN = (T°op) /Ty @
18 572072 Hermite 5t 2 TH > T, OF DKFEEICIH > TIEHMEZEOD DDFEET 5.
ZD N @ Hermite gt &1, Diederich—KiR [5], Seo [7] THWHNZIEAI 7 7 £ N —
R ED exhaustion DRI, FARIYINT & A ITHRHERN IRGT R 2% 7 7 A N — Eicilf
NTHERE 5. Brunella [2] O OHIERIC K D, CR EHR N @ Hermite GH &5 5
E\ OF Lo exhaustion #HMTE 3. 2D exhaustion 3B X 3 MM % Ho:
% FEROREDTT, Eix1MTH5. %72, B\ E & n ™ (35 Hessian 252 > 82
MESZRFEEEHEZHIC 2 28D X 57218 & 2272 exhaustion 23fF(E) TH 5.

3 ¥8

Fx DO FAERTI, KEMIE 1 RTRBEXIN TV S, EZEHOXTTREWEE
YW 2 7812 N D Hermite 3t &% RIS T X 50, ZOERIE—RIIFFIETH S
e Lo, MO ROELL LT, U TOTEZERT 5.

FH. a7+ Kahler 28k M FOIERIB" /R E 2Z 2 2%. n <dimM THHLI, E
F 1T, MRET 2 ERICP" R E GBI 2H#ES F\E  n TRV THS S,

BE R

[1] M. Adachi, S. Lee and A. Seo, Intermediate pseudoconvexity of fiber bundles, Preprint
available at arXiv:2606.15533.

[2] M. Brunella, On the dynamics of codimension one holomorphic foliations with ample
normal bundle, Indiana Univ. Math. J. 57 (2008), no. 7, 3101-3113.

[3] F. S. Deng and J. E. Fornaess, Flat bundles over some compact complex manifolds, J.
Geom. Anal. 30 (2020), no. 4, 3484-3497.

[4] K. Diederich and J. E. Fornaess, A smooth pseudoconver domain without pseudoconvex
exhaustion, Manuscripta Math. 39 (1982), no. 1, 119-123.

[5] K. Diederich and T. Ohsawa, Harmonic mappings and disc bundles over compact Kdhler
manifolds, Publ. Res. Inst. Math. Sci. 21 (1985), no. 4, 819-833.

[6] T. Ohsawa, A Stein domain with smooth boundary which has a product structure, Publ.
Res. Inst. Math. Sci. 18 (1982), no. 3, 1185-1186.

[7] A. Seo, Weakly 1-completeness of holomorphic fiber bundles over compact Kihler mani-
folds, J. Lond. Math. Soc., II. Ser. 106 (2022), no. 3, 2305-2341.
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15

Formal principle for line bundles on neighborhoods of
an analytic subset of a compact Kahler manifold

Nl Bz (R

HEZHER X FOFRIERE L 2E2%. 22T, L2IE CUIHEE) TH 3 I3,
LDOC® T)LI— itEB A THoT, FHT V10, >0 (XiF V/-10,>0) 331D
DEETZLERLIVIZELED (ZZ2TV-16,1E h @ Chern HHIEENXTH 2). /)
FOHEDIAAEHIC XAUE, L PIETHIUR, 20U X D X OHFEZEMAN DD IAANE.
Z6N%. TR LPEETH2 L EUE, X IR ED &S REHEDNHNINETH S
5?7 AEHOHL, B LD 2307 MEDHEEY C X KihoTHhAED T
HEES XS RIBEICOVWTD, ROTEICH 5

48 1 ([4, 5], SBANERRICOWVWTIZ[6, 8] bBRO L) HWEZHK X EoEH
EFRHR L I2OWT, LAEETH D, 20, X DD BT a vy NI EEBHIEE Y
BEY C X2V, R Ly 2=X VFHTH -7 RETS. ZOLX Y Db
ZiEV BFELT HIR Ly d2=XVFHTH A 5.

M Z ZClX, FRIEREPAIZ=Z2)FIETH % 21, ORI HAT HAL % @Y
RILICE->T, BTOLHEKE U) = {t cC||t| =1} E%E D ORATERELR Y
TEZLVWIHIEKRTOVTWS. HIZIZEL D, X DBHZ2EMATTH-oTY KEERKD
EORBDITHIETZEMRTH 25, Y Ob 2004V ITRT 2 L OFEMEE, V E
TOHAEOIEAIEROFAER, V \ Y IR 2 L E BRI AT SR T 5.

R RO XD AREMCE, o827 MEE Y C X PIERETIERRS 2= X
VIEHTH 2HEICO0WTO, Y OFO EHIC & 2 2 2GR 2 [10] 28)
e LT, ABETIR Y i coa=xVFEHE L L Ol 0217572912, H 5
O AEM (EFRRICOWTOERLERE, Formal Principle for Line Bundles. BUF
FPLB g5 32%)I2o0WT, L7V Vb [T IZEDWTHER LW,

PR, X 28R ZHRIK, Y C X 2 X OHf%a >0 MERETEREL 5. 7,
Ox TX LOFHIBIBROHFOE, FES V c X L IERIEMRK L — VI LT Oy (L)
TV Lo LOFAYIMiOHEDE, Iy C Ox TY OEFA T T7AEER T T5. Y
DH5EEV CY LOIERAIERR LY Ot L TIERNCHATH 32729121, £ED
FEEEIL T LT, Y, LORGYE it Oy (L) AEBATRIIIUIR SR, 22T

Y, = (Y, Ox/Z4™)

*T305-8571 ZIRR D IXTHREAR 1-1-1 SEART: BEEVER AR
e-mail: tkoike@math.tsukuba.ac.jp
web: https://tkoike.com/
KGRI (JL%E (C), BEEH2:23K03119) OBIRE 2373 DTH 5.,
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FY O p ROJBRIGAR, i, Y, — V IZBRZRHFTH 2. X DEERBESRMZ, Y I
hote X O5EmEERVTHRTE 2. D% D, [2] DEKTOERIWERZEM

Yoo = (¥, lim Ox/T}™)

EAVIE, Oy, T lim Ox /T %, 720y Yoo » V THRREEZERET L EL
T, RBFHEICHD5: LAY OH2EFHEETIEANCHATSH 272512, 8 Oy (L) b EHI
ThH2. ZOWREMS> 2L, TROBERODEKRT, X B2 Y OFtF T FPLB [
RS DIZEHARL VI B THAS:

E&E 1 LOFET, YV OEEDEMBEV &,V LOEEOERIERRK L I22O0WT,
i Oy (L) WERZOX LY Ob 265 ECTIEANCHBARZ L 2, X ITBIF2 Y 0
% ETFPLB KD LD WS,

FPLB 23 D 32D 728 D+ 73 512 DWW Tk Griffiths % Peternell 12 & 2 f5HR23H] &
ATV 3, 9. KHHTIE, 205 LHELDD, [T T X 252282 b 7 — 5 — S H5lk
THLGEH G tToE&Mt e ZDIEHICOWTHRNR S, 72, Arnol’'d < _LH
WD, RIS Y DIERFEERE T F OFEREN 2 =& ) R ICOWT, FPLB 234
RO 2% KD RAIPHISTWS (1, 10]. ZHIBEEL, EMEDOERICXD, <5
X =BT L L KFEL T FPLB OREDYI D b 2 K 5 R BEFNCOWT HHdE Lizw.

SE X

[1] V. I. ARNOL’D, Bifurcations of invariant manifolds of differential equations and normal
forms in neighborhoods of elliptic curves, Funkcional Anal. i Prilozen., 10-4 (1976), 1-12.

[2] J. BINGENER, Uber formale komplexe Raume, Manuscr. math. 24 (1978), 253-293.

[3] P. GRIFFITHS, The Extension Problem in Complex Analysis IT; Embeddings with Positive
Normal Bundle, Amer. J. Math. 88, 2 (1966), 366—446.

[4] T. Koike, Linearization of transition functions of a semi-positive line bundle along a
certain submanifold, Ann. Inst. Fourier (Grenoble), 71 (2021) no. 5, 2237-2271.

[5] T. Koike, Hermitian metrics on the anti-canonical bundle of the blow-up of the projective
plane at nine points, Ann. Fac. Sci. Toulouse Math, Serie 6, 32 (2023) no. 2, pp. 231-285.
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sion one, J. Differential Geom. 127, 3 (2024), 1207-1243.

[7] T. Koike, Formal principle for line bundles on neighborhoods of an analytic subset of a
compact Kéhler manifold, arXiv:2409.20367.

[8] T. Koike, Pluripotential geometry on semi-positive effective divisors of numerical dimen-
sion one, arXiv:2511.13903.

[9] TH. PETERNELL, Vektorraumbiindel in der Ndhe von kompakten komplexen Un-
terrdumen., Math. Ann. 257 (1981), 111-134.

[10] T. Ueda, On the neighborhood of a compact complex curve with topologically trivial
normal bundle, J. Math. Kyoto Univ., 22 (1982/1983), 583-607.
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16

ON COMPLETE KAHLER RIEMANN DOMAINS

TAKEO OHSAWA

A basic result in several complex variables says that a Riemann do-
main D — C" is equivalent to a domain of holomorphy, a connected
component of the total space of the structure sheaf O¢», if and only if
D is holomorphically convex, by a Theorem of Oka. The point is that
every locally pseudoconvex Riemann domain over C" carries a plurisub-
harmonic exhaustion function. It turned out by a work of Fornaess [F]
that Oka’s theorem cannot be generalized to Riemann domains with
ramification points. Namely, it was shown in [F] that there exists a
holomorphically nonconvex complex manifold €2 with a holomorphic
map p : Q — C? with finite fibers which is locally pseudoconvex in the
sense that every point of C? has a neighborhood U such that connected
components of p~(U) are holomorphically convex.

In [O-1], by slightly modifying the construction in [F], the following
was shown.

Theorem 1. Let p(z) = > 7, 27" log |z — 27#|, where z € D == {z €
C;lz| < 1}, and let Q, = {(z,w) € D x C;e#®) < |w| < e}. Then,
pr 1s biholomorphically equivalent to a dense open subset of a holo-
morphically nonconvex locally closed submanifold ¥ of C3 such that
the inclusion map €, — C? is continuously extended to X, by this

correspondence, as a locally pseudoconver map p : ¥ — C?* satisfying
p~1((27#,0)) = D for all p.

By generically projecting the embedded manifold to C2, one has the
following.

Corollary. There exists a locally pseudoconvexr but holomorphically
nonconvex Riemann domain over C? which is embeddable into C? as a
locally closed and locally pseudoconvex complex submanifold.

In [O-2], the following extension theorem was proved as a general-
ization of what has been used in the proof of Theorem 1.

Theorem 2. Let M be a complex manifold of dimension n and let
S C M be a closed complex analytic set whose complement has a com-
plete Kahler metric. Assume that there exist a holomorphic n-form w
on M which has no zeros on M \ S and a plurisubharmonic function
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® on M satisfying the following conditions i) ~ 4ii).
i) ®1(—0) = S.
ii) ® is C™ on M\ S.

i) e ®w is not locally square integrable on any open subset of M
which intersects with S.

Then, for any ¢ € R and for any holomorphic function f on ®~1([—oo, c))
satisfying

i”Q/ |fPwA© < oo,
d<c
there exists a holomorphic function f on M such that f|s = f.
As a supplementary remark to these, we shall show the following.

Theorem 3. Let p : Q@ — C" be a Riemann domain such that, for
any point z € C", for any neighborhood U > z and for any connected
component V of p~1(U), there exist a closed nonsingular complex curve
C in C" satisfying p~(C) NV # ¢ and a holomorphic extension p :
C —Cr of plp-1(c)nv to a Riemann surface C D p~ Y C)NV satisfying
C\p 1 (C)NV # ¢. Then Q is holomorphically convez if and only if
it admits a complete Kdhler metric.

Corollary. ([D-P])A domain Q C C* with Q = Q is holomorphically
convez if and only if Q0 admits a complete Kahler metric.

REFERENCES

[D-P| Diederich, K. and Pflug, P., Uber Gebiete mit vollstandiger Kdahlermetrik,
Math. Ann. 257 (1981), 191-198.

[F] Fornaess, J. E., A counterezample for the Levi problem for branched Riemann
domains over C", Math. Ann. 234 (1978), 275-277.

[O-1] Ohsawa, T., Constructing a holomorphically nonconvex surface which is lo-
cally pseudoconvex as a submanifold of C3, submitted for publication.

[O-2] , An extension of holomorphic functions from analytic complements of
complete Kahler domains and application to holomorphic separability, preprint.
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SVllE:

T — 7 — SRk L OIREGER & (ERIEROES 1
— R DRSS —
R (SRR L)

2026 F£9 H 2 H

1 &

ARFHEHE T, D 2 HEHOMERER & 2 QN FIET D 2 FREMNT (stochastic calculus)
Y. BEEGROME D fEmICE T 2 HAEICOWTHHA LW E RS, A [ oER
WM EoEf RO Y L (BAK) X (w) ZED. ZREBBDOER f(Xi(w))
DOIFEFERZFARZ 2 W&D, fR M OMEZRABZS EEZTVWS, ZDXHR
IR T RSN S 2 MR HT DFEARRITIRD, DR CTH 2, T ORFRIFERIXRERR AL DI
AN S N5 23, @Y% D% Z UMD L OFERICHE D K DT aund & H
HTE 2, B3 2 K512, FRFREDE Z 7 3MED i D Z DRI & fi  WH2EF
FICHIET 20D EEZ TV, ZHpHld LB BRIC O LA 2D —D &
Bbhs,

O FPRTRIAHEICEWTHA SN2 EANHERCHZRICOWTHAT 2, &P
ZI 5% W TE SN BT BR S 2 Bok OfERIC OV TidR %,

2 HLEGBIR. RILFUT -, TSV VESDOER

AFHEHDOBE HIC D 2 HHGERE & 3. En 2 EAR 2R OB~ 1L a 7BEOZ e TH 5,
3. NS OEARFHEZERST 2, FEMcOVTIE, [20], [24], [30] FDAMEE SR
LTWiREERw, 2-EEGE OBGRTIX, (9], ##F 5] F23d %,

2.1 TILO7:8%1E. ILBUeTE

M ZR[ e R e L, Ry %7 b TH 2 ERET 5, M LDt >0 %
T X —& b § 2k R AREE 2R Q ICHERRE {Pliem ZEAT S, X Q —
M(t>0)% Xp(w):=wlt) (wWe) T2, &P QO OHARKRKLLES L
TEREINTED, P(Xg =2) =1 Thb, $hbbE, P, 1d o hoMET IR
BEERD LG zRb, ¢ 2o lRETIMWRGBE (X} OERTHZ, 22T,
PloeQ| X, e A}) =P(X; € A) EMELLTWS, F7z, FESRERE {X,}iso ZHIZ
X tbiLd, E, T P, K28y (WitHH) 2K 3. B2 feB,(M) (M LR

*e-mail: atsuji@math.keio.ac.jp
AR E (FE#ES:21K03299, 25K07052) DRI 22T b DTH %,
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AU IVATHIBEE 2 AR) X L.

E,[f(X,)] = / F(Xu(w))dP(w).
(Xy, Py) 23=va7fafgeix, (FED fe By(M), t,s >0, v € MITHL,
B[/ (Xee)|F) = ElEx, [f(X.)] 1)

MDD ZTHb, TITT Fld X, (0<s<t) ZA[HICT 2 X5 REGEITNT
B TRV o-IEG (BRBZ 7 4L bL—2a 2 0Wd) THYH, AIEDRIERER Y
IR Ly B [Y|F) 1F F B 250 S HRETH 2, kB, E[V|F] =2 w5
AlE. Prae w ZDOWTHIZLTED (as 7).

/A Y (@) dP(w) = / Z(w)dP(w) (VA € )

A
CRMETH 2, F i3 t IOWTHARRTHD, 2O X5 RWEHZ S o- KKK E
ZaN b —a YR, WRERE P, By(M) = By(M) %

Bif(x) = Eo[f(X)] (f € By(M))

12k o TEHRTIUS, AT THDS Py = Po P BHES. 6,:Q = Q % (Buw)(s) =
Wt +8) 1Ko TEET B0 Foo = 0(Upng Fr) L. (1) BXD &5 BRSNS,

Definition 1 (RJLO71) Y % (FED F, w7 ERBERZR L.
E.[Y 0 0,|F] = Ex,[Y] (2)
DR DD =, X id~wnrazziForns,
7 VR LB T 3 A2 1ERA (stopping time) & i&, EED ¢ > 0 12X L,
{T <t}eF
il 2 %8 95, FERIOREHE LT, DU % M ORLLERLTB L &,
o =inf{t > 0: X; & D} D 2 5OBHKHE, op =inf{t > 0: X; € U} U ~O&R/NEER

ZREFTEL, ZEL, infd =00 &35, w2 7MIE non-random ZRFEIZDOWNWT
(2) DD Z e ZEFET 505, 2k S HITHE L. FIERFZNICOWTD (2) 23D I
D&, MRBRIFEIIILIATEEZROE VI,

BT RAEARR 2 RO~ L a 7 @R 2 INEOATE & WS . DR, BRI AEAES & fp O
FEAE 2 B, R fEREE & A,
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2.2 TILFHT—=I
<L a 7B A TEERERBED 7 SR LTIAF T —ADEH 5, 5. —ik
727 4 L b L—3 a UATEMERZER (Q, F, {F}, P) Loz ERaE M 252 5,

Definition 2 FHEE P-rlfESERER M, B~V F o F—LThb2lE. 741 b
L—a v {E}tZO &:jﬂ'b\
i) & t>01C20WT M & F-mll (F-BEEZ WD),

i) fEED t > s> 01T L.
E[M|Fs] = M a.s. (3)

DRILT B TH b,
F72. YAF VT =L DJEFK Definition 2 IZBWVWT, (3) fb iz,
E[M|Fs] > My (resp. < M) a.s.
DD ILDEE M % HNVF V7 —)b (resp. BwALF 7 —)L) L,

Definition 3 JEERHERERE M 1T L. T, T oo (n — o0) a.s. Ziiliz $IEIERZI D5
(T} BTFEL. {Miag, }iso DDA F T =L 2B & M ZRFI~LVF YT =Lk
MR, fHU. s At :=min{s,t}.

R~ LVF V7 —v, RFiB~<VF V75— b RRKICERT %, R ~ALTF V7 —
NDAETET 2 EGHEREELZ I LT V7 — L eI,

CAF U= AR
FHINF U= & LMK
BLF T —L & BRI

EWVWISIHIEND B, HBIBT S X D12, ZOMNIERWNRD DT TR, 777 ViEE)
PBUTEHRTESLZDTH S, RODREID SHI1X. LTABEAD Riesz 7m0 X
NB7259,

Theorem 4 (Doob-Meyer 3f8) X 2H~LF U5 —Lr 3§53, TOLE, ILFY
Bl M L HNGERE A (e t > A (w) DIERDBIR) H—FCTE LT,

Xt:X0+Mt+At, MOZA():O
CRRETE 5,

A%~ F > 7 — 23t LT3 Doob-Meyer 73 fRIZAL L. Z DEGEIXRAT~LF
E =L IR ORIC B R TE 2, EIATF U —VFRF~ LT V5 —
N BEREEBEONNC T E 5,
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A2 rORERID, M (JFFT) ~VvF o7 —nkeid, M? & (R $H~L1F
VB ENbNB, M? I Doob-Meyer 43 f#% @ L TE &4 2 B hEE %
(M), bEE, M O 2RXEMBREMER, M,N DRFI~YLVFVTZF—1Dr % MN &
LIV F U b, TOERELEHESE (M,N), &L,

ST, HHGBRDBHEITR A 5, M WGz oHE. FITEOL P RERETDH
B EIE, IEBUERRITAESIERAZR XN S IEIED 2 O TEHZRIC X o TR D
Johd, RS, LA X OFBIEFAZRTH 2 Zd fe C*(M) iTnfL.

ﬂxg—ﬂxg—lvju@m R AT VS

PV HEIZ ko TSI N5, ThbB, f(X) BEIYAFIF—ATHD, 2
DHRDEREBINE [ LF(X)ds TEZ BN 5,

Example 5 M =R £ 3%, L =15 2ERMEMALL T 268087 (B, P,) % R Lo
77‘7/@@] FE 1T v viEB e WS, HERIEFER P, % P.f(2) := E.[f(B))]
b 2 U 8

1 _Irl:—y\2

Pf(z) = / plt.2.0) f(0)dy. plt.7.0) = e

CEFS, £l BEEARRZ 4V L= aYIALSALFUS =L THD, (B); =t

Theorem 6 (1 XTT 5V VEBICHTBREORK) [fcC*(R) &T5%, ZDOLE,

! ! 1 ! "
1By = 180 = [ rB)as.+ 5 [ (B 2 0)
N RVASH

GO 1 HIXHERE D (FEED) THH, R~ LT V75—l Z e BH S
NTW3, $hbDE, f(B) I~ Frr—iehkb, FFi~vLF o r =g
L s)d B, t?ﬁﬁjém_%sk%f” By)ds ICHfRTE 2 Z 2R LTW5,

B w;“ ,BY) (BL,... B 3HOT 7 1 KIET 5 VEE)) O TEY B R
WEE R Lo 75w Vild), £720&, dXoT7 7 v ViEE v, FEORARIEZ RO
770 VHEENIN LT HMILT B,

Theorem 7 [ € C*(RY) iZxfL.
t
f(B) — f(By) = /Vf -dB, + = /Af(Bs)ds
0
ZZT. dBy=(dB},....dB}),A= 2L+ .. .+ L, ZRI DI ST TH %,
1 d

B X EHRIERZR JA ZROIBHGBTETH 2 Z e hbh 2, Fi. FEOARICONWT
F. 2Rt I F U IR L THEHLDOARDLHT T2 2 dFERELTEL,
RVF U =TTy VHEENIEERBERYED 5,
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Theorem 8 (Dambis, Dubins-Schwarz cf. [24], [30]) M, ZRfi~vLF o=t
T2, M PERINTNVD 7 4L~ — a U EHERZERZ & L 4 72 R 22 M0 F
ELT, 20 Lo@=R 1 X0L7 7 v VE#) B 2T,

LET 5,

COHFEENPS, M3 B ORREEBELAD I TES, wLVF V7= M &l
RNBZHIzo>TE, 7o ViEde (M), Z#AN2Z DEBEEDR O S,

RICHIE L 722 DIF, JEEGERRIEZ VIR E NS0, WO METH 5, LIXLIEH
WHNBHERGHIVFEIZOWTIEIREL 2 D00 ERH SN T WS,

1) HERMD TR X 275K, of. [20], [19], [32],

2) T4 V7 VERIC K B, of [13]

RFEHETIZFIC 2) D EERMEL T2,

23 V= UBKIELEDT >V EH
DI, 2R WS & 2 IEFEIOEENZIRES 2. M 2V —< 2K L. 20
V< VHBIOEEDZ T TIANLLT IEHE Ay BEZ 5,

Definition 9 A\ ZABMFARE 325 M LOIEGER (X, P,) 2 M Lo7ov >
EE Y WS,

EED u,v € C(M) WTxfL,
! / Anu(@)o(@)dV (z) = = / (Vu, VoV (z)
2 M 2 M

B D, T T, dV I3V —w VEHRE DR E B KEAIETH 5. 100 WA
Bt E(u,0) LB CFM) % [[JullP = Ew,u) + |[ul oy, TEEINZ /LA
- |l CHEELEbD DE) 2EZD Y. e & RHRIIETE 5, (£,D(E))
3 L2(dV) FOMR - FRIF 1 U 2 LIBRY 25 (£ [13)). BT - FRIF 1 U 2 LY
KU IHEBGBRS —FUCAET 3 2 LRI BATH D (cf. [13)). (£, D(E)) 1K1 LA %
ERIEREL 5 M L0759 VB (X, P,) SHIET 5, HEARE P L2(dV)
FICHIECE . W dV B LR R, SAUCED. M 0TS Y EINE dV
2 LS ERERGHAE T 5 5 210 5,

Lemma 10 X # M L0777V EH), feC?*(M) 35,

f(Xe) = f(Xo) = My + %/ Amf(Xs)ds, My : RFi=vAF 27—
M

CRTE, t
(a0 = [ 1VsP(as
0
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BrC, u 25 M _EoFfBEEL 512, u(X) BRI~ AF =L Th Y, LHifBE
(resp. EFAMBEE) 2 old, w(X) FREAHINVF V7 =) (resp. RFTESR VT > 7 —
W) THb, BEDBEREZE. v THEOP IRV EDBRILT %,

WOV —<VZ2RELEDO TS VEBOHBIERR P, & dV CEL., BE
p(t,z,y) ZFD, ZHUIRDBFIEROEARRE L2 Z eI TNW5S,

ou 1
5 (1) = 5 Awu(t,2), u(0.2) = §(x) € Cy(M). (4)

ZDIE D DFNTEGER L ODBRICOWVWTRE T, B2 x7 7 > ) Y FHERTIIER
B ZReT, DCM%Z OD DBEOLREEE TS5, p=inf{t >0: X, ¢ D}, ¢ €
Cy(M) 53,

[FEAFRIE w,]

B [o(X:,)] = éﬂ)¢(y)da%(y)

[F)— 2B Gp)

E.| / " o(X,)ds] = /D o(9)Cn (. y)dV (y).

D =M DORfE, BT 2 BEENZREIETIEI M 07 — VYD,
GM@wkz/ p(t, x,y)dt.
0
3 F—5—3IFBLEDT>UVEE

3.1 BFRTSUVEHCEFEATILFIUT—I
Definition 11 =z, y; ZHV7Z R L7 Vil $5, Z,=x+y (1=+v-1) &
B 2MERBEEY C Loy ov ViEH), i3, HE 77 v Vil v,

Getoor-Sharpe[15] & TN EHRL THEMANLF V7 — L OBERZEAL 72,

Definition 12 7, = X, +1iY; ZEZBIE~LVF o Fr—1r 35, kbbb, X,V IR
FoRf~VFoFr—1r T 5,

(X)e=(Y), (X,Y), =0 (Vt>0)
T X, Z BEASILT U —IL LR,

Theorem 8 ZHWIUX, FEA~ILF U F—id, BE 75V EIFZRHEZEL:-D
DehBIehbhrd, Thbb, HETIYVEE 7 BEEL T,

Zt = Z(<X>t)~

FEHNLF ULl LTEERZD D FHIBRIC X 2EE T 70 VEFHOHRT
%60
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Theorem 13 (757 VEHOEBLREMN) DcCcCHEE L. f: D — C ZIEHIR
B, Z 2 8E 75V VHEENT Zy=2€D 32, p=inf{t >0: 7, ¢ D} L, Z
D E, f(Z2) 3FEASLF =N D, C LOBERT 7 v ViEH) Z DIEL T,

£(Z,) = Z(p:) (0 <t <7p). ::Tmﬁ=A|wa&w

3.2 T—5—ZKELDT 57U ES K IERHLENATE
d=0 + 57 d° = Z(é - a)v dd° = 2Z857 gm = (ga’g) @ﬁ&%ﬁg M L@b‘—?*%ﬁl‘
B, w=g,5idza NdzZg T %o

Definition 14 o2

L=2) 0 )= ) )

L35 L AERIERZRICEOIBOERE (X, P,) 27— 7 =28k M, gm) LD
7o EEIE NS,

(X4, Pp) 1374V 27 LB
E(u,v) = / du Ndv AW (u,v € CFF(M)) (6)
M

WAIBLTW5,  (cf. Fukushima-Okada[11], Kaneko[21], [22], Kaneko-Taniguchi[23]).
dm = c,w™ LB, L*dm) ETHARD X512 D) ZERT I, (£,D(¢€)) &
L?(dm) EORRFHEMT 4 v 7 LB 2%,

E(u,v) = —/ uddv AWt (u,v € C(M))
M

LB H, KILn DAIZKBER ¢, 28T & AU,

ddc A n—1
Lu="""0Y 0 e o(M)).

dm

ET&%, 2D L DERr6. RPEBIZOD

Lemma 15 gy 237 —7—%olX, BHES U c M LOIERIBE f 2 L. Ref
3 L-#ANTH2, ThEb, U NzHHETE L 2EMFHFEL TS X XL,
f(Xy) (0<t<my) BEFEASLF VT —L D,

—fRDOIN I — FEEIINT S (V- YZKRELELTOD) 77737 TR, Lo
PEENEAR D S22 2 IR 5720,

[11], [12] BV TR ZELFAMNBEEEANTT 4+ V27 LEREER L, & O LERE
BOBIED 7 9 A% EZ, ZERT VI Yy i OBBREHRE TV, LD EITHSET
WERD X5 RILEGEIED 7 7 ANEA ST hi,
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Definition 16 (X;, P,) 28 M L OIERFEREGETRE ( holomorphic diffusion ) &, fE&E
DRKEUCM, feOU) &. Xy eU(t €[S, T)]) &7x2MERXE [S,T] iZxt L.
{f(X(t\/S)/\T)}t20 fﬁ%ﬁﬁ'\?}l/?‘ \/ﬁj“_ﬂ/& %25 Z tf%%o (S Vi:= max{s,t}.)

=7 =2k EDT 5 EFNINFIERFEEGERE TS %,

Theorem 17 ([11]) M D C C* LOMFIERFEBGEEICN LT, 2071 V7 LB
i B2 (n—1,n—1) EEA L >V b 0 L ZEEFABEE o DEEL T, L2 (dm) LT

S(u,v):/du/\dcv/\Q (u,v € C3°(D)), (7)
D
THEZo6N 5, 12720, dm=dd°p N6.

3.3 XiEpssE

ZOHITIE M BEREFRRVERERY) - 2B L. M Lo T oY ViEE)
X = (X;, P,) OKBIHEEICOWTIAR S, 2z EAREHGEIZICE 2 # 2 2 BIdE T
DIEEDRETDH 205, HRFERRR Z L DAL T %,

RELID. X 3B 5, SO5EEED v,y € MITH L. p(t,z,y) >0 (t > 0).
3.3.1 REFEM - ERNEREYE
Definition 18 ( := inf{t > 0 : X; ¢ M} & X OAFKH (life time) & W5,
P, (( =00) =1 (V/3z € M) DI, X ZMRFENTD 2 &V, DK, M IFHERIYSE
HTHB VI,

Remark 19 FERMEHME L V —~ Y EHEDOSEMIEIZBIHRI 220,

fil. 1. M=C\{o} & =27V v FFEICEL THEERNEMTH 25, M TIERWV,
2. SEMfR Y —< Y ZRRIET M OWIHEIED —d(z0, 7)*T (e > 0) DA =X —THHEL.
MR TRV DEEDZ Z N TE S, HL, d(o,y) & M DV —~< VHHEE 20 1&
SHNTH 5%,

RES RO IR TW5S,

Proposition 20 (cf.[17])  HERAYZEMMEE XROBHHE L FETDH 5,
i)
[ ptaavin) =1 (/30 £y € M.

i) B EXOVIHERE (4) OB R LRIE—E,
iii) A >0 &AL, Apu = du 27z TEH R uid u=01TR%,

HESRMFE LTUERBBR A SR T WS,

Theorem 21 (Grigoryan[17]) M 135%EfHiL T %, H2HZHLETEHEFEr>00
MR OEREE v(r) B [T = oo BB M IFHEREMTH %, K,

log v(r)
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HBAVNITIMEEKCMEERC >0, ZR xg e M X LT,
Ric, > —Cd(x¢,2)* (x € M\ K)
ZHIE. MIFHERNTERTDH 5,

3.3.2 BiREY - BEE
Definition 22 i) fEEDOZETHRWEES U C M XL,

P.(oy <o0)=1 (V/Fz e M)

DIF. X EFEIRH (recurrent) W95, 7272 L. oy :=inf{t >0: X, € U}.
i) X PEEHTRVE Z| @ER (transient) £\ 9,

Remark 23 i) BEMEIC K D, V=<2 ik M it L. X ofFRYE - @Ediius
NDPICEE B,
i) X PHFTHUR, REFNTDH S, THhbbE, RIEFNTRVE ZIEENTD 5,

FoFEIRED. X HHIFEH (resp. #BIEN) 72 &, UV —~< U ZHE L HIFAY (resp.
WIER) EW0WD Z2ITT b,

Proposition 24 X 2G@ENTHE . ROZKELEMHEIFETD %,
i)
¢
Em[/ F(X)ds] < oo (V/3f € Li(dV),/ FAV >0, ¢ : life time).
0 M

i) 77V — YBEDFEETS 2, Thbb,

Gum(r,y) == / p(t,z,y)dt < oo (V/3w #y e M)

0

i) M _EIZIFERHE e MBS %,
iv) M _EWCIEEROE QBB AT %,

M 2ETERR Y ZiE, ANCRZ X511, fe LY(dV) iThL,

¢
o / F(X.)ds] = /M Gonle, ) F()dV ().

Proposition 25 X DHRINTHZE . ROKEMHEIFETD %,
1) fEEDZETIHRWHES U C M ITH L.

/ 1ly(Xy)dt = 00 Pp-a.s.
0

ii) (B A 7Y DM ¢ € CF°(M) HIFAEL T,

/ V6, [2(2)dV () = 0 (n — 00)
M
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DI D LD,
iii) 77V — YEBBFE LRV, TRDb,

| ptagyt = oo (4205 € M),
1

iv) M _EOH TR H MBI ERIIIR %,
v) M _EDIEEEFRMIBERUIEBUTIR % .

Theorem 26 (Grigor'yan[17]) M %ML 3%, [° % = oo K 5I1E. X ZHEEN
ThH3,

3.4 T—5—ZKAEICEITBH

¥3 1 XLOGEERTALI,

#l 1. ClFEtEIC»2b 53, BIRNTS %,

2. DcCZHEMNMARE T %, DIc—27V v RitEZ AN/zd Dk, MHERNIER
HTH5, —f. DICWHETE (K7 VA LEtE) Z AN b DIHERNTHTH D, B
EHTH 5,

Y —=< VI (1 RITERZERE) ICIEELREFMFTEDP Ao TED, =7 -2k A
RTZLITT B, 1 RTOGEE. BHIFEME - BEERIEATETH L L IEET %,

Bl 2. BV —~ > M DFERINCR 2 BETDRFE M D) =<V HD 7 7R Og
KET5Z&Thb,

3. C*ic2—2V v FEtEZ AN b DILEEN THERNTHTD %,

Bl 4. C* OFFEBIIFI RIS 2D ST, BENTDH 5, HERNTEMETEIREICE S,

T— 7 —=ZRRRIZR LTI, JIfiTARL L5187 —F =3t &0 T THRE - @ENZ
ERTIENTES, —fH, BEZHRE M TEIFHERC L > THRNTH 72D, @EEN
ThHholhT22dbdH2, FITRODIIBDEEE5ZTAS,

Definition 27 i) BRZHE M O TR TOIERLHFRIERNEBGRIES IR 2 & &,
M ZEREIF WS,

i) BEZSERE M RICHIGEN R IBRINFRERFERGEEI T 6 & & M 25 HIEH
W9,

i) BHREREHE M LD TR TOIRERLNFRIERITABUERE N EER R &, M ZiRiEiE
e,

Bl 5. 2y MERSHRKITEBIRN TS %,

Bl 6. V—~ Y HEIIRFRN . BEENOVWTALTH 2, Y —~< VHIEERN
TH27DDREFNFEME O KBTI TH 5,

Bl 7. C* DA FEBIZEEENTDH 2,

1 8. Stoll DIEMKT parabolic Z2ZkkiA ([31], cf. [16]) ZF5HRIITD % ([22]).
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4 BRNT—F—IHRECBYINRT 720 0T ER

4.1 TEMHHEE
Definition 28 (Liouville FEIE) HWRZEIE M 298 22BN BERBIIE BT
BLBZVWEE, M IFERZELFANBELUCE LT Liouville 2o\ 5.

Proposition 29 M : 55HIFH = M: ZELHFFBELICEI LT Liouville x>,
il (open): L@ Proposition DI D ILDH>?

Proposition 30 (Casorati-Weierstrass DFE) M 558N, f 25 M _LOIEERK
AR O, f O ROESIINBERZTDH 5,

4.2 BT 7)) IER

HIFNRIGEUNTHOLTOREITARETH 5, 5. 77— 7 —ZkK (M, g) IZHERT
T e 350 [w,a] : PY(C) LOIRMEERE (%EERE), f: M — PYC) IERIBH (i.e. HH
RIBAED), ef := tra(f*grs), grs : PY(C) L Fubini-Study &t#&, dV : (M, g) OFREE
ErF 5, fr)La DL E, ROBREERT 5,

Thw(t, CL) =E; [log[f(Xt)7 CL]72],
N,(t,a) = lim AP,(sup log[f(X,),a]™2 > \),

A—00 0<s<t

To(t) = EI[/O e/ (X,)ds).

Proposition 31 (£ 1 XF®E) f(z) #a »D T,(t) < oo K 5IE,

My (t,a) —loglf(2),a]* + Nu(t,a) = T(t).

R(x)= inf  Ric(€.©) 0

LB, r(x) = d(xo,x) ZZHRA 2o € M 26 DRI L T 5,
Lemma 32 H23EH C >0 2H- T,
R(z) > —Cr(x)2 - C (9)

Y5 %, f D acP(C) ZBRANT B%51E. Ny(t,a) =0 (Vt>0), ae. .

4. felLT

T.(t) < oo (Vt > 0),a.e.x (10)

L B EEABR B 2 5o [ HTAAFE AR ie [, es(2)dV(z) < 0o 7 BIE. (10)
iz E N5,
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Theorem 33 ([2], [3]) M Z5%Ehi7r—7 -2kt L. 20V v FHIFRIZ (9) 2/
TET 2, f1F(10) 2T M LOIFEREHABEBTHD . ar,a,...,a, & P(C)
DEBBHMET B, 1€ MIF fx)#a; (j=1,....9) ¥L. T,(t)Too (t—o00) &F
5, ZDL &,

q
> g(t,a;) + Na(t, ) < 2T, (t) + Ny (t, Ric) + O(log T,(t))
i=1

NN —ZHEERZESEZIRVTZ t € (0,00) IZDOWTHKIZLT %, Z ZT,

N, (t,Ric) = —Em[/t R(X,)ds].

/ |R(x)|dV (z) < o0
M
ZHRES 5. I, 1 0LO L ER3HREOTDEATH 5,
= —/ R(x)dV(x)// er(z)dV (z)
M M
LEL,

Theorem 34 LOFED T, (M, g) BEIRNT —F7 — 28Kz 513,

q

D dua) <2+a
i=1
Z ZT. )
0p(a) = lim inf mf(t’ a).
t—o0 ng(t)

Kz, f OB RO < 2+ «.
P BIRMIEEOARO LI — REMMASHES,
5 BEMNYT—5—3IRELOBRBEERDED TR

51 2ad7IIYDMBELEN—ILBEEE

ZOHITIZFRONDB A RZRA DG E ZRE T %,

(M, gpm) 1 FEET — 7 —2REIK. (N, gn) 1 TV — FERRIR, f: M — N ERIBHE,
B(r): M o¥FEr >0 OfiliER, K(y): y e N IZB1F2 N OIERNKHEIRD FR e
3%, R(x) 7 (8) TERLAE M OV yFHIFEROTRE L. R_(z) := max{0, —R(z)}
CEL, FTRDEANTD 2,

Theorem 35 (—ftnrcs 2797 LY OB [33])  EH Ky, Ko > 0 HHFELT,
SUPyen K(y) < =K, sup,ep R-(z) < Ky BBE, frgy < %9/\4-
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Corollary 36 R(x) >0 (x € M) THH, f: M — PYC)\ {3 & } »ERIEHKZ S
. fIFER

ZD R(x) DTROFZMAEZAEIFMFCEEHRA DB EZILNT VS,

Theorem 37 ([4](2021)) 7 — 5 —Z2Hk M IZ@HENE L, [ M = N ZIEAIE
3%, IFEGEGIEEMBEE p T [ /p(t)dt = co ZifilzTHDHEFEL. M DO
5950 MEEDHT K(f(x) < —p(r(z)) DD TOL T 5,

1
/ R_(z)dV(z) < oo 2 liminf —— log vol(B(r)) < oo,
M oo ®(r)?

o, fEER. 22T (r) = [ \/p(t)dt.

Remark 38 Li-Yau [27](1990) & p 23ERD & &, & 512, Pigola-Rigoli-Setti [29](2008)
& p(t) = ct™b(b < 2) ORFICHEBERFEREZRL TV 5,

Corollary 39 7 — 5 —ZHfk M 3#@ENE 35, [, R_(2)dV(z) < oo D

1
lim inf — log vol(B(r)) < oo,

r—00 T‘Z

%513, M EOIEEBAHRIBIR ORI R OERIEE 4 2 fH,

Remark 40 1) 1 Xt 2Z2EZ IO 2 L 512, LOMRTEENEOFMAIZINE
AR
2) LOEKBEDOBEASEMNE. &2 ERBEBUAR O RIS T 2 &M TH %,

5.2 MIBETERLY —5—Sikih
(M, gan) - BB — 5 — SRR L L. Graly, ) 227D — VBB 3. n = dime M.

Definition 41 D, t M (r t o0) 2LV —RXF a5, EEDEES N zp € M

WHL
sup Gz, z) = 0 (r — 00)
CIJEM\DT

iz 3 E, (M, g) 1FERETIER] (regular at infinity) W5 Z 2125 5.
(M, g) DFEMRTR . ZlX. Gz, ) — 0 (d(wo,z) — 00) %Mz T Z & TH 5,

Bl n>235 MMPV)—<UB3RIELLTAHLVERY « 7RI —VERE (i
e, WrTESRDIIEIE) 72 H1F,  MEERECIERIR @R ZERIETH 5,

2. M DV v FEIERIIEE TEEN L 51X, MEECTIEAIRZRETD 5,

3M={2€C:0< 2| <1} L. WHFHELZEZ 3 . HEEH. ZHEENTDH
25, EMRETIERITIE W,

JERRE CIE R 7@ 2 AR CRABGRIVICEZE 2 fl & LT, R oh b,
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TaAR—IZHOA TN CY DEZRERITZREAE (2 Ot L, C" 2 HEFE S A
BIZBE LT, cf. [1]).

e affine algebraic varieties dim > 2 (cf. [14]).

o C" (n>2) OifEMBEE. T, A RENNEE (cf. [28)).

e C"(n>2) d7 4 V7 LREEDEKTIERIZRA FEHEL.

M 2 EIREZ EAIE 328583, 20 € M 2ERICSHAL LTI, ¢(2) =
—log Gpm(zg,2) ITE2 T M OILTY —RF a VEIBEERT 5L TE 2,

5.3 BENZREDRT 72U FiER
X: M,gm) L7579 VEE), B(r) :={x e M:¢(x) <r} &L, ZOMHATHIE[F L
REETHWS, a>01ML, log~a=max{—loga,0} £&F<,
Definition 42 (Nevanlinna functions) ze€ M, 7. =inf{t >0 : ¢(X;) >r} &7
%, f(x)#a %2 acP(C) & r>0ICNL., ROEBEERT %,

T.(r)=E, [/ r ef(Xs)ds]  (characteristic function),

0
N,(r,a) = Alim AP, ( sup log[f(X,),a]™® > \) (counting function),
—00 0<s<7,

mg(r,a) = E,[log[f(X),a] ™  (proximity function),
Ni(r,x) = lim AP,( sup log™ ef(Xs) > A).

A—o0 0<s<7y

Definition 43

N, (r,Ric) := —E, {/TT R(Xs)ds} , Ng(r,z) = E.[log |Vo|*(X,,)]
0
LEL,

Ng(r,zp) < occae. r>0THb, £z M DT — 7 —ZFRIKTY v FHIEDLT
WHRZBIE, S.T.Yau OABLEHIEI L D No(r,zo) W FERERZZenbrb

Theorem 44 (B1EFE) f(xg) #a T 5.
My (7, @) + Niy (1, a) = Ty (r) + log[ f (z0), a] * (r > 0).
Theorem 45 (2 XFH, A.2025+) ay,...,a, € PY(C) ZERZHE L. 29 € M

& f(xo) & {ar,...,a.}, ep(xg) #0 Zii7ZeT T 5. Tp(r) T oo (rtoo) HIE. H5
MEHIEZERZES E C (0,00) 23> T

> gy (ryai) + Ni(r,m0) < 2T, (1) + Nag (r, Ric) + Na(r,20) + O(log Ty (1)) (r ¢ E).

E € [0,00) BSHEAEAR L 13, [, % < o0 Eilil- T LTHE.
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5.4 RRAEHERR
Definition 46 lim, .., T, (r) = c0c Dk &, a € P(C) icxf L.

oMy (r,a) L N, (r, Ric)
d¢(a) := llgloglf To) Qg = hﬂb;lp T ()
LEL.
B2EEHEID, KELNS.
Corollary 47 EFRZETIEAIRTZEM T — 7 — 28K M 0V v FEIRIT T ICERE L.
lim, oo Ty (1) =00 &5 5. ay,...,a, € PL(C) 1T L.

q

Z(Sf(ak) S 2+ ay.

k=1

= limin Vi(r) r)i= er(x x r) = Vo T
o= tmint L (Vi) = [ eft@avio), vy = vol(s()

CES.

Corollary 48 M % ERECIERIR T 7 — 7 — 284K, R(x) — 0 (d(zg,7) — 00) &
55. ng > 0 72 513,

]

5f(ak) <2

=1

M=1{zeC" : p(z) <0} i& C" OEFBREGERE T5. 7721, p 13 M O¥f
LSRR ZERFMNEKE L, dp#£0 (0D L) 33, q:= —log(—p) & L.
r—o—iR ds? =i00q B Z 5.

Corollary 49 T, (r) — oo (r - o0) &3 5.

q

> op(a) <2+

k=1 Ny

n—+1

6 BEDBE

AT E % T OMERGRIY TR, FREMRNT O HEANHIH & JLHCERE D BRI L MEE Lo H
VWTWRWDT, BENRE L FHROERBITEY 2 ERER 2L T H e TE
UL, RIS Z ED 2 e TE 2 eiffand, 20 XS54l LT, EE SR
i, BEAZERNC 3BT 2 v AR RGR O BERUELUC O W THET L T 5,

D P A ALEAEOMRDORADH T, & BIEGH OBERCELL . Z D)5 H
DR END X527 o, H M ICB#E S 2 % D & LT, Halburd-Southall[18],
Laine-Tohge[26] HI2& % ba ALy > VU Y FHERNDH 5, [25] ITZD—HD5E
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R ZDICHAPE LD 5N TV D, BT e EHIMRRVELELEL T, ZOMRES
NAT 720 Y FHERINRE TEEBD 7 7 R 2 DERBOIREZAATL ([6]). F
7. Baker-Norine [8] IZ X o THRZ 7 7R OFMSFIIHN T2V —<-TLT 4 v YD
EHOBLUPE LN TV I, BT e EFIXINERHR L MR/ FIEL D L ICEE
L. BOWEIREZROMER 25 7 M oFMGHI LTy » > ) v EEROBELIZ R L.
Baker 5DV =< V-7 0 4 v Y OEHOIIRZ KA TV S ([7])s
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