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Riemann BRI _E DA 7 TN D 775
KEs FIlE (K - 2 BIT)

1. ARV MLEY
1
Fuchs A5 M - % = pz

j=1

Ii‘iju &, Z DRSS —#%{L Riemann scheme
r=a e T =a, =00
P\l,u]ml,u (1 S 1% S TL1> e [)\p,y]mp,z/ (1 S v S np)
ThHh5b. TIT, Aje M(n,C), A, =—(A1+---+Apq) TH5.
728, ordered TDHHE mj1 > mjs > > my,, ET DL
rank(Aj _)\j71>"'(Aj _Aj,k) :n—ij — e —mij (k’: 1,...,’[’Lj)
EE. FEH n 0E D p EOM
m:n:mj,l+"'+mj,nj (]:1,,]7)
ZMODART MILBEE WD, mo=my - My, Mot Napy, - “Mp.n, LR 5.
7z 21X, —MCEERATEREL 3y (x) D7z T AERD AT P VENZ 111,21, 111
2. 28 Kac-Moody JL—F%&
(ala) =2 (aell:={ap, o, | j>1,v>1})

(aolevj) = =0y

(qiplay,) = {0 (i#7 or |[p—v|>1)

-1 (i=j and |p—v|=1)
So ¢ T x—(zla)a (aell), W:=(s4|acll)

Qm 1= nog + Z Z <Z mj7,,> Qj; (ordm :=n)

J>1 i1 v
EI [Crawley-Boevey]. m : BERFEHAIRE < oy, : IEAV—F (m : 77EEE < affine)
EE [Katz]. dim{(A;,...,4,) | A;j~A;, ¥, A;=0}/GL(n,C) =2 — idxm
idxm := (om|am) @ rigid 880 (idxm =2 & m: rigid)

EE. L= {m: BHEBATEET non-rigid 20 &I DA }

£>m: fundamental <5 (amla) <0 (Vaell) (= am:EDOEL—1)

L>m: (/{:I,kQ,*)—type %%f; p = 3 D (nl,nQ) = (k?l,l{f2>

F:={m | m: fundamental}, F? := {m € F | m: T-fundamental} T :Fg, Er,...

FEe-f. Dy-f.
Bt Eo-f.
O—@—E—@ Q_% °
O—O—E—O—Q—Q—O (@) O—Q—O—E—O—O O O
(23 37 *)‘type (27 43 *)_type (37 37 *)_type (27 23 27 *)_type

FE O] Fri={me Flidxm=—(} = |[Fl<oco ((=0,24,...)

*e-mail: oshima®@ms.u-tokyo.ac.jp
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3. AIREADER

ATIEAHEERFR A ZEF T AERD ZARY AVENZ Tn O77E O + MHEE TRT
EIE [Hi|. 7EI0M + MomE - BENEBHMRE < T (DEl0H) 2B EBATRE
Z#: : middle convolution, addition, &7it/B#T, Harnad dual, Mobius Z#1%% 2 %

WIET 2 AT P ARIDZE (dx 1FAZE

mc, m = {m;, — d,(m)d,, , } j=1..p (ds(m):= >_jMjo; — (p—2)ordm)

v=1,...,n;
_ !/ /
m =My My g, s M1 Mang, M31° " M3pgs -y Mp 1My,
m21 m2,ng
INES y 7\ 7\ ~
e (M ) (Ml ol g ), Mg Mgy, ey e Ty
% 1,1 1,Rq ni,1 n1,Rny /0 11031 3,n3» J » 1op,1 Dy1p
7t
o ’ ’ /
= Mg R My My g (M1 Mgy, T3 IME 2 Mgy - Mp 1M 2= M,
Hd / / / / / /
< (mag M) (Mp2- ‘mp,np)7 1,001 T Ry vy Mgy oMMy 17" My R,

idx=0, 4 fundamental AR ~JLE
| 6:33,202,111111 B 4:22,1111,1111 B 3:111,111,111 B 2:11,11,11,11 DY)

33,222, 111111 — 2099 1111, 1111 0111111, 111 OO0y 931111

7
Y

7 N e X | [
(1)(1%),2° (1H)(13)(12),3 (13)(1%),1* )O)D)1),2* (1)(1)(),1° (1)(1), 11,11
N e | e N
(HO@)(D)) (@)@)(D) W), M) (1)((1),11
N e

33,222, 111111 205 111111(33,222 = (111)(111), 222 ™% (22), 1111, 1111 2 99 1111, 1111

EE mmcLHL, mrm' & FOZHROMASLETM & m' 3BHES
RIRE. P! LM ARR (o LARESR SR 55) o2z, s
DLW THDES DDOICHHEE L. Thbb L/~ RIRER X (of. £/~~F, [Ka]).

idx=—2, 13 fundamental AR FJLE = 2 classes

8:44,332,11111111 [11]7  6:33,2211,111111  5:32,11111,11111 5:221,221,11111
4:211,1111,1111 4:31,22,22,1111 Sa  3:21,21,111,111 FS  2:11,11,11,11,11 [11];
12: 66,444,2222211 £ 10: 55,3331,22222 8:44,2222,22211 B 6:222,222,2211 E
4:22,22,22,211 D

4. &R

B i) L=|],rm{mel|m~n} (T4DE L/~ Fj~ o Fhs)

i) meF, neF® m~n m#n = ordm < ordn.

i) meFT (T =Dy, Es, Ey) WAL, m~n 2725 ne F% QRN 5.
72 ZUX, n = mymia, MoiiMaoMaz, Ma) - Map, € FEIHL, n~3Ime FP

& My = Myg, Mo = Moy, Moy = 2M3; = 2M3s (DL X mIF—HBICEES)

SE X

[Hi] K. Hiroe, arXiv.2407.20486.

[O] T. Oshima, MSJ Memoirs 28, Mathematical Society of Japan, 2012.

[Ka] H. Kawakami, Experimental Mathematics 34 (2025), 563-577.
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AROBTICHK T 5 4 KT - NV =R DRk

Far T ORI GEMEAY MRATT R
SR BIE  (EROAE TR T
LR GRS RAT TR

B! =
AN =ZRBEF TR L o TRIBE A, Hi N TRE « IHHIZ X - THERIRNRIFER DT R %
BT Lo RENT. 20K, ThHDRRIFEEDT 7 4 > - 7 A AEEOEH « KALR - B
I X 2 EEERBICHRT 2 Z 28, RAREREEIC X o TS pIzS N, AGRIHTIE,
4 KTT ¢-FN =T RDIB(LDHEOD %, Z DKL L LMOTHER DG Z HNTERET 5.

1.4 ®Ryx -HAINZ=ITH

1 O Q12 WZBWT, y; RTEHS i INIET 2RE, p ZTHR i ITBII2ERE, (i,j) *ER i, DR
P 22 TOROKIRY T5. EROFMICOVWTIE 3] 2RO . ZhbDEBEHWT, 2] i
o T, HfligEm Y 7 4 v ¥ YRR %

ri = f2i+1(20 + 1,20 + 2) gy (6 =0,...,5),

S0 = paftapispispio (9, 12) opspisprafiy,  s1 = papafiepirfiio(10, 11) wiopr frepia iz,
so = papafispirio(9, 1) poprpspiapn, 81 = prapiapiepispino (10, 12)popis pe fhafia,
T = (2,4,6,8,10,12)(1,3,5,7,9,11), m = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12),
w3 = ¢(1,12)(2,11)(3,10)(4,9)(5,8)(6,7)

LEDD.

EE1([2). BE (ro,....15), (s0,81), (sh,s)) wzhzn ALY, AV, AV w77 4 w4 LBEL
RITH25. B, YD 2 OO HWIAIRTH 3.

B, HTREE

T; = 1iTip1Tip2Tis 3754 aTip5Ti4aTip3Tig2mip1 (0 =0,...,5),

/ !/ ! /AN, ! /
Up =s0s1, Ui =s150, Uy=sysy, U =518y, V=mrs...rs1, V' =memrs...r187,

72U, rige =1 EEDD. HTBENIIERT 7 4 ¥« VA VBEOMAAHE T REZ AR L, £ DA
HIRBUIIFRIE ¢- 20 iR OBEEZ G 2 2. KBH T, ZOK%E 4 KT ¢- H V=T REFER.

2. BOBRE ¢-HIL=ZIRDE(L

2 KD -3 N = FEROBEDFRDTEROETICHK T 5 Z 2, [1] KBV THD TR, Z
D% 4] ITBWTEKNLFTENG 2 5hiz. TS DETHIUCHEST, 2 DDTEM i,j DA i — j
ERDEIICEDS.

1.i % j OMONELTHET 3.
2. HIZ, i & j RERTH IR 1 ODIEM j 23 5.

AR E (RS :25KJ0371) DR EZII 7= DTH 5.
2010 Mathematics Subject Classification: 39A13, 13F60, 17B80, 34M56
*1 T 577-8502 HUAMRHI/INETL 3-4-1 MK AR G T 50 A
e-mail: 2444310104w@kindai.ac. jp
*2 T 577-8502 WABRII/INETL 3-4-1 TR B L2240
e-mail: suzuki@math.kindai.ac.jp
*3 T 577-8502 BRI /NETL 3-4-1 ST KA A B T2 S0k

e-mail: tsuchimi@math.kindai.ac. jp
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APESINAN AETE
/12&1
S AN \\\L\
10 9 4 3 10 9
NSt AN S 7

8 —*5

Ty

7 6 7

llﬁﬁ;@lg 23/’%—56211

B — &, RIS L TERD & 5 REL ED 5.

Loy —ely,y e bEEHR 5.

2. B, MR e — 0 ZHLA.

Q2 IWBWTAM 12 > 1 21752, M2 O Q1 PELNE. BB, ik Qo BT 28T
DIEOMHERLS 12 =21 & 12 = 2 OFEE 2 272 Lk, BREDERICL->T Q KWRET 3.
i Q1 BT, 2] o T, Bl e 7 1 > F Y KFEOHAR R %

ro = pap2(2, 1) popr, 7 = proipr(20 4+ 1,20+ 2)poi (i =1,...,4),
= papraps s (8, pspspiapy,  s1= papspeiriiio(10, 11)uiopr e s iz,
7 =(1,3,5,7,9,11,2,4,6,8,10)ua, 72 = (2,11)(3,10)(4,9)(5,8)(6,7)
LEDSD.

BE 2 ([2). B (ro,...,14), (s0,s1) @zhzh AV, AV #7741 v v B e AETH B, HIC,
CALOBIHE VAT H 3.

HIZ, HTRE %
T; = rivip1Tiporisarigarissriperivr (1 =0,...,4),
UO = SpS1, U1 = 81580, V = T17r4r3rari1 Sy, V/ = W?Sl,
f:ffb, Ti+5 = T4 Z%@é

EE 3 ([3]). M Q2 WBWFBAEN 12 = 1 Ik - T, BMEHEM Y 71 > 3 YRFEOHAREIZRDED
z:k D 123 'ﬂ:j—é

/
Q12 || TorsTo | T1 | T2 | T3 | T4 | So | 51 | W2Sy | 73

5
Q11 0 Ty | To | T3 | Ta| S0 | S1| T | T2

72, AR ENIROED L 5138 T 5.

Quz | TsTo | Ty | To | T3 | Ty | U | Uy |V | (VI)TIV
Qul| To |Th|Te |Ts | Ty |Ug | Uy |V \%

AFHEHTIIEI, il Qu KWBUY2ATMEERS. 2T LD, 10 [HOTHEAZROMARET 5 2155
N5, FRRAFFRIE, B8RRI X 2 KRB ORI OVWTHENT 5.

SE B

[1] M. Bershtein, P. Gavrylenko and A. Marshakov, Cluster integrable systems, q-Painlevé equations and their
quantization, J. High Energ. Phys. (2018) 077.

[2] T. Masuda, N. Okubo and T. Tsuda, Birational Weyl group actions via mutation combinatorics in cluster
algebras, arXiv:2303.06704; RIMS Kokytroku 2127 (2018) 20-38 (in Japanese).

[3] K. Matsugashita, T. Suzuki and S. Tsuchimi, A degeneration of the q-Garnier system of fourth order
arises from confluences in quivers, arXiv:2604.04463.

[4] T. Suzuki and N. Okubo, Cluster algebra and g-Painlevé equations: higher order generalization and de-
generation structure, RIMS Kokytroku Bessatsu B78 (2020) 53-75.
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RER/N VLD 2 AR ORIEEADZEHIL
RERAA (R

MDY 2 HRRAOZEBRE LT, BHAESH LRI 2 RO
ENTW3S 1,2, 7, 774> 74 VB BV B 35000y = 0%
ZERDAOLNTVS 3, L2L, TOUOOBMHESI V=R, RIFOBIEXNIC
B3 -7 ROZEEIR  DBRIET2ITEBH S TR,

—%, WHODEIIBWT, By = FERET 7 4 v A VEEFMED RN X
hoaah, BHESZR LM T2 REKXZ H D, FrHZ, BAZED VLY = 5ER
W77 4 v T A NEERME B B 385580 vy = AR, X 51z B B g 55408

YT JTREAA OB
(1) (1)

e—Eél) — q-Eg’ — ¢-E;
FELHMehTna,

AFE T, RHOBEKAKDZEEILE WO BRD» S, BHEDTL=ZF [1] D&
tzERKT 5, T TWVWHIZEHILEZ, BEECRICBWVWTS 7 MAJBEIR VT X — X Dt
ZBZeWZMBTE2HDTHD, WM AtEicElr 5 Garnier R & [FAMkIZ, HIZZEHD
BN B EBDOBEMBIINT 2D DL AT, toT, [{FoNsdRIINMELE 2n (H%
HOERITTOMMA N =R DZR Y LTathan 3,

BARIZIE, BHER TNV =2R% M,(P(e-Fg)) £ &RL, ZOBLr LTHLND ¢-
ZRDHR% M,(P(q-Eg)) BLUK M,(P(q-E;)) £ELZkiTkD,

M, (P(e-Eg)) — M, (P(¢-FEs)) — M, (P(q-E7)), dim M,, = 2n,
PWOHOKIREEZ S, Kz n=1DEFEIITE, BED2XICOBROS ALY = HER
e—Eél) — q—Eél) — q-ES)

WSS %o

T, BEEOSO ALY 2 ARREWARZR L LTiiihEh s, A#TE, B A,
¢, B MoSERIR e LCHA B BNV = 2RO RE, AR Y LT
RN T X B0 ERT S, FiZ, BAERINV=2R26 p—> 0 BRICX-THELNS

1F501-6122 I B IR R THIEE] &350 1 T H 1 & i REREE B R 2 A 20
e-mail: hnagao@gifu.shotoku.ac.jp
AT EMAE GRERS  JP23K03173) O EZ 726D TH 3,
2020 Mathematics Subject Classification: 33E17, 34M55, 39A13.
F*—7— F !elliptic Garnier system; discrete Painlevé equation; g-Garnier system; birational transfor-
mation; degeneration.

—41—



B BIOSEHER, BLUzoRbe LTHELND B BOSEMROOBGRE
PN, BEHOS LY = AEROBNR L ERTOBEA L = 2RO R L ORGSR E
IS 2,

SE X

[1] Yamada Y., An Elliptic Garnier System from Interpolation, SIGMA 13 (2017), 069, 8

pages.

Ormerod C.M. and Rains E.M., An elliptic Garnier system, 2017.

Nagao H. and Yamada Y., Padé method for Painlevé equations, Math. Phys. Anal. Geom.

24 (2021), Article 18.

[4] Sakai H., Rational surfaces associated with affine root systems and geometry of the
Painlevé equations, Commun. Math. Phys. 220 (2001), 165-229.

NS

— 42—



15

Middle Laplace transform @ ¢ Z8{ML &
Afll) A g-Painlevé J723\

R BRTS (TEE RS
Bl &2 (R2MHEKE)

WHEOHHHIE £ 2T, Laplace o y(o) o> [ yltle " de BT 5 WL
SHEROZH L LT middle Laplace transform ML 258 A X7z [1]. Z4UE middle
convolution [3] @ Laplace ZH#iR T, RDOE DX EARDEE I THEHT S

ZZ (wzx_ )u (Aoo, Ay 11 X 0 SEXRATH)

F 7> Fuchs B 5 RICH 3 % middle convolution mey & ML ZFHWTHRYE 3 .
mex = ML oadd_y o ML.
T add_y EARABEEIH T % gauge B v — o M IHBET 2 HEROEHRTH 3.

RGO BINE, ML O g ETMAERRT 3 2 L Ths. L, e CRO< g <1&
£ DRSS ¢ #91 D, s f(a) » LI emporxoponms s

mu:( °°+Zx_ )u (Aoo, A; : n X n TEEATH)

FRU. A BRATSIE 55, ZOAFERICH LT Uz) = (x“(_f”;;(_—xzz u(z)
£ BIHZ ¢-Okubo B ¥ FEHIN 2 RO ZIHABRE DO HEANE LN S
(qr — S)D,U = (A— I + AS™(z — §)) U
Z 2T LIFHAATA, A, S, AD™ X A, by, As ZMRTTE S nm x nm 1751 (S 130
50) TH . A C %5 % AU, Uz) ® Laplace B Jackson Bi5 25
Via) = [ Ve —esadss (= (1= 20 = g2)(1 = %))

il $HERE Dy = v, o~ —q T D, = —¢7 D KD RDBZ N TES !

l
B
D,V = (S+2 " JT>V.
T

1 T321-8505 HiRRFERE TIENT 350 FHRE K HFEMEFEH
e-mail: sadachi®a.utsunomiya-u.ac.jp

*2 T516-8555 = B ILFHEATT AL AGEART 1704 22K KB ¥
e-mail: t-nobukawa@kogakkan-u.ac.jp

2020 Mathematics Subject Classification: 39A13, 34M55

F—vU— ¥ qEZNHERN, ¢-Laplace £#}, g-middle convolution
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ZZT B & A »OEFZITH, 71 A DHEZZEEME (1< <) TH3. C™
DEGIZEM K = KerA; @ KerAs @ --- @ KerA,, 13 S &% B; O TAETH 5. 1H%E
i C™ /K ~® S, B; Dfff% S, B; £ L1z &, q ZH RO Z#

A _
Dxu:(Aw;x_ti)u L Dy 5+Zx_73

% g-middle Laplace transform &FFCN, ML, EEL. ML, ITDWTIE,

o WEH ML, DRI
o WML DIRTF
e ¢-middle convolution [2, 5] D ML, & F\W7= 71

REDRDOLPoTWNWS,
ML, % AP B g-Painlevé KR D Lax HFERX [4] ~EHALTAHES. AV 814
Painlevé STEUIRD 2 BEDHYY ¢ Zn X OBE YL EE THLNS !

u(qz) = A(z)u(z), A(x) = Ao+ Az + Aga?,
0t 0 0
Ag ~ < : 9215) , Ay = (%1 0) , det A(x) = raka(z — art)(z — ast)(@ — as).

i(z) = 2 (z/ar)ou(z) (¢° = 071) B L, 0 Olfifz T HERC ML, %ML TEH TR,
RDOFTERZES !
v(qr) = A(z)v(z), A(z) = Ay + Az + Asa?,

- asaskit 0 - 01/(asa 0 - 0
AO ~ ( 2 8 1 02t>, AQ — ( 1/(02 3) 0), detA(f,C) = K1Rk2 (.T+ ,{_Zt) (l’—a@'[;)(gj‘—aﬁ).

DFED, MLITED Lax RSN T 2 ROEMEGZ 722812725 .

02 01 2
ay— ——, Rir— ——, Rg > ——, 91 = a2a3K1.
K2 azas3 ai

SE Xk

[1] S. Adachi, Middle Laplace transform and middle convolution for linear Pfaffian systems
with irregular singularities, J. Math. Soc. Japan (to appear). arXiv:2502.01263

[2] Y. Arai and K. Takemura, Reformulation of ¢g-middle convolution and applications, SIGMA
Symmetry Integrability Geom. Methods Appl. 22 (2026), Paper 040, 43 pp.

[3] N. M. Katz, Rigid Local Systems, Annals of Mathematics Studies, vol. 139, Princeton
University Press, Princeton, 1996.

[4] M. Murata, Lax forms of the ¢-Painlevé equations, J. Phys. A: Math. Theor. 42 (2009),
115201.

[5] H. Sakai and M. Yamaguchi, Spectral types of linear g-difference equations and g-analog
of middle convolution, Int. Math. Res. Not. 2017 (2017), 1975-2013.
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Three-term relations and some specializations of the u
function

B ook (ERTEERY: - 1)

B =
(—fBL) p BEL [ST] @ Al-Salam-Ismail ZIHIX [Al] % FW7z =IHBEGRA D
HRARZEET 2. 2oL L TRKLOIRARE 52 5.

Q% gl <1 R2EFRBE L,  BEEEL T —XEBE

() = (#:0) = [[(L = 20, () = (£:0)0 = ((ﬂ

i 0"T; q) oo
0(z) = 0(z; q) = (5 0) 0 (¢/7; @) oy
TED 5.

EE 1. z,y,a ¥ val,ye C\ & L R2BFEK T2 %, (—b) p HEZLITO
X2IWTED B [ST] :

'u($’ Y a) = iq_% <£> ’ % Z(—l)nq(g) <x/a>nyn.

y) (@7/a)0(y) £ (@)n
oMb I e p BiEcE
M) = it (1) Gt = >
LBl

W 2. (1) EPARR: T,, 2 « ZHD ¢ > 7 MERAZEL T3 L,

|:Tq2,:t - (1 - q%) aTq,:c - GQ§:| M(ZL’, Y; CL) = 07

[Tre — 1 M(z,y5a) = (a - 1)%M(x, Y; qa).
(2) XFFRIE:
M(z,y;a) = M(y, z;a),
M(¢™ 'z, ¢*y; a) = M(z,y; a)a™.
(3) 4FFA1L:

(aq; ¢*)oo 0(2°/a; ¢°)
(0% 0(2%¢%)

1

M(z, —z;a) =

MG g ) = — D20 ) e fab ol tefa?) + (—abs ) obl(—afab 0(—g o/}

20(q2x)0(x)
AT RFE (JSPS KAKENHI Grant Number 26K06837) DB %2 72bDTH 3.
3’\’ Y — K ! g-hypergeometric series, p function, Al-Salam-Ismail polynomials, difference equations
* T 000-0015 LHFRIL L i ZABINT 165 LR T 3K T4

e-mail: g-shibukawa@mail .kitami-it.ac. jp
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BN {Sn(a, B,7:0) }n & {Ta-1(ev, B,7:9) }n Z L
Vi1 (o, B,7:9) = v(1 + ag")Vala, B,7:9) — B¢ Vaoi(a, B,7;q)
iz L, FH g ED

Sola, B,7:¢) =0, Sie, B,7:q9) =1,
Toa(a, B,7v:9) =1, To(a, B,7:9) =0
WEoTEDDET S,
e 3. n ZIFEREH T L &,
Su(a, 8,7:0) = Un-1(qe, 48,7 90), - Tua(@, B,7:9) = =BUn—2(¢*, 6B, 7; @)
72721, U, B,7; q) & Al-Salam-Ismail ZIH5C [Al]:

5]
. R - (_Od)n*k<Q>n7k(_ﬁ>k k(k—1) . n—2k
Un(aa 67 i Q) = kz:% (_a)k(q>k(q)n72k ~ :
Ui, B,7:q) =0, U_s(e, B,7;q) := _%_

EIE 4 (ZHHMBRN). EEOIFEEE n 12OV T,
M(¢" "z, y;a) = M(y, ¢"'z;a) = M(z, ¢ "y;a)a" ™ = M(¢' "y, z;a)a" ™
= tna(z,y;0)M(q ™ 2, y50) + sp(z,y; 0)M (2, y; a)
= {tn-1(z,y;0) + sn(2,y; a) }M(z, y; a)
+(a= 1)o@,y )M, i ga).

7272 L,
sp(x,y;a) == Sy (—E,—%,a; q) , tea(zyia) =T (—E, LN q) -
y oy y oy
% 5.
M(¢" 'z, —z;0) = M(—2,¢" 'z;a) = M(z, ¢ "x;a)a" ! = M(—¢' "z, z;a)a"
B , 1 (06:6%) s 0(2 0 ¢7)
- {Tn—l(luaqaaa Q)+Sn(17GQ7a7Q)} (q q) 9(1‘2 )
(aq*; ¢*)os (z/aqu)
+(a— 12T, 1(1, aq,
(= 3Tt ) =G
M(¢" 'z, q2z;a) WOWTHFEOARIEHTE 3.
SE XK

[AI] W. A. Al-Salam and M. E. H. Ismail, Orthogonal polynomials associated with the Rogers-
Ramanugan continued fraction, Pacific J. Math. 104(2) (1983), 269-283.

[ST] G. Shibukawa and S. Tsuchimi, A generalization of Zwegers’ u-function according to
the q-Hermite- Weber difference equation, SIGMA, 19 (2023) 014 pp23.
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Algebras and Bispectrality
a spiral from exactly solvable models to special functions

Luc Vinet (Centre de recherches mathématiques, Université de Montréal)*

Abstract

The exact solvability of many models is governed by symmetries, which
are frequently not manifest. These symmetries are encoded in algebraic
structures whose representations yield the special functions in terms of
which the solutions are expressed. This talk approaches this circle of ideas
through the notion of bispectrality: a family of functions satisfying an
eigenvalue equation in each of two dual variables. I shall outline the al-
gebraic theory of bispectrality, describe the associated algebras—Racah,
Askey—Wilson, Bannai—Ito, together with their higher-rank and rational
extensions—explain how their representations produce the classical and ¢-
orthogonal polynomials as overlaps of eigenbases, and discuss applications
ranging from association schemes and superintegrable models to the entan-
glement of free fermions. The lecture closes at the current frontier, where
orthogonal polynomials give way to rational functions.

1 Bispectrality

Certain families of special functions share a common structural feature: their mem-
ber functions ¢, (z), depending on the two (possibly discrete) variables n and x, satisfy
an eigenvalue equation in each of them. Namely, one has

Apn(z) = A(n) n (),

and,
A" hn(z) = 0(2) n(z).

This property is called bispectrality. Its significance depends on the class of opera-
tors considered: requiring A and A* to be of bounded order—for instance, A and
A* second-order differential or difference operators—makes bispectrality a strong con-
straint, whose solutions can be classified (Duistermaat—Griinbaum). For such pairs the
two operators generally do not commute, yet they close into a finite quadratic algebra
whose representation theory largely characterizes ¢, (x). The aim of this lecture is to
describe the algebraic underpinning of bispectrality. A convenient finite-dimensional
formulation is due to Terwilliger. An ordered pair (A, A*) of operators on a finite-
dimensional space V' is a Leonard pair if there is a basis in which A is diagonal and A*
is irreducible tridiagonal, and a basis in which A* is diagonal and A is irreducible tridi-
agonal (all sub- and super-diagonal entries nonzero). Each operator is thus tridiagonal
in an eigenbasis of the other, and the overlaps between the two bases are bispectral
functions. Two operators that are simultaneously diagonal in a single basis merely

*Centre de recherches mathématiques, Université de Montréal, C.P. 6128, Succ. Centre-ville,
Montréal (QC) H3C 3J7, Canada
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orthogonal polynomials, association schemes, algebraic Heun operator, rational functions.
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commute, [A, A*] = 0. It is striking that passing to the next order of complexity—the
one stated in the Leonard-pair definition—forces A and A* to generate a quadratic
algebra. Writing the ¢g-commutator,

[X,Y], = ¢XY —¢" 'YX ([X,Y], £S5 [X,Y]),

the pair is then found to obey the defining relations of the Askey—Wilson algebra
that involve this g-commutator and that are given below. The lecture is arranged
as a spiral: a single object—the quadratic algebra of a bispectral pair—returns at
successively wider levels. It first yields the classical orthogonal polynomials; it then
reappears as a symmetry algebra in combinatorics, in the representation theory of Lie
(super)algebras, and in exactly solvable models of physics; and it is further carried
to ¢ = —1, to higher rank, and beyond polynomials to rational functions. These
realizations are largely independent, so each can be followed on its own.

2 Overlaps and orthogonal polynomials

The functions attached to a bispectral pair arise as overlaps of its two eigen-
bases. Take a self-adjoint pair with orthonormal eigenbases |6;) and |6,), and set
d(k,m) = (0k|0F,). In the matrix element (0| A*|07,), letting A* act to the right re-
turns 6%, ¢(k, m), while letting it act to the left—where it is tridiagonal in the eigenbasis
of A—yields a three-term recurrence in k,

05, ¢(k,m) = B ¢(k+1,m) + o ¢(k, m) + i, p(k—1, m),

and the element (fi| A|6F) gives, in the same way, a recurrence in m. The overlap
is therefore bispectral in the two discrete variables—exactly the structure of a classi-
cal orthogonal polynomial, here in a discrete variable. Indeed, let {P,(x)} be monic
orthogonal polynomials, deg P,, = n. Favard’s theorem provides the first eigenvalue
problem, the three-term recurrence

z Py(z) = Py (x) + b, Po(x) + un Py (),

and “classical” means precisely that a second one holds, a difference or differential
equation D P,(z) = \,P,(z) acting on z. The classical polynomials are bispectral,
and they sit at the confluence of the two dual recurrences above. At the top of the
discrete (¢ = 1) Askey scheme stand the Racah polynomials, of degree n in the quadratic
grid A(z) = z(z+vy+i+1),

—n, nto+pB+1, —z, x+y+6+1
@) _4F3( a1, B+0+1, 7+1 ’ 1)'

They satisfy a recurrence in n (eigenvalue \(x)) and a second-order difference equation
in z (eigenvalue n(n+a+p+1)). The Racah duality x <> n, a <+ 7, § <> § interchanges
them. Denoting the two bispectral operators K7, Ky and setting K3 = [K7, K5, they
close into the Racah algebra

[KlaKQ] - K3)
(Ko, K] = K22 +{K, Kb} +d Ky + ey,
(K3, K| = K{ + {K, Ko} + d K + eq,

whose structure constants d, eq, es are explicit polynomials in «, 3,7,d. On the linear
grid one contracts to the Hahn polynomials and an analogous Hahn algebra.
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3 Leonard’s theorem

These examples are not isolated: a classification theorem shows them to be essen-
tially exhaustive. Leonard’s theorem (1982; the association-scheme account is Bannai-
Ito 1984, the linear-algebraic form Terwilliger 2001) states that a finite family of or-
thogonal polynomials whose dual is again orthogonal must be a special or limiting
case of the (¢-)Racah/Askey—Wilson polynomials. In Leonard-pair language the two
spectra are tightly constrained: there is a single scalar 3 = ¢ + ¢~ with

Oi1 — BO; + 01 =, 0; 1 — B +07, ="

so each spectrum lies on a g-quadratic grid 6; = a+bq'+cq~*, and the overlaps (6; |07)
are g-Racah polynomials. This gives a triple correspondence central to the theory,

Leonard pair (A, A*) <= Askey—Wilson algebra <= (¢-)Racah polynomials.
4 The Askey—Wilson algebra

Iterating the g-brackets of (A, A*) with Ky = A, Ky = A*, K3 = [K,, K3, closes
the Askey—Wilson algebra

[K17K2]q - K?n
(Ko, K3, = K3 + {K1, Ko} + d Ky + e,
[Kg,Kl]q = K12 + {Kl, KQ} + dK1 + €9,

the quadratic algebra of the Leonard pair and the ¢g-deformation of the Racah algebra
of Section 2. Its finite-dimensional representations reproduce, as overlaps, the full
g-Racah tableau.

5 Association schemes

This section is an entry point for the combinatorialist. Recall only that a bispectral
pair is a couple of operators, each tridiagonal in an eigenbasis of the other; such pairs
are already present inside finite combinatorial objects. A symmetric association scheme
on a finite set X is a family of {0, 1} adjacency matrices Ay, ..., Ap with

D D
Ag=1, D Ai=1J  AA =D phA = AA,
i=0 k=0

spanning the commutative Bose—Mesner algebra—the matrices the scheme diagonalizes
simultaneously—with primitive idempotents Fy, ..., Ep projecting onto the common
eigenspaces. When both families are polynomial in a single generator (the scheme is P-
and @-polynomial), one has an adjacency matrix A and a dual adjacency matrix A*;
adjoining them gives the noncommutative Terwilliger algebra T = (A, A*), on each
irreducible module of which (A, A*) is a Leonard pair. The eigenvalue data of the
scheme are then (g-)Racah-type polynomials, so the combinatorics is governed by the
algebra of Section 4. The Johnson scheme J(n, k)—k-subsets of {1,...,n}, adjacent
when they share £ — 1 elements—is the canonical illustration. Its Terwilliger algebra is
a central extension of the Hahn algebra [9]: writing a k-subset as a spin configuration,
the dual adjacency A% =), o) =2J° (with o, = diag(1, —1) the Pauli matrix) and
a Johnson edge is a weight-preserving double spin flip, so A is essentially the total
su(2) Casimir. The change between the coupled and uncoupled bases is the su(2)
Clebsch—Gordan transform, with dual Hahn coefficients, so that the combinatorial and
representation-theoretic descriptions coincide.
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6 Recoupling and superintegrability

The Racah algebra—the ¢ — 1 quadratic algebra of Sections 2 and 4—also governs
the recoupling of three copies of su(1, 1) in the quantum theory of angular momentum.
With Casimirs C® = ); and intermediate Casimirs C'*), the identity

c(23) — 0(2) L @3 4 oBY) _ o) _ @ _ c6)

leaves two independent intermediate Casimirs, and K; = —1C"?, K, = —10®
generate the Racah algebra. The recoupling (67) coeflicients are the Racah polynomi-
als [1]. The very same algebra is the symmetry algebra of the generic three-parameter
superintegrable model on the two-sphere,

21 21 k21
H=R+R+72+2524 4+ 24423 4 2yalia?=1
x3 x5 x5
Here J; = —ie2;0; (with summation over j, k). Realizing the three su(1,1) by

singular oscillators (radial motion in an inverse-square potential) gives H = 4 C'123) +%,
and each constant of motion is an intermediate Casimir, L = 4CW@ —a; — a; + 1.
Recoupling and superintegrability are thus governed by the same algebra.

7 The Bannai-Ito algebra and higher rank

Leonard’s classification has a second edge. Alongside the limit ¢ — 1 (Racah) sits
q — —1, where the polynomials become the Bannai-Ito family [2]. These are bispec-
tral through a first-order Dunkl shift operator—a difference operator built from the
reflection Rf(z) = f(—x), in the manner of the Dunkl calculus of reflection groups—

L=F@)(1-R +G@)(TTR-1), LP,=\P,,

and L together with multiplication by x generates, through anticommutators, the
Bannai-Ito algebra

{K, Ky} = Ks+ws, {Kj K3} =K +w, {Ks K} =K+ w,

whose natural home is the superalgebra osp(1]2). It is the exact ¢ — —1 mirror of
the Racah construction, with three osp(1]2) replacing three su(1,1). A more recent
and active direction couples n copies rather than three, producing the higher-rank
Racah algebra Rac(n) [3], generated by the intermediate Casimirs C4 over subsets
A C [n]. A central quotient of Rac(n) is precisely the centralizer of the diagonal su(2)
in U(su(2))®" [4]. Its overlaps are the multivariate (Tratnik) Racah polynomials, and
its combinatorial homes are the multivariate P-polynomial association schemes and
the associated m-distance-regular graphs that we have recently introduced [5].

8 The algebraic Heun operator

Until now the two eigenbases of a bispectral pair have been related only through
their overlaps; there is also a particular operator that couples them, and it turns out
to arise in a range of concrete problems. Given any bispectral pair (X, Y), the bilinear

W=nXY +nYX+nX+nY +71]

is, for a Leonard pair, the unique operator that is tridiagonal in both eigenbases
(Nomura—Terwilliger). For the Jacobi pair, with X = x and Y the hypergeometric

—50—



operator, W is the classical Heun operator—hence the name algebraic Heun opera-
tor [6]—and it is also characterized as the most general operator that raises every
polynomial degree by one. Such an operator is associated to every bispectral algebra:
Racah, Askey—Wilson, Bannai—Ito. This operator has concrete uses in areas far from
special-function theory. It underlies the time—band limiting problem of Slepian, Landau
and Pollak, a cornerstone of signal analysis: a local second-order operator commuting
with the pair of limiting projections—which are difficult to diagonalize numerically—
is obtained from the algebraic Heun operator of the underlying bispectral pair. The
same mechanism enters into the determination of the entanglement entropy of free
fermions [7], a question of great significance in quantum information. The ground-
state correlation matrix
Crin = (Yo C;rncn o),

restricted to a subsystem, is a full matrix with nearly degenerate eigenvalues; but when
the single-particle wavefunctions obey a recurrence with Askey-scheme coefficients, the
chopped C' commutes with a tridiagonal algebraic Heun operator sharing its eigenba-
sis. On distance-regular graphs (e.g. the Hamming [8] and Johnson [9] schemes) the
chopped C lives in the Terwilliger algebra 7', and the same tool, together with the rep-
resentation theory of 7, allows the diagonalization of the entanglement Hamiltonian
block by block.

O Rational functions

The last part of the lecture turns to the current frontier of the subject. Or-
thogonal polynomials solve an ordinary eigenvalue problem (EVP); biorthogonal ra-
tional functions solve a generalized one (a generalized eigenvalue problem, GEVP),
Ly, = \,M ¢, for two tridiagonal operators L, M (Zhedanov). To treat both prob-
lems in a unified way, meta algebras have been introduced [10]. EVPs and GEVPs are
posited in modules of these algebras and overlaps between EVP and GEVP bases are
found to be bispectral rational functions. For the Hahn case the meta-Hahn algebra

contains the Hahn algebra as a Leonard pair and returns both the Hahn polynomials
and the Hahn rational functions (both of 3F, type). The most recent development
recasts this in linear-algebraic terms. A Leonard trio (V,V,Z) [11] involves the exis-
tence of eigenbases for V' and V and the property that Z and products of Z with V'
or V be tridiagonal in these bases. The overlaps of these bases satisfy two three-term
generalized eigenvalue problems and are therefore bispectral rational functions. Where
a Leonard pair produces polynomials, a Leonard trio produces rational functions; set-
ting Z = I collapses the trio to a pair. In the Hahn case the trio algebra is isomorphic
to the meta-Hahn algebra, and in the Wilson case the overlaps are the Wilson rational
functions. Classifying irreducible Leonard trios is the rational analogue of classifying
Leonard pairs. This task would eventually provide a rational Askey scheme.

10 Conclusion

A central theme runs through the material presented. Bispectrality—the property
of a family of functions satisfying both a recurrence and a difference or differential
equation—is encoded in a quadratic algebra whose representations return those func-
tions as overlaps of eigenbases. On the polynomial side one has Leonard pairs and
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the Racah/Askey-Wilson algebra, realized in association schemes, in su(1,1) recou-
pling and in superintegrable models. For ¢ — —1 one finds the Bannai-Ito algebra
via 0sp(1/2), and higher rank considerations connect to multivariate polynomials. The
algebraic Heun operator is tridiagonal in both eigenbases and provides a means of
characterizing free-fermion entanglement. On the rational side, generalized eigenvalue
problems, meta algebras and Leonard trios provide the algebraic framework, with the
Wilson rational functions at the top of the scheme. Several questions remain open—the
full classification of Leonard trios, the rational theory at ¢ — —1, multivariate rational
functions, and higher-rank meta algebras. In each case considered, the solvable struc-
ture is governed by a quadratic algebra whose eigenbasis overlaps are the associated
special functions.
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