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EHEETER D D 2 W = A ER T 2 =MAEED T 4
V7 VERZ AL OUIE

TR B (JEERNIKYE ERRRREAAES)
HPE BE (RIRASIREE BEAReRT) <2

WHPER (H2, p) EO=FAE A KL, 8 (&0 3 AOE) TOHDIELOEMK
THEREINS, MEEREOZREEN SR IBEEZ L. COMHIEHEI 2 &, &
NEB=ZABF LTINS, TO=MAFL, WIThD2DATOHHDELIZK G OMES
X, ZOBETA OREARHEBOD 1 O THE0, 2 ZTRER=AFEDOTEADRTIZR VA p € H?
W LTEESZTA VI LERSAR L HIEN 2 EARHEEEZEZ 5. THUIEIRTERE
Nn3:

D,(Ta) i=(Hy(f), 772U Hy(f):={qeH|p(q.p) < pla, f(p)}.
fela
HIREOES OB T 157225 ZDEEDEMRN LI, LA, TOHMDIRLE R, &
FTrE [1]12& D ROXFAEENTN S

(Hp(R; o R)), L, ph A DNERICH D & X,
Dy(Ta) =4 "R .
(VHp(R; o Rj) NHy(Rj0 Ry)), %EL,pDUA; LichsL &,
j=1,2,3

CDOFRRICHNE —ODGEZFNFNXRT R TD LSS,

(1) p?s A DNEICH B & & 2) p2 A kich s %
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FREDRIRDFEHICIE, W =AIIT T 2 F = NOEEPHFLN R EEER-F. &
72, LR OREROHEER & LT, #2020 O TERAN T O R E 0H? Licd 2354,
D% D HEMETEA (ideal vertex) 2% 2 5E1CS D, (Ta) DFAMRDETIREZ N E Z &%,
ZABOEITUIT Y T 2 BRBRCN T 28601 [1, 2] THRESN TV

AfRDAERIE, N =AFOEADMNEZ S HIZ—RILT 2D TH 5.

EFED D, (Ta) OFRRIE, HRDOE O DBF BT T NMICBT 2 ZDIMINZDH 555
&, TROBEMAMAETEA (ultraideal vertex) SN =ATEIZH 2 HEITDH LD LD,

C OEHOFEINC, BE OTES, HATES, @HATEANEE T 2 =AFICHEHT
ELXDIWHIRENSF 2 NOEHEZH WS, ZOFRIZULTOED TH .
e ([3])
N NS 2TEHEAZBZ2EMRE [ T2 %, 3KDER L, Iy, I3 55 A DHNELD
—HTRbDBZl, LFTOERXDED IO L L IXFMETH 5:

’I“(ll, Ag) T(lg, Ag) T‘(lg, Al)

=1.
r(l, As) r(l2, A1) (I3, As)
o THA Ao N Az EEDTESER S, r(ly, Ag) 133 Ay ZETLEME [ EOKT

A% P sin TELZDDTH 5
o THAL Ao NA; PHMETEALS, ZOREHULE F % horocycle Z{EREIC 1 DHL
D, T(ll,Ag) Giiﬂ AQ %é\ﬂﬁ%ﬁt l1 tf*%iﬂ%%gﬁj\o)gﬂ:\ﬁf%%,

PREE 2 WA E5ZRE % sinh THELZEHDTH 3.
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Newton-Mandelbrot set

Shunji HORIGUCHI

The Wasan(Japanese mathematics in the Edo period(1603-1868:national isolation)) of 1673 leads
to the extension of Mandelbrot set, i.e., the Newton-Mandelbrot set(Def. 1(2)). We use the Newton-
Mandelbrot set to show that the complex plane continuously transforms the Mandelbrot set and the
Multibrot set(Thm. 4). This shows the originality of Japanese traditional mathematics (Wasan).

Definition 1. (1) Let C be the complex plane and #(>=2) a natural number.
M, ={ceClzy=0, zxsu =z} +c, klgrolol Zkl<o } (1)

Here, M- is called the Mandelbrot set(1979), and M,(n>=3) the Multibrot set.
(2) Let p(>=2) be a natural number and m a real number.

(m—=1)z -

c ..
NMp(m):Z{CEC|ZOZOaZk+I= mz,ffl—l ,I}ILIC}O|ZIC|<OO} 2)

It is called the Newton-Mandelbrot set. In particular, NM>(0) is the Mandelbrot set M> and
NM,(0)(p>=3) is the Multibrot set M,,.

NM,(m) can be considered as a picture. This is obtained from the formula (2) when m is determined.
We can obtain NM,(m) using a computer.

Theorem 2(Douady and Hubbard[2]). The Mandelbrot set and the Multibrot set are connected
and closed sets.

Theorem 3(Mitsuhiro Shishikura[3]). The Boundary of the Mandelbrot Set has Hausdorff
dimension 2.

Theorem 4([1]). The complex plane C can be continuously transformed to Mandelbrot set M> or
Multibrot set M(p>=3).

Proof.  If we apply f(z)=z"—z+c(p>=2) to Newton’s method, then the following is obtained.

zi—z+c  (p—-Dzf—c

Zkr =Zk — = =
(z/ —zi+c)  pzP'-1

In this case, let zo = 0 and z; = ¢. This is the formula of NM,,,,, and it is the following set.
NM,(py={c(e O) such that z; converges to the root of {z)=0 or
2k performs various actions within C (except z=(1/p)"? ™).}
Therefore, NM,(p) is the connected set, and C is represented as follows.
C=NMyp) L (1p)! e

Here, if we continuously move from p to 0, then (1/p)"? Y=c0 and pz¢# '~1=1. Hence, Ctransforms

to (NM,(0y=)M, continuously. []
zi—ze+e (3-Dz—c

(22 —zi+¢)  3z-1

This is the formula of NM5(3). From 3z72-1=0, z=+(1/3)"? is obtained. Then C'is represented as
follows.

Example 5. Iffiz)=Z—zt+cthen ziu =2z —

C=NMsx3)U {=(1/3)"2}



Here, if we continuously move from 3 to 0, then 3z>—1=—1,|zx/=}+(1/3)"’|=c0, and C transfers to
(NM3(0)=)Ms5 continuously.

Example 6. 'We show NM(m) approaching M. The recurrence formula of NMa(m) is this.

(m-1zi-c
Zppl =——————
mzy — 1

If m continuously approaches 0, then this approaches zi+1=zi*+c. We will show the following

examples. () NMx(—1) (2) NMx(0.1) (3) NM>(0.5) (4) NML(1)
Next, we will discuss the Fatou set, the Julia set, and Newton’s map. Newton’s map for
Jfo(z)=z'—z+c 1s this. Here, add the parameter m to the notation f,(z) to write it as fpu(z).

zlF -z +c¢ _ (p(m)—1)z" —c
(zF —z+c) p(m)z"™" -1

Nfpmoyp(2) =2 =

Let F(Nfpm(2)), J(Nfo.m(2)) be the Fatou set, the Julia set for Nf,,x(z) in the Riemann sphere,
respectively. Let c,=z=(1/p)"""V. Then C'is represented as follows.

C=EWNpn2) N O INpl2)) N O), p€ JNfpml(2)) N C
where oo ¢ (F(Nfy(z,m)) N O (J(Nfu(z,m)) N O).

Now, we obtain the following.
Proposition 7.  I[fm —0, then C=(F(Nfypu(2)) N OO JN(Epm(z)) N O), continuously transformed
to C=(F(Nfo@2)N O I Nhpo(2)) N O), co=oog C where Nfyo(z)=2+c.
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Analytic continuation of local zeta functions to a slit
complex plane

A St (U

KB EE (JUNEEREAZE)?

B M (R T EAE)
1 EA

AFEEHTIE, RO TERSND WAL —ZBEBICTOVWTEZ S !

Zolsif) = | @lel@)de (s C) (1)
ZIT, f, ¢ BERDREE U L TERS NI EBIEEREKT ¢ 0B U ITE&EN D

bOE T 5. LOBEMIEFE Re(s) > —co(f) TIAR—RRICR T 2728, 2 ZTOIEH]
B ARTIENTES. 2T,

co(f) :=sup{c > 0: FEDEHEV BFELT, |f|¢ e LY(V)}

% f @D log canonical threshold % extendibility exponent 72 ¥ ¥ FEIENZ FAEETH 5.
Z L DBEIZ, Zy(s; ) BT DR WHEBICEfER I NS Z e TE D, ZDfE
MR OB T3 [ OFRF R AR IEEICHR S B2 2T 5.

| DSEBATHIDD ¢ 3 C /TH 2HEX, [N OFRE SEEH O & St
WZED Zy(s; f) BRFHICEHMBRER I NS, THIT, Zy(s; f) DRTOMIIEDE
fill EICFEEL, ¢(0) > 0,¢0(z) > 0 EWSREDD £ T s = —¢o(f) IXMEFROZ 23D
2% ([2]).

[ OIREZR C° HITETHD T, Zy(s; f) DIRNEERORRFEERLTALD. £
X [1] 1B WT, EEFBEER DG E & R DT AL T 5 72D DZEMFITOWT,
FRMEFLNT WS, — /T f HFEATEH (Taylor BN RIEEZFOHE, Z4(s; f)
s = —co(f) CTMTRBRVWRRRZFOFIAM SN TWS ([2]). LZedoT, f25C0
T D 2HETE A O HRUE —RITHIE T, Z,(s; f) DRRAIZDOW
TRVWERLZORLRNI EBZWN. ZTRETIKHILN TV A RRANETHDFH £
HNTWBZ e HRD K5 REEPBARCHEREINS.

BRE 1 Z,(s; f) B C\ (—oo, —co(f)] WCIERNC#fTiERE S N 2 72D D&M 2 KD XK.
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2 EFHER

AHECIIATAOMEICEAL Tn=1D8E%2E 2 5. [ PEATEHATRWES, f
D3 C™ T HIUE Zy(s; f) BEFHANFHEAGENHER X B OFEH gz Fio Z e b
BARENS. fORREATHATH 255080 T, — i f PEAICBVWTH LMD
B2 FFOGE, B 1 ORI OLS 2 2 2RaEh 5.

T2 5>02F5. ¢l&(—06,0) BEFTHD, f HROEHEMLT LT 5.
(i) f(2) & (=8,0)\ {0} F O #ho f'(x) #0. (i) limysuo f(2)/f'(x) BTFHET 5.
ZDEE, Zy(si f) 12 C\ (—00, —co(f)] WWIFRNCAATHEG SN 5.

EH 21I2BVWTIE I CCRTHZHEZZRL, BRDINWT 5 ZADOBEBUIR LT
Zs(s; f) DIERIZR TGRS S 5. T ORERIE, Z4(s; f) DRERFD C\ (—o00, —co(f)]
WHEELRBWI L DAZRTHDT, s = —co(f) BT BFHRADHEER (—o0, —co(f)]
TORELDOEEIZOWTIET» 6. ZOEHDIFHIIERESUZ L DRD & S 1
HeBIEL D Mellin ZH#1 0 fEtfrihi Al REME ISR E S 5.

EE3 acRYFH ¢ % (0,00) Lo %%ﬁfn/ﬂ7bt EHEOLOL T
5. ZOYE, lim, o) /z* BHFIET UL, Mellin 242 M[y](s) = [;° 25 () dx 1&
C\ (—o0, —a] WCIERNZ i s 5.

EHE 33 E T o DIEMTRER O EICEEH L, Weierstrass DL EUER Z FWT— D
R DG EHLIR T 5. EM 2 O5M (i) I3EREHER O BEBROER 3 D5
2/l T 72DDRMETHD, fITHEITRNEFFL LTARENICEER D TDH 5.

M (i) DFHMITOVWTE 2 5. & (i) WEATEHTRWESIZFEICHILL, F
HTH25ETHD2BOMMERFOBEIBLT 5. —77, 3] KBWTEH (1) 2k
TGN (i) 27 SR VBEBDIER TV, Z 0BT 2 Rt — X B
M 1 D &5 R RO S 3D o TWIRW. £z, Zy(s; f) BEEDIN
FERRZFD X S R f OFEDHI O TVARWY. Leh o T, &M (i) Ziti S
TR CEEREEL f T Zy(s; f) DFEBPANRRLA 2RO D DMK T 2 Z L SR OFE
TH5.
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Everywhere divergence of tangential parabolic limits
of Gauss-Weierstrass integrals

Hiroaki Aikawa (Chubu University)*

We investigate the initial limits of Gauss-Weierstrass integrals over the upper half
space R = {(x,1) : x € R",t > 0} withn > 1. By

1 Ix —yI?
Wit = o [ e (=B )r00ay

we denote the Gauss-Weierstrass integral of a locally integrable function f on R".

The classical Fatou theorem says that the Poisson integral of a function f on R" has
nontangential limit f(&) at almost every boundary point £ € R". See [3] for the initial
paper. Watson [6, Theorem 4.1] proved the following parabolic Fatou theorem.

Theorem A. Suppose that the Gauss-Weierstrass integral W f(x, t) of a function f on R"
exists. Then W f(x,t) has a parabolic limit f(&) at almost every boundary point § € R",
ie.,

ltir% Wf(x,t)= f(§) foreverym > 0. (1)

|x—&|<mt'/?

The sharpness of nontangential limits of the Poisson integral is known as the Lit-
tlewood theorem. See [4] for the initial reference. Watson [6, Theorem 4.3] gave the
following sharpness of the parabolic approach in Theorem A.

Theorem B. Let n = 1. Let h(t) be a positive function of t > 0 such that lim,_,h(t) = 0
and lim,_ h(t)/t'/? = co. Foreach £ € R let L denote the graph {(x,t) : x — & = h(t)}.
Then, there exists a bounded function f on R such that

ltirrol W f(x,t) diverges for almost every £ € R.
(X,t)EL;

We strengthen Theorem B by constructing a bounded function f for which the tan-
gential parabolic limit of the Gauss-Weierstrass integral W f diverges everywhere, rather
than almost everywhere. We also treat various approaches more general than translated
graphs.

Definition 1. Let y be a continuum (connected compact set) in the closure of R**'. We
say that y is tangentially parabolic at (£, 0) if the following two conditions hold:

(i) ynoRY™ ={(,0)}.

(ii) For each m > 0 there is § > 0 such that

{(x,t)ey : 0<t <8 Cix,0b) : |x =& > mt'/?. (2)

*e-mail: aikawa@fsc.chubu.ac. jp
This work was supported by JSPS KAKENHI Grant Number 21K03281.
2020 Mathematics Subject Classification: 31B35, 35K05, 42B25.
Keywords: Gauss-Weierstrass integral, parabolic Fatou theorem, tangential parabolic limits.



If the precise ¢ is irrelevant, we simply say that y is tangentially parabolic. We should,
however, note that y N dR”*" is a single point. Observe that (ii) implies that y lies even-
tually outside a parabolic approach region {(x,t) : |x — &| < mt'/?} for any m > 0. By
d,((x,1),(y,s)) we denote the parabolic distance |x — y| + |t — s|*/ between (x, ) and
v, 5).

Definition 2. Let y and y’ be continua in the closure of R™'. We say that y’ is at least
as tangential as y if there exists a continuous mapping T on y with the properties:

@ Ty=v"
(ii) T preserves the t-coordinate, i.e., T is written as T(x, t) = (T,x, t).

(iii) T is non-contracting, i.e., there is a positive constant ¢, such that
d,(T(x,1),T(y,s) > crdp(x,1),(y,5)) for(x,1),(y,s) €. (3)

We say that y and y’ have equivalent tangency if y’ is at least as tangential as y, and vice
versa.

Obviously, y and its translation y + & = {(x + £,t) : (x,t) € y} have equivalent
tangency. Moreover, y and its rotation around the ¢-axis have equivalent tangency. The
main result of this note is the following.

Theorem 3. Let y be a tangentially parabolic continuum in the closure of R, Then there
exists a bounded function f on R" such that

ltirrol W f(x,t) diverges
(x.ney’
for every continuum y’ at least as tangential as y.

Corollary 4. Let y be a tangentially parabolic curve in the closure of R, Then, there
exists a bounded function f on R" such that

1{1_1’)1;)1 W f(x,t) diverges for every £ € R".
(x,t)ey+§

The construction of f in Theorem 3 are given in the same spirit as in [1] and [2].
Nagel-Stein [5] improved the Fatou theorem so that the approach region can include a
non-nontangential sequence. Watson [6, Theorem 4.5] proved a parabolic counterpart
of Nagel-Stein’s non-nontangential boundary limit theorem. We compare the tangential
parabolic approach and the non-nontangetial parabolic approach of Nagel-Stein type.
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2w MEARIZEEE T S Loewner chain \ D& 1A A E

Y —Hl (R R BRI R FERD
Sebastian Schleilinger (University of Wiirzburg)

1. BSOS %, IEBUEZHE F(0) = 0, £/(0) = 1 &7 D = {2 € C: |2| < 1} LOFRHIER Sk
B o7 BB T3, %5 X — 2 & EHREL(f,)im0 D

f:(0) =0, e 'fL eS8, fs(D) C fi(D) (s<t)

i3 E, ZhEER{LEI N7 radial Loewner chain &\ 5. D%, BT Loewner chain & MEA.
Loewner chain X, I A Y TXRTDt > 0IIH LT Loewner DIRIMD HER

Ot (2) = =fi(2hlt. 2
Zi/zs. TTTp(t, )&, IFEAETRTOHIN L TD 2 LA FHADIEAIEHRTH D, p(t,0) =1
il d. FB e DI LTt p(t,2)IZAIHITH 2. D & 5 B p X Herglotz function & I
Eh 3. WIZEE D Herglotz function t&—EMIZ Loewner chain & 5.

Loewner (2 & 2 TCR DS [Low23[ 1lZ AV v FERIZBET2bDTH o7, TITCRBIZAUY
beid, H2M 20 € CE 0 EZMRT a VX VHIRTH S, fF(D)DBRAV Y FOMEETHZ LHR
f€SzEAVY FEREIESR. Loewnerid, RV v FNE& f € SI137272—DD Loewner chain {f;} IZH®
ADBZ TR LIz, £ E {fHILIKALTCHRTH S, 612, @Bk : [0,00) — OD
DFEL T

T = (1)
DD LD, ARFEETIX, ZD Loewner DEHEHFEAL LT, AV v NEBIZEHT 2 WL 200D
ABREZERT 5.

2. feSITHLT fy = f £ 7% Loewner chain BfFET 5 £ ¥, f13 Loewner chain [Z3B$HA®H B &
WL RIFHDALBEICE L TR d BEANZHEETH 5.

FIE 1 ([Pom75)). (EED f € SI&H % Loewner chainlZH®DAL Z ¥ B TE 5.

2-1. Loewner chain (f) I LT, &2z € DIZOWTERt — fi(2) BTRTDt > 0 THPARETD
&, (f) 3MATARETHZ VWS LICTS. ZITROES REBGEEEZ 5.

Sq:={f €S8 fIMmAlHE/R Loewner chain (ZHDAD 5 }

AR D Loewner DFEFRIZE D, TRXTORV v FERIZS, BT 5. %7z (D) 2FH Jordan #iffIZ
o THENZHERTHI255D S ITET 5.

RiZ, fESHDEZODHVWIIKRDLLREWRAY v FDMEEGANETLTE. Z0orx, HiHXMH
[0,71] T—2HDRY v bO—FEHEL, ROXM (T1,T:] TZOHDRY v bO—HEHET, LW
EZ#E DR Z 8T, f% Loewner chain (IZHDIAL Z A TE L. ZOHE, (fi)ldt =T, THWIA
BETWX RV, 7272, Z2o0R Y v FEFERICHL TV L5 UE, S5 $ % Loewner chain %
FTRTORZITHITAIRRICHS Z e TES. KD —RkiZ, f(D)BEREDOENTEZDSKRWRY v b
DHEETH 2 X572 DL TBHRERD Z £ A7E Z % ([Boh16, Theorem 2.31]).

TS =SHRDILDOH, W) BAMREERAET 5. L, ThEBTH 5.



T 2 ([HS24)). f€S\S 25 fOTHET 5.

2-2.
Sy :={f €S8 : f 3772 —DD Loewner chain I[ZDADH 3 }

YEDD. FRTDRAY v NERIES, KBTS, ZOZLhoEERNCIE, [ S, TharDITIIm
HEEC\ fD) I TV bOTHEVENHZLBE 5. LEMoT, 205 RELIOVTIE

C\ /(D) = 9f(D)

DD D, SIS LAV, L L ZAUIIEL K 2V (Gehring 1T & 2 1%hgEE, THZH) .

RiZfeES, THEEDDRBELZBHDNONTHS.

EE
(1)
(i)

i)

(iii

3 ([HS24]). f€S, £T3. ZOr % f(D)XROUE %M.
f(D)ZIEERTH 3.

Of(D) FEHETH 3.

b L C1,Cy C Of(D) A5 - IFER - BIRATH 24 61X

ClgCQ ifcbi CQQCl

NI A RIASON

(iii) & [—EHNRE DAL ZFFODITE, BEBOMES - HRP—XTHNT, KarhokwEz
LTOWARITIUIRSRN) LW HZEKRLTWS.

2-3. |12, Loewner m HRERDORRILFICOWTE X 3.

Sli={feS: fIlihn s TT3 (1) ITHEDAD S )
SZ={feS: fIAHE kT3 (1) ITHEDAD S )

IhBHD7 7 RRELTIE, BESLE L bEE L TOWL O DMFHERYH 2. FEDFFEIE, S!
BLUS2ICHT 2 BEAOAE RSB X CRREEICOWTRN T 5.

BE 3
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Boundary characterizations of little Bloch and VMOA
functions on the half-plane

i 7aZ (AR R)
g 3 (FREER)

Pommerenke! gave fundamental characterizations of the boundary geometry of con-
formal mappings in terms of the vanishing behavior of the pre-Schwarzian derivative.
If I is a conformal mapping of the unit disk D onto a bounded Jordan domain, then
the boundary curve OF (D) is asymptotically conformal if and only if log F” belongs to
the little Bloch space By(D). He also proved the rectifiable analogue: the boundary
curve is asymptotically smooth if and only if log F’ belongs to VMOA(D), the space
of analytic functions of vanishing mean oscillation.

The purpose of this work is to extend these results to conformal mappings of the
upper half-plane onto unbounded quasidisks. Let H = {z € C : Imz > 0} and let
G : H —  be a conformal mapping onto an unbounded quasidisk 2 C C such that
G(00) = 0o. We denote by g : R — I" = 02 the boundary extension of G. Since €2 is
a quasidisk, the map G extends to a quasiconformal self-homeomorphism of the plane,
and hence ¢ is a quasisymmetric embedding of R onto the quasicircle T'.

For a conformal mapping G on H, the derivative of logarithm log G’ is a Bloch
function: sup,cy(Im z) |(log G') ()| < co. We say that a Bloch function log G belongs
to the little Bloch space By(H) if limyy, ,o(Im 2) |(log G’)'(2)| = 0 uniformly in Re z €
R. We also consider VMOA (H), which may be characterized by the condition that the
boundary values of the function belong to VMO(R), or equivalently by the vanishing
Carleson measure condition for (Im z)|(log G')'(2)|?dzdy.

A difficulty in the half-plane case is the non-compactness of the boundary R. In
the disk case, smallness on the parameter circle and smallness on the boundary curve
are uniformly comparable. In the present setting, however, intervals may escape to
infinity, and the boundary map g need not be uniformly continuous. Thus the usual
definition of asymptotic conformality is not sufficient for a global theorem on H. To
overcome this difficulty, we use relative versions of asymptotic conformality and asymp-
totic smoothness with respect to the boundary parametrization g.

We say that [' is asymptotically conformal relative to g : R — I if

e 19G@1) = g(@)] + |g(x) — g(25)]
0<:cszli€1§t <x1§1§$2 |g(qj1) — g($2)’ ) — 1 (t - O)

We also use the infinitesimal form of quasisymmetry. A quasisymmetric embedding
g : R — C is called asymptotically symmetric if, for every £ > 0 and every ¢ > 0, there
exists § > 0 such that

l9(x) — g(a)|

e=al _y < (1+e)t
[z — b — l9(x) —g(0)] ~
whenever z,a,b € R lie in an interval of length §.
Our first result is the following half-plane analogue of Pommerenke’s little Bloch
characterization.

Theorem 1. Let G : H — Q be a conformal mapping with G(co) = oo, and let g :
R — I' = 09 be its boundary extension. Then the following conditions are equivalent:

1On univalent functions, Bloch functions and VMOA, Math. Ann. 236 (1978), 199-208.
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1. log G' € By(H);
2. T is an asymptotically conformal quasicircle relative to g : R — T';
3. g: R — C is an asymptotically symmetric embedding with image T

This theorem shows that three different notions are identical in the upper half-plane
setting: the analytic vanishing of the pre-Schwarzian derivative, the relative asymp-
totic flatness of the boundary curve, and the asymptotic symmetry of the boundary
parametrization. The relative formulation is essential in the non-compact case. With-
out it, one has to impose additional uniform continuity assumptions on g or on ¢! in
order to pass between small parameter intervals on R and small arcs on I'.

We next consider the VMOA version. Recall that a locally rectifiable Jordan curve
I' is chord-arc if £(ab) < Cla — b| for all distinct points a,b € I', where ¢(ab) denotes
the length of the subarc between a and b. It is asymptotically smooth if the chord-arc
constant tends to 1 at small scales. For the half-plane theorem we again use a relative
version: [ is asymptotically smooth relative to g : R — IT" if

sup Uglz)g(z2)) (t = 0).

0<my—m<t [9(21) = g(@2)]
For the boundary parametrization g : R — I', this means that the curve becomes
chord-arc with constant tending to 1 uniformly over all sufficiently small intervals of
the parameter line.
We also say that an embedding g : R — C with the image I'" being a chord-arc
curve is asymptotically smooth if, for every £ > 0 and every t > 0, there exists § > 0
such that

o Ho(x)o(@)
b = T —gy =T

whenever z,a,b € R lie in an interval of length §.
The second result is the VMOA analogue of Theorem 1.

Theorem 2. Let G : H — € be as above, and let g : R — ' = 082 be its boundary
extension. Then the following conditions are equivalent:

1. log G € VMOA (H);
2. T' 1s an asymptotically smooth chord-arc curve relative to g : R — I';
3. g: R — C is an asymptotically smooth embedding with image T'.

The implication from VMOA (H) to asymptotic smoothness uses the boundary val-
ues of logG'. If u denotes the boundary value of log G’, then u € VMO(R). The
John—Nirenberg inequality gives exponential integrability with constants improving on
small intervals. Since the boundary derivative satisfies ¢’ = e* almost everywhere, this
yields sharp estimates for the length of g([a, b]) relative to the chord |g(a) — g(b)| when
la — b| is small.

Conversely, relative asymptotic smoothness implies the VMOA condition by lo-
calizing the problem on small intervals of R and reducing it to the disk case. The
relative formulation guarantees that the vanishing estimates are uniform even for in-
tervals escaping to infinity. In this way Theorem 2 gives the half-plane analogue of
Pommerenke’s characterization of asymptotically smooth boundary curves by VMOA.

Together, these two theorems show that the disk results remain valid for the half-
plane once the correct relative geometric notions are used. We note that the relative
formulation of curves is equivalent to the original one for the disk, so our results can
be regarded as the generalization of Pommerenke’s.
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SVllE:

RS A AR R O RO R R \SBREFTREM: & Wnr s
BN 3 RT > v VBT

FH RS (K&K

B =
AFHEIE, BRMOBHIEE 72 3IUEZ b o-FEEA AR OO R R
MORERREM BN ENCE T 25D TH 5. I Ee n-3 XLl FToa
VX7 b C® RERRA LD 2R R A OBREATREMICE T 2 TR 2/ L,
Ahlfors IERIZMF ¥ —kk Minkowski 5:/F %723 n—2 Xt T OFRFEEEE D
FRZEFTREME: & AT 2 IR O 777E (o Z8E)) 2B 3 2R 2 5 5 5.

1 BEMROEENER

1851 4F D Riemann D07 X D HC FA AT RS B=e (£ I BI L D A7 47 2 s D BRZE AT RE 14
Dam U o TURE, FFREADODH FFEADRETBEMES X WHEZEH) 13k 4 7257512
BOTEDOEWIIFENRD =D XNT WS, REETIE, FHEEAEAR SRR

~Au(x) = V(xX)|ux) P u(x) (1.1)

EZB. 7272 L, AMIR" LD Laplace fERZ, VIXEY L& 2m2 3RS, p
BIEERTH 5. HEKX QD X, EONEEEZEIRT % Lane-Emden 12K,
¥D b OETFEEICE D % Thomas-Fermi HHEX, IEFRE Schrodinger 2R D EER
iR, ACERIEREMH R R B T 2 KISIEEG RO EFIRE, p="22 0L KM
DA T 2B A H 7 - ARRXOFRRRGEE T H 5. A#BHTIE, R"NOIE
DRITL% b OARE DRERTREIEICEI LD H 57280, ZERIXTTIE n=3 L5 5.

1.1 B ESROREFTEYT CMISFRRNHETOES)
x> R\ {0} THIAITH D, BEXAMBHKE Ji3hs. R OHMBIRE B TRT.

EIE A (Bocher[6]) B\{0} LOIEMEFAFMBIE h K LT, B LOFAMIBIRL hy & ER

c=0 PIFELT
h(x) = colx|> "+ ho(x) (xeB\{0}) (1.2)

rRIND. BT, KHEEDIO.
u)@mwﬁﬁ:ggmwﬂmmz%fﬁé.
Q)%ﬁﬂ%ﬁ:E%MWQMM:OE6@,ﬁomh®%£ﬂﬁﬁﬁﬂﬁf%a

“e-mail: hiratake@hiroshima-u.ac. jp
ARHFZE1E, JSPS B2 JP23K03149 D% 1372 DT,
2020 Mathematics Subject Classification: 35J91, 31B05, 31B10, 31B25, 35A01, 35A21, 35B40, 35B60.
Fov— ¥ RRAOREFMEN, WOEED), VISR, R, BRI, %A, Ahlfors EHIS
f, —Fk Minkowski &f
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R EZ B OHER QD ICNLT 1.2 O LS5 BROBMARNEREZES Z 2138 L
WS, NP RAO DI T 2RI EZ L HE. 22T, V=+1 2 L=HER

—Au(x) = u(x)?, u(x) >0, (1.3)
Au(x) = u(x)P, u(x)>0 (1.4)

DZNZIUCHET 2HMTMREHNT 2. HENEH T C? BB LA
EHE B (Lions [26]) 1<p<.t5 &3 5. B0} LD (1.3) DfF uix L TRAED L.

(1) #BEDETE : }Ciir(l)lxln'zu(x) € [0, +00) DFET 5.
(2) BRECTRENM : Jlci_’r%lxln_zu(x) =051, HOolXuDRERERFFRSTHD (D
FD, ueC*®) 7o BT (1.3) 23 X5 ICHRATRETH 2).

KT ¥ v VERINTTEIC & 2 IEER BB O FEAENZ 35] 22, p> -5 Dt Zid

. __(2{p(n—2)—n})ﬁ
p,n-— (p_l)z
EFIUE, Ux) = cpalxl 7T SR\ T (1.3) BT 2 L ISHERET 5.

E C (Gidas & Spruck [19]) L <p<ZZ2 v 33, B\{0} LD (1.3) D u LT
RDNT DL D LD,

(1) BRETTHEM ¢ F 013 u ORREVRELRNRATH 5.

() RO lim |x/7u(x) = cpn THD.

RO ISR R R b DERE O IEMEBON PR O AEICBI LTk 17] 23K,

EHE D (Aviles[3, 4]) p=-% &35, B\{0} LD (1.3) Dff u iTH L TRDWFTIHD
I RYASN

(1) BREFTEEM @ M 01E u DREFRELRRIEMNTH 3.
n=2 Covne
(2) WRDEF : }Ciil(l)lxln_z(logﬁ) 2 u(x):(”—ﬁz)” ‘TH3B.

EI E (Dancer&Du& Guo[11]) p=22 53, B\{0} Lo (1.3) DfF u 2’

__2

ulx)<clx| 1 (xebB\{0}) (1.5)

BTz 3 72518, ROWTHLHMBED LD,
(1) BREAREM : S0 u DRERERRESTH 3.
() BROHEE : §eSICHLTHIC lim PPTurd) =@ TH3. =FEL, oz
f BRI S O Laplace-Beltrami fFH 3R As (2B 2 UMM AT 2K

Asw—chlw+wP=0 inS (1.6)
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DIEERTH 5.

p > B2 D IEEEOSFMRICIRAUE, S&fF (1.5) 3AETH 2 (271 2BH). nz4hD
1 <p<pur(n-1) (Joseph-Lundgren 550 Dt &, (1.6) BIFEHREMEEE DB, Z
Nz HWT (1.3) OIEBRNFI R R Z MR T X 5720 ((12] 23, MRIZ ITIKS.

Laplacian 23275 OHE13D UBREIRR 5.

EHE F (Veéron[33], Vazquez& Véron [32]) 1<p<;5 v $%. B\{0} LD (1.4 D
i u 1T L TROWT DK D 3D,

(D) PBREAEM : S0 u OREFRERFERTDH S.

(2) F/HRME: lim |1x1" % u(x) € (0, +o0) DFET 5.

(3) BRI T lim 27T u(n) = (22225 T3,

L%p@ﬁﬂﬁ%bf,mﬂ<#%f%%itﬁ&%?6

T G (Brézis& Véron[9]) p=-"%57251F, B\{0} ED (1.4) DT RTDM u 0L
T, ROZPRAATRELRRREFATH 2.

1.2 #EESDORETEEY

QcR" ZHEREHE T3, u:Q— (oo, +o0] BEBFAFMTH 2 L1%, uz+oco, QTFF
e, Q CERECEFEIMEOARER (v OIREFE X D Fic B 2 u DIED R EFWV) %
fi7edeEr0nd., —uPQTEFHNTHI X, ulZQTHRAMTHS WS, EcR”
PBESTHB LR, ELTu=400 27%% R" FOBFANBEK u BFEET I E2 WV,
M & D Hausdorff XITIdE A n—2 TH 2. a7 MBEELEFFRMBEECH LT
PRZEFIRETH % Z ¥ 1d Bouligand (1926) 12 & DRI N7z, K D —fICRHRL D 3D,

FHE H (Brelot [8]) EcQ ZMHEMWEARMESL L, u% Q\E FOEFRNBEKL 35.
UuMEDEL TCFRERTHZ27%51F, uld Q EOBEFHMBERBICIGRTE 3.
HxeR" 2o HRES EcCR” S TOREHERZ dx,E) TERT. r>0I1I0LT

E(r)={xeR":d(x,E)<r} (1.7)

L, D nXJit Lebesgue ffE% |E(r)| TET. E D m Rytt Minkowski B=1Z

|E(r)]

rn—m

A" (E) :=limsup

r—0+

TREFRINS. —iZ, m Xyt Hausdorff AHIE ¥ DEERIZ #A™(E) < c.™(E) TH 5.
PEoT, M"2(E)<+007251E, EZMELETH 3.

FI | (Bochner[7], Harvey & Polking [21]) me[0,n-2] ¥ L, EcQ 3HEMNIIE
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D MME)<+oo THB LT 5. Q\E LML h

lim dx,E)"? ™Mhx)=0 (yeEICELT—kI) (1.8)
O\E3x—y

Ziti7z 37261, hid Q LoFMBEEICHRETE 5.

n—-2-—

n=42>omefl,---,n-3t D& X, h(xl,---,xn_m,---,xn):(xf +xn m) 7%
R\ {x; = =Xp_m =0} THAMTH 205, HWASEMF 1.8 DA—X—IRETH 3.

I J (Gardiner[18], Riihentaus[30]) me[0,n-2] &L, EcQIIHNHIEALD
MME)<+00o TH 2 LT 5. Q\E LOFHFMBIEK u i LT, ut = max{u,0} 2RI
fF (1.8) Zii/z 372 01X, uld Q LoFFNBERICHNRTZ 5.

AE m=n-20vE, ut I TBREHFA8) T uNEDELTLICERTHEZLE
BERL, EEHHICEENS. SHOBAICOWTIEE LI TV,

TE K n=422me{l,....n-3t 2L, EcQ% mRiLa > 87 b CORBEEEE T
5. Q\E LD (1.4) D u T3 UTRDBHD LD,
(1) (Véron[34], Grillot [20]) p= -5 72 51F, wid Q RIKT (1.4) O C* fRfRIT7
5 EOITHRTE 5.
(2) (Finn& McOwen [15], Finn[16]) 1<p <52 v 55, ud E DFHTHE
DWREL O BIF, /ﬁz@m?ﬂﬁw{}_a@ yeEMﬁ‘LTJﬂibﬁo.

0 im de E)PTu(x) = (2= m(pp(ﬁzz 5T T B,

(i) Q\Eax—yDr X, dx,E)"? "u(x)=0(1) TH 5.

EHI, m=n-20L &b, (i) & qpraky = 00) IO RZ TR DD,

EEE (1) D Sobolev H&E % H\W/-—&biZ [5] 2SR, HER (1.3) 120 LT REKRDKE
B2 BN, ROYRITBEBL ~ALTHD, MR AD YL = L RBICE R
DEREZIN DI TIERV. EE, AEXA3) L TUToZ eBHsnTw5

FIH L (Reébai[29], Fakhi[14]) n=4»Dme{l,..,n-3} 2L, EcQ% mXia
YRY b COMEREE TS, p> I B, RORD LD,

() ECRRAZ S5, BEKOEKT Q2K T (1.3) &t/ 3 ue CHQ\E)NL) (Q)
BFIES 5. $abb, Q ETu>0THDY

fQu(x)(—A(,b(x))dx:j;)u(x)p([)(x)dx (P € CZ(Q)).

2) p<Z=m e 203, FROR u LT, EMc>1DPHFELTEDEL T

n-2-m

__2 __2

c ld(x, E) 71 < u(x) <cd(x,E) 1.
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p>IEl prx, REMd(x, B 7T RIEAFAIB DR R d(x, B~ 2™ X 153
WIZ L ITHERT 5.

EE M(Adams[1]) p=-l5 &35, QLD (1.3) OEREEAE ue L () 10 LT,
WEASE S Ec Q HFIE L C ue C*(Q\E) 2 E @ Hausdorff XITIE % % TH5.

CDEEPOSRXBOND . p>1HhrOoOmsn-20Dr =
n-m p(n-2)—-n
p —— = >—
n-2-m p-1
XD, phEWGE, KREESEDXRIT mIZRELKRS. o T, WEMATI,

BLRLTH QBT (1.3 2T XOICERIEETAZ2IXTERY. OGSO

BEEEOBRERTREMEICE U C#EEE 2 /N (2014) 1I2 X AR D A DXRETTHMNT 5.
2 EHER

b xeR?, FEr>0D R" NOREK%E B(x,r) TRT. XF c TRDOEEHERT
(BHOE, HIZELRZ2S LRV, e XFlT 208 1D 255 IFRAFEMNLT
€1,C2,... RETET. 2O0DEMHEMEE f,g TR LT, B8 x WCEERIREL ¢ > 1 BIFE
LTclgx)sfx)<cgx) KDDL &, f~gTEL, cZHBEEHL VS,

21 HERSKESIINTIFERHLH
21 #ICHBWT, ECR?, me(0,n) £ 3 5. ™ T m Xt Hausdorff SHJlIJE % % 5.

EFE 2.1 (1) EH mRyT Ahlfors ERISRM 273 213, ERK >0, o > 1 2FE
LT
UM < A ENB, ) <er™ (xeE, re0,m)
D DIDE ZZ2WNS.
(2) E % m Ryt—#% Minkowski & 2ii7- 3 2 1%, E&r1 >0, c; > 1 DBFEL T

IE(r)NnB(x,R)| <c;r'"™™R™ (x€E, r,Re(0,r1))
MDD EZR WS, =L, EMIZ1.7) TH526h28EE5TH 3.

) 2.2 (1) mefl,...,n-1} 3 5%. EcR"7 Lipschitz 2K TH 2 L 1%, T, >0
DFEE L TIERE D x € E 128 L CHM Lipschitz B v : B(x, 1) — w(B(x,12)) € R"
DHEELTYENBKX,R) =RI'NyB(X,r) THZ2LEEZWS. LEL, Rl =
{(x1,...,Xp) ER" : Xppy1 =+ =X, =0} THB. m XIt Lipschitz ZEIRIL, m XIT
Ahlfors IERIZEH & m RIT—H Minkowski S&F % {iti 72 5.

) R" LOKE/NER ce (0,1) ODMEUEEDOM W := {yy,...,wn FFARESH T &
L, m=28N vy 52 zors, VickoTERSIN2ECHBESE, mXot

—logc
Ahlfors IERISeE ¥ m ot —HkE Minkowski &t % 1#i7=3 ([23, Section 7] ZZH4).
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m JOrH ARG E ORREAREN, E2RRAEE L T 5 LEROFE, EIXBT 2
NS ZIEEIR D FEFIX, ROBE S LITH#mS 5.

B 2.3 mel0,n-21 2 T5. HREEE ECR 7 0< A#™E) < +oo &5 7% 513
pE(x) = fE Ix—yP " dA™(y) (xeR")

W R? EOIEEEFMEKTHD, R'\NE THMNTHS. 51T, E D m Xt Ahlfors Ik
RIS 27372 o1

d(x,E)""=2-m) (1< pn-2)

pE(X) = 2 2 (x€ E(1)\ E) 2.1
og A ) m=n
i) A RVASS
E 2B 2 IEEMIRDOEREB X R ESRERBEEDEHICB W TROfEE W5,

fi8 2.4 ([13]) E# m kit Ahlfors IERIGHE 2072372 513, E c> 0D FEL T,
EED yeE, re(0,r/10) X LT, d(y,,E)=cr Zii/=3 y, € B(y,r) BTFEET 5.

EFE 25 yeE 0=211IHLT, HyXBir3 EICIERRES
dy(y) ={x € Q\E:|x—yl<0d(x,E)}

THET. ED mXJt Ahlfors IERISRE 27232 61X, @24 KD, 0= 1 DFELT
TED yeE 020 iR LTAy()#0 D yedy(y) TH5. Q\E LOB udyeE

T#ﬁ@@[%%otﬁ,E%@Bahmﬂbfdgm ux)=0 3 ER NS,
0Y)3Xx—Yy

2.2 TIEDEE
DITEBWT, QcR” (n=3) ZHARHEE, EcQ ZHMNEARE, f:OxR—-R %
Borel AJHIEA% . 5. Q DFEDHES D IcBVWTHER

—-Au(x) = f(x,u(x)) (2.2)

2EZ%. FRMEBBR ubh DICBIF2 22) OBTH2 L3, u, fG,uel, (D) THD

fDu(x)(—AdJ(x))dx:fo(x,u(x))tl)(x)dx (peCX (D))
iz &R0, ROEHICBWTHROMFENHIRI NN LICERT 5.

EIE 2.6 (H&Ono[22], H[25]) me[0,n-2] &L, E& m Xt Ahlfors [ERIZM &
m Xot—k Minkowski S:tF 2 ifi7- 32 5. 7, B8 >0k

p>0, a<min{2,n-m-pn-2-m)}
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BFIEL T
If(x, D] < c2d(x, E)"*|t]P (x€Q, teR) (2.3)
ZiTr 33, 2O E, Q\EWZBIF3 (2.2) O C #fF u HIERSM
u(x)

im

OQ\Esx—y pg(x)
P27 008, uld Q2T (2.2) 2l THGHRICIIRTE S, X512, a<lizb
X, ulx QeHT (2.2 B d C FRICIEETE 5.

=0 (yeE) (2.4)

COEHOFHOE S 2 REATTHHT 2. HEILREE 1S 2 72O E& N a <2 BDRET
H5. HRELE A4 DPERETHDZLIEIROEHML LN,

EIE 2.7 (H&Ono[22], H[25]) odQkCM#fkTH2r3%. meloon-21k L, E
% m Xt Ahlfors IERISE ¥ m Kot—k Minkowski SetF 2 7= B RHE S 5. £
72, BRlce>0k

0<p#1, a<n-m-pn-2-m), B<p+1

DFIEL T
|f(x, 0] < cod(x, E)"%d(x,00)P11]P (x€Q, teR)

Ziil-3 233, ZDr %, Dirichlet [

{—AuwﬂszJdm)(xEQ\EL 25

u(x)=0 (x €0Q)
DIEHEMR ue CHQ\E)NC(Q\E) T

ux) = ppx)d(x,0Q) (xeQ\E)
Zi7z 3 b OVFEET 5.

ZDEHEDIFHIX, Green BEGETHM % W 7= — RN DR & Schauder O AH) 5,
EHICES L.

EIE 2.8 (H[24]) melo,n-2] &L, EX mXJjC Ahlfors IEHIS&HE %53 5.
uld Q\E L OIEEEFAMNBIR BB Laplacian 73 —Aue L (Q\E) TH2L$5. &
BT, >0, p>0, aeRDPEFEL T, XROWVWTI 2T LT3

A pe(0,555), a<n-m-pn-2-m DL X

—Au(x) <cod(x,E) *ux)’? (xeQ\E). (2.6)

2-a

(A2) pzﬁ, a<2DkE, (2.6) & limsup d(x,E)PTu(x)<+oo(yeE,0=0g).
Ay (y)3x—y
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LI E ED A -ae. THRDIEHEIRZ 0. KR

IOrE, L

. u(x)
JLMye E:30 =0 s.t. limsu =+o0{|=0
({y F ﬂg(y)axgy PE(X) })

Ths.
ZOEHOFEAX, WNIMRFR ICES$ % Fatou-Naim-Doob O EH & [Green K7 >~

> X VO EN ZIHEMR OTFE L 2 OB EREOERE L OBtk B XU DHEERES
D u OIERFH u(x) < cpp(x)) 1ITEDL.

EE 1<p<Zor%, O\E LD -Au=uP DFTNTOEMMK ue CHQ\E) XL

n

fuuhnmmmﬁ%ﬁﬁbﬁo(uamsn%%ﬁ)pz%%®%éu$%&f%5

mmmﬁ%%#mﬁbf,p>1®t%n—zﬂn<%%f@%:tm&§?5.

3 TE2.6DIAAHICEVTRELIWMELERTICSL BEALEDER

D% Dc Q%3RO ERMES L L, D D Dirichlet-Laplacian I2B3 % Green
B % Gp TRT. #ErRoMEIIXRTDH 5.

#RE 3.1 EH26 DREDD LT, D LOFMBE h HIFEL T
u(x):h(x)+fD\EGD(x,y)f(y,u(y))dy (x€ D\ E) 3.1)

LRINS.

—H, #i#E3.1 2RDIUE, KDXIICLTuel® (D) REh, EH26 015615,

loc

s m<n-20DYE, fORMNF 23 LIS 29+2.1) BLTF ue Ly (Q\E) &b

|f, u(y)| < cd(y, E)"®P"=2=m (ye D\ E) (3.2)

THhH, B EeRTFTYIy Ll EFED A<n-m, xeQITXLT

d(x,E>** (1>2),
f(kﬂmynu%Er“dysc/ﬁx—yﬁ‘ﬂu%Er*dys cdln BT (A>2), 44
Q Q 1<2),
ERWEREEICED, uel® (D) 2152 e TES.
e m=n-2DEHE, KTV vLiHli : ETED a<2, p>0, xe DXL T
2-n - 'p P
- dy,E 1 dy=<c, 3.4
fDlx VI (»E) (ogd(y’E)) y=<c (3.4)

M DILODT, B.1) &Y ueLX (D) TH2I LHEBITHES.
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3.1 m<n-20DHFEDHEE3.1 DIFADESR
e>0ZEREICE 5. (3.2 XD |f(y,u(y)| < c3d(y, E)"*P=2=") (y e D\E) T» 3% DT

v(x)=c3 fD . Gp(x,y)d(y, E) " P=2=m gy (xe D)

&L
Ug(x) = ulx)+v(x)+epp(x) (x€ D\E) (3.5)

#EZ3. u 3 D\E LOTICHERRERNBEKTH 555, EHH LD D EOBEHEM
BEIEL U ICHEER XN 5. Riesz DfREM L D, D _EOFHMBEIE he BTHFEEL T

Ug(x) = he(x) + fD Gp(x,y)due(y) (x€D) (3.6)
eRIND. 72720, pe 3 U N3 % D EDRieszflIfETHD, D\E ETIZ
dpe(y) ={f(y, u() + c3d(y, )~ P21 qy

ThHhb. BERDIFIU(END)—0E—0) 2R2PTHDH, XD LSIZLTIAFHEINT.
ze END Z{ERICE D, ¢peCP(B(2,2r) % xen<¢P<1¥ |Apl<cr? ZHlT X5
W UE, m Kot —Hk Minkowski &4 % FW T

_ c
Ue(B(z, 1)) Sf (bdug:f (-AP)uedy < —zf lueldy
B(z,2r) B(z,2r) r= JB(z,2r)\E

- {c(sr’” +pma-p=2=m) (g + p(n—2-m) > 2)

cler™+r"2) (@+pn-2-m)<2)

D DIDZ eBbhb. EHIZ, m RIL—H Minkowski & X D, &4 cr ™ {EDEK
B(zj,r) (272U, zj€e END) 22> TEND 2WHETEZ30DT

c(e+rn-a-m-pn=2=m) (g 4+ p(n—2-m)>2)
pe(END) < . 3.7)
cle+r"=m) (@+pn-2-m)<2)
PES. r—02 L Tu(EnD)<e #18%. Zhhb
lim Gp(x,y)du:(y)=0 (xeD\E) (3.8)
e~0JEnD

DPHES DT, (3.5) ¢ 36)ICBVWTe—-02LT
ulx) +vx) = hx) +fD\EGD(x,y)f(y,u(y))dy+ v(x) (xeD\E)

2723 D FOFEANBEE h EET L2 bhr 5.

AR m=n-20r%, BN u(EnD)<scle+1) &b, (3.8) 2182 Z IXTERW.,
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3.2 m=n-2DHBEDHHE3.1 DFIADES
WA 32 u%zQ LoEFMERE L, 2D RieszllEE u, &5, udEAEMH (2.4
7z 526, pu(E)=0TH5%.

AEFADER ALY AZTRD LD WWERTIUR, EASEH 24) b 24 XD EcL
THDYH, JFFT Riesz 7R & HHEIEIZ XD py @ Newton R7 ¥ ¥ L% T 55 LT
LcAZRTZENTES. 2L

EnB(y,
L::{yEE: liminf& O}, A::{yEE:liminfM:O}

O\Esx—y —log|x— | - r—0+ rn-2
TH 5. Vitali DHEEHZ VT py(A) <eff2(A) — 0 (e — 0+) DIRENS. O
fid 3.3 r0>023%. ¢:(0,19/3) = [0,+00) ¥ lim ¢ =0 &tz Ro1X, B
1—0+log(ro/ 1)
ARSE N 72 M BEE W : 1, +00) — (0, +00) T
lim m =0, im L = (3.9
t—+oo t 1—0+ W(log(ro/t))
27T HORFEET 5. 61T, FED c>01ZX LT lim o0 =0&7R25%.

t—0+ W (clog(ry/1))

FEMEZHVTHE3LERD LDICRENT. e>0Z2ERICL 3. AN 2.4
Y33 LD, re>0BFELT

lu(x)| =e(Wopp)(x) (x€(E(re)ND)\E)

DR OILD. 22T, fr=max{f,0}, f~:=max{-f,0} & L
Ue (x) = u(x)+_/;)\EGD(x,y)f_(y,Lt(y)) dy+e(Wopp)(x) (xeD\E) (3.10)

2%, Yoppld D CEHFAMTH 205, u. X D\E LOTICERBEFMBEETH
5. EMHIY, u 3D LOEFAMBEK U Ik N5. U, & Yopp iZXf3 25 D L
O Riesz HIEZ ZNZEN e & pwop, & TAUX, D\E LTI

due(y) = Ty u()dy +edpyop, (y)
THb. 61T, EREM 24+2.1) ERT > v LEHl (3.4 BLTU 3B.9) &b

. Ue ()
lim
D\E3x—y —logd(y, EN D)

i3 DT, ME32ED u(END)=0T»H%. {it> 7T, Riesz DIREHE LD

=0 (yeEnD)

ﬁg(X):hg(fo GD(x,y)f+(y,u(y))dy+8f Gp(x,y)dpwep(y) (xeD) (3.11)
D\E D\E

Zli7=3 D FOFEMBEE he PEET 2. 3.10) 2 1) IXBWTe—0+ LT

u(X)+f GD(x,y)f_(y,u(y))dy=h(x)+f Gpx, W[, uy)dy (D\E)
D\E D\E

Zii7= 5 D _EOFMBEE h DIFED DD 5.
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Thompson’s groups and Teichmiiller modular groups of
generalized Cantor sets (Part I)

BB W (KRBRAIKRE: BEAR5E)*

1 Introduction

Thompson’s groups—@% F,T and V 32 &5 3 DDHE— & R. Thompson 12 & -
TEAIN, DUREFEORARBRITTELEDLOYND 2 Z e PN TWVWS. KF#EETI,
Thompson’s groups F,T B XUV B—f{b X 17z Cantor ££H D Teichmiiller ZZfEIZAE
3 % Teichmiiller modular groups O L TEREHSIN D Z e Z2WET 5. 61
Teichmiiller ZEINDIEHIZOWTH#E X %. Thompson’s group & Teichmiiller 22 D
WF5%i% E. de Faria, F. P. Gardiner and W. J. Harvey([2])) X 2 dD23H 5. 51X
Thompson’s group F Zi@# d Cantor 825 DMK Teichmiiller 2%R, MW ANC 5 M 72
Teichmiiller modular B THIZE L TW3. Fix DIFZEIXE S DD D% & H D Teichmiiller
ZZRITHE X, X HIZJAW Thompson’s groups IZDOWTHIZE L72dDTH 5. Part I D
{#HT!%, Thonpson’s groups % Teichmiiller modular BHIZFEE$ 2 FHIEIZOWTHEN S,

2 Main results

Thompson’s groups &% [0,1] K25 ZNHENDX NI 1 XK TRIND H
% D bijections ZTL L T AT, ZOHIRELS F, T,V D3 DODHNERINS.
Thompson‘s groups IZ&H EN 5 EMRIE, H 25471725 2 DD binary trees DT H
REZN, TDZEh b Cantor BE & OREMEIHER XN, ARG TR 2 HFEF A %M
9, XHRAIRE D ATREIC 72 5.

¥ w = (g,), € Q:= (0, 1)N 2 the bounded rate divergence (BRD) &% iz 3
2, limy oo g, =1 THDH, D

<M (n=12,...)

BHLZEBM < 00 IZOWTHDILDEEZES. T, we QITHLT, wiZ&D
0,1] ETERZI NS —fRILE N7z Cantor 5% E(w), ZOMESE C\ E(w) & X(w)
EEL. 2D E, X(w) D Teichmiiller 22f Teich(X (w)) @ Teichmiiller modular ##
Mod(X (w)) D7 EE, Mod(X (w))°F, Mod(X (w))FO, Mod(X (w))FOF CEFI1ZFHEIC
BN 3) 75 Thompson’s groups F, T,V ~DMERTIEG © DFE L TR D LD,

*e-mail: shiga.hiroshige.i35@kyoto-u.jp
AWFIIRIAE (FREZRS:26K06849) OB ZZ T 7-bDTH %,
2020 Mathematics Subject Classification: 30F60, 20F65
#%—7— F ! Thompson’s group, Teichmiiller modular group, quasiconformal mapping
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Theorem | w € QX BRD &%= 3 55, 2ok %, ¥EREAIEB O TROD exact
sequences Z 7z 3 H DOBFET 5.

0 — Mod(X (w))o - Mod(X (w))°F & F — 0, (2.1)
0 — Mod(X (w))o - Mod(X (w))P° S T — 0, (2.2)

and
0 — Mod(X (w))o - Mod(X (w))P°" & v — 0, (2.3)

2 2T Mod(X(w))o = {[¢] € Mod(X(w)) | @lpw) = id.}, ¢ ZRAEEETH .

R DER 22 e CHERFE AR © ORERUIRIFEARAITH D, CoZWUFD =D
DEENF -5,

Proposition 2.1 w = (¢,)%%, 2’ infen g, > 0 Zifi7z81E, X(w) EOEFEMAEHIE C
ERICEEABHRE L TIREIN 5.

Proposition 2.2 w = (¢,)%%, ¥ lim, 00, = 1 TH RT3, ZOLE, Gxohi
KzlkﬂLT,K®6kmﬁ?5d()eN#ﬁftT%%ﬁk?

EED K-HEAER ¢ : X(w) —» X(w) & depth d > d(K) @ pants curve % pants
curve IZEF.

Cantor 8£& F(w) OREBUIENE Cantor £E L FIRROWEIEE WV, 4 Step kT 28 D
L EXOHXRMEZ#FD Ey(w) 2ED, E(w)=NEy(w) TERINS. ZOWBIEDS
HIAIZ X (w) O pants DEHEE 5. ETF S pants curve &1ZZ D pants 77D pants

BRI Y AT P Ey Z R BRI S. £/, & Step k TAEU % 28 AD pants
curves % depth k& @ pants curve £\ 5.

SE X

[1] J. W. Cannon, W. J. Floyd and W. R. Parry, Introductory notes on Richard Thompson’s
groups, L’Eneignement Mathématique, t. 42 (1996), 215-256.

[2] B. de Faria, F. P. Gardiner and W. J. Harvey, Thompson’s Group as a Teichmiiller
Mapping Class Group, Conptemporary Math. 355, 165-185.

[3] H. Shiga, On the quasiconformal equivalence of Dynamical Cantor sets, J. d’Analyse
Math. 147 (2022), 1-22.

[4] H. Shiga, Structures of moduli spaces of generalized Cantor sets in (0,1)Y, to appear in
J. d’Analyse Math.

[5] S. Wolpert, The length spectrum as moduli for compact Riemann surfaces, Ann. of Math.
109 (1979), 323-351.
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Thompson’s groups and Teichmiiller modular groups of
generalized Cantor sets (Part II)

BE R (RBRILKRY: BAEZErn)*

1 Introduction

Part I Tl&, BRD &2l 5 w 256G o0 3 —fR{L S L7z Cantor £E E(w) &
ZOfMES X(w) @ Teichmiiller Z2f Teich(X (w)) IfEH$ % Teichmiiller modular #f
Mod(X (w)) O#F53#E £ LT?D Thompson’s groups \IZ2W T L7z, Part [I TIXZH b
DEED Teich(X (w)) NDIEHIZOWTEZ 5.

2 Main results

%73, Mod(X(w)) OFE77HFT Thompson’s groups F,T and V ZhZht © 12 Xk-
TR L 72 2GR REZREN S 5.

J(z) =7z 2EFHEZ L T 5. Mod(X(w)) DEBTEE, Mod(X (w))r, Mod(X (w))r and
Mod(X (w))y ZATD XS ITERT 5.

Mod(X (w))r = {[¢] € Mod(X (w))°" | J o ¢ is homotopic to ¢ o J},
Mod(X (w))7r = {[¢] € Mod(X (w))¥° | J o ¢ is homotopic to ¢ o J}

Mr
Mod(X (w))v = {[¢] € Mod(X (w))F°" | J o ¢ is homotopic to ¢ o J}.
ZDEE, RO ILD.

Theorem | w € Q1 BRD &h%iz32 35, 2O, G=FTor VIIXHLT
0 13 Mod(X ()¢ & G OFEIEEZ 5.

iz, THeDESHBED Teich(X (w)) ~OIER%E R 3.

Theorem Il w € Q X BRD &£H%{fiz3 3%, 2O %, Mod(X(w))r T
Mod(X (w))r @ Teichmiiller Z¢f Teich(X (w)) ~NODIEHZEMERERTH 5, —7,
Mod(X (w))y @ Teich(X (w)) ~OIEFIZEMEAET TR,

Theorem IT DK DEEHIZIX, XD Proposition % HW\ 2

*e-mail: shiga.hiroshige.i35@kyoto-u.jp
AHFRIIEHTE (FREES:26K06849) OB EZ 372 DTH %,
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¥ —7—F ! Thompson’s group, Teichmiiller modular group
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Proposition 2.1 K > 112/ LT,
A(K) = {[¢] € Mod(X (w))r | K([¢]) < K}
L5, TOLE, FAK) <00 Tha. £EL, K(p)) = infue K@),

Theorem I 725, Mod(X (w))r, Mod(X (w))r T Mod(X (w))y &, ZHLEH O IZ
& o T Thompson’s groups F, T,V L [FEITH 2. L7z2->T, ZOEKT Thompson’s
groups F, T % Teichmiiller ZZf] Teich(X (w)) ICEMAHEUHEH L, VIZZ S5 TRV
A5, TIX, Z0OX5BEEPEMHT % Teichmiiller ZZREIZEAUIEHZ DN E VS D
EZ5H. BETHE, BRD #2725 wiE, S ENIZ T EE R Teichmiiller 22/ 53
HAHEELZDONEWVWS 2 THD. ZHIELT, — kX 7z Cantor £EHITOWVWTD
FER (4] W TR E1R 5.

Theorem Ill BRD %0723 w T, X(w) PRFARE TRV S OPEREFES
%. L7h35 7T, Thompson’s groups F,V I3HERRE D F 72 5 Teichmiiller 2% EEA
I E T 5.

Theorem I XZERRIC w 25X TREINAS.
BE R
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[2] B. de Faria, F. P. Gardiner and W. J. Harvey, Thompson’s Group as a Teichmiiller
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On curve graphs of hyperelliptic translation surfaces

iz 2 (R

1 Introduction

A translation surface is a pair (X, w) consisting of a compact Riemann surface X and

4
a nonzero holomorphic 1-form w on X. The local coordinates z = / w have transition

Po
maps of the form z — z + ¢, and hence induce a Euclidean geometry on (X,w).

Let X be a compact Riemann surface of genus g > 2. A hyperelliptic involution is
an automorphism 7 of order 2 having 2¢g + 2 fixed points. In this article, we consider
hyperelliptic translation surfaces belonging to H"™?(2g—2) or H™P(g—1, g—1), namely

translation surfaces admitting a hyperelliptic involution 7 satisfying 7*w = —w. Let
hyp __ q/h h
HYP =HP(29 —2)UH™P(g—1,9—1).

A regular closed geodesic on (X, w) is a simple closed geodesic avoiding the zeros
of w. For such a geodesic 7, the union of all regular closed geodesics homotopic to y
forms a maximal Euclidean cylinder, denoted by [7].

The curve graph C(S) of a closed surface S = S, is the graph whose vertices are
homotopy classes of simple closed curves and whose edges correspond to disjointness.
It is known that C(S) is connected [1], has infinite diameter and is Gromov hyperbolic
3], and has clique number 3g — 3 (pants curve).

Nguyen [4] introduced an analogue of the curve graph for translation surfaces.

Definition 1 Let (X,w) be a translation surface. The curve graph C(X,w) is the
graph whose vertices are maximal cylinders [] arising from regular closed geodesics.
Two vertices [y] and [d] are joined by an edge if i([7], [0]) = 0, where i(-,-) denotes the

geometric intersection number.

Unlike the classical curve graph, C(X,w) is not always connected. To remedy this

phenomenon, we introduce degenerate cylinders.

Definition 2 Let (X,w) € Hgyp and let 7 be its hyperelliptic involution. A degenerate

cylinder is a union [y] = s; U sy of two saddle connections such that

e cach s; is invariant under T,

* T422-8529 FHATERIX R 836 #ihd KA £Mibe BH i B E RS
e-mail: shinomiya.yoshihiko@shizuoka.ac.jp
% —7— F ! Translation surfaces, Curve graph
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e At each endpoint of s; and ss, one of the angles between s; and s5 is equal to 7.

For cylinders and degenerate cylinders, define i([v], [0]) as the number of transverse
intersection points counted with multiplicity.

~

Definition 3 The extended curve graph C(X,w) is the graph whose vertices are cylin-
ders and degenerate cylinders. Two vertices are connected by an edge if their intersec-

tion number is zero.
2 Main Results

Our first result concerns the geometry of the extended curve graph. Nguyen [4]
proved the genus two case. For higher genus, we use the quotient by the hyperelliptic

involution to prove the result.

Main Result 1. For any (X,w) € H¥P and any vertices [7],[0] € C(X,w),
d([7],[6]) < 3i([v],16]) + 6

holds. As a consequence, the extended curve graph is connected.

Corollary 1 For every (X,w) € H*", the graph C(X,w) is connected.
Combining this with Nguyen’s argument, we obtain the following.

Corollary 2 For every (X,w) € H»”, the graph C(X,w) has infinite diameter.

Finally, let Aff* (X, w) be the affine automorphism group of (X,w) and SL(X, w) the
Veech group of (X,w). Nguyen proved that, in genus two, the lattice property of the
Veech group is equivalent to the finiteness of the quotient graph C| (X, w)/AffH (X, w).
We generalize this criterion as follows. Here, a simple cylinder is a maximal cylinder

each of whose boundary components is a saddle connection.

Main Result 2. Let (X,w) € ’HEYP. The following are equivalent:

1. SL(X,w) is a lattice in SL(2,R);
2. 5(X,w)/Aﬁ+(X,w) has finitely many vertices;

3. the quotient graph has finitely many vertices corresponding to simple cylinders.

BE R

1] W. J. Harvey, Geometric structure of surface mapping class groups, 1978.

[1]
[2] N. V. Ivanov, Automorphisms of complexes of curves and of Teichm”uller spaces, 1997.
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10

Uniform perfectness of the limit sets of conformal tree
iterated function systems

KE RE  (REBRFE KFBE N[ - BREEAT5ERE)

A compact set C' C C is said to be uniformly perfect if there exists L such that
for any ring domain B separating C' (i.e. there exist non-empty C; and Cy such that
C1 UCy = C and B separates C and Cy), module M (B) of B satisfies M(B) < L.
Uniformly perfect sets were introduced by A. F. Beardon and C. Pommerenke in 1978
in [1]. Uniform perfectness means that C' is not so sparse at any point.

Uniform perfectness of the limit sets of autonomous [F'Ss were shown by R. Stanke-
witz in [3]. In [2], it was shown that uniform perfectness of the limit set of a non-
autonomous IFS follows from the condition |¢'| > n > 0 for all ¢ and some other
conditions.

In this talk, we consider tree iterated function systems, which are generalizations
of non-autonomous IFSs. For such systems, we show that the limit sets are uniformly
perfect if the similar conditions to non-autonomous cases hold.

The definition of tree iterated function systems is as follows.

Definition 1. We say a partially ordered set (7, <) is a rooted tree if 7" has a minimum
element () named root and for any 7 € T, {7/ € T' | 7/ < 7} is isomorphic to a partially
ordered set ({0,...,n}, <) for some n > 0.

For 7 € T, the height |7| of 7 is the unique number n such that {r' € T | 7/ < 7}
is isomorphic to ({0,...,n}, <). We write I, ={w e T |w > 7,|w| = |7| + 1}. Let 0T
be the set of all simple paths with infinite length starting from ().

Definition 2. Let (X, d) be a compact connected metric space and let (7, <) be a
rooted tree with 1 < #1I, < oo for all 7. We say that {¢, : X — X} cp\qp is a Tree
Iterated Function System (for short, TIFS) if it satisfies the following condition:

e There exists s € (0,1) such that, for all 7 € T'\ {0} and all z,y € X,
d(¢-(2), d-(y)) < sd(z,y).

For a TIFS {¢; }-em oy and 7 € T, we write &, = ¢, 0---0¢,,, where (0, 7,...,7,)
is the unique simple path connecting () and 7. (If 7 = 0, we set &y = Idy.)

For each 7 € OT, {®,), (X)}2, are decreasing compact sets, therefore (", ®,, (X)
is a non-empty compact set. By the uniform contractivity,

diam(®,, (X)) < s"diam(X). (1)
Therefore, (,—; ®;,(X) is a one-point set. Hence, we can give the following definition.

Definition 3. Let S = {¢;},;cr (9 be a TIFS. The coding map s : 0T — X is
defined as the map satisfying the following.

() @, (X) = {7s()}.

The limit set Js of S is defined by Js = 7ws(9T).
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With these preparations, we can state the main theorem.

Theorem. Let V' be an open set with X C V. C C. Let m > 0. We assume that a
TIFS § = {¢-}rer\(oy on X satisfies the following conditions.

1. #I, > 2 forall T €T.

2. (Conformality) Each ¢, can be extended to conformal diffeomorphism on V' into
V.

3. (Open Set Condition) Int(X) # 0 and for each T € T and a,b € I,

ba(Int (X)) N gp(Int (X)) = 0. (2)
4. For all T € T\{0},
ACIEY )

Then, the limit set Js is uniformly perfect.

References

[1] A. F. Beardon and Ch. Pommerenke. The Poincaré metric of plane domains. J. London
Math. Soc. (2), 18(3):475-483, 1978.

[2] Mark Comerford, Kurt Falk, Rich Stankewitz, and Hiroki Sumi. Uniformly perfect and
hereditarily non uniformly perfect analytic and conformal non-autonomous attractor sets.
Dyn. Syst., 36(4):631-655, 2021.

[3] Rich Stankewitz. Uniformly perfect analytic and conformal attractor sets. Bull. London
Math. Soc., 33(3):320-330, 2001.

—32—



	表紙
	一般講演 1～
	特別講演
	一般講演 7～

