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The universal framed KZB connection in higher genera
A0 R GRRBEE)*

Knizhnik-Zamolodchikov (KZ) ##i & 1%, HFFHEH C LD n (> 1) KOEEZERM i
EE B FHERHTH S, FHEHDL 1 D526 2 €/ a3 — XN 5 EAREED
YR (Lie) BENOHEE D, KZHHOE/ FuI - 3ZHELX - XEATHARZIN 5.
ZDE/ Fu I = 3AAMRKAEMTZ T, 20T X 512 double shuffle BfR % b 725
FTZeWEHE [Furll] e & bRt ws. AAEGRKEZR T 211X, BLE 22 0 HAR
T H 2 tHAMBE DM DAL 2 IR X 1 5 FAR (“coproducts”) BRETH 5. ZHUZ, K
EDME ZDEFETC ETHMEIRaI— L THEARICT 22 THEON S,

KZ $#fe DR g ~DO—fft (g 0 o C 2z —fROEHOHEICIRD B Z % H D)
(& Enriquez [Enrl4b] IC X D EA XA TED, ThzHVWTEEBOZEY — X HEER
TZ5. L2L, 2o oo AABEGRAD X 5 2 & 02 BZRKIZARR S Twvwizn.

AFE TlE, Enriquez DD framed version 2T 5. Z AR D universal
framed KZB connection T®» 5. ZHUd Enriquez DRt ZIEL7-dDTH D, #hil L
DA 2k T 2 BIfR 2 i 72 5.

1 Enriquez #&#t & framed version

C 2l g DBV —~< > L, Conf,(C) TC LD n O IEEREEZERS. C O
BEEME % AW T, Enriquez & Drinfeld-Kohno Lie ¥4 t,, (fRE0x & OFIHEER o,
ZEALTz. t,, 3FAERERZRL, C LoOMAMEE PB,, := 7 (Conf,(C)) T 2
Lie RETH 2. g =0 D& 3 HIMAYR KZ #Hii—8 3 5720, KZ #EHio— kit &
B L. SO%E, B/ Fa I —3RHERE p: m (Cont,(C)) — exp(ty,) TH 5.

PB,o OEBITOHH S X2 Y2 (1 <i < g) ZHEYNCHS &, FEY—XEIZD p
T A]? B}? € exp(tyo) O (GEYIR t,0 LD T5E) KHET2) BB THLLEZS. C
o D7 BRI EE 2 7w, BFETFH C 0551213 C OFFHER IR framing (D% D
CHo THAIZ OBER) ZHWz. —J5T C IZI3EHER R framing 38V O T, fH A
DAL RS B 2120, MOEET TGRE) PR EIZRS. £ 2T, framed ZFLEZ
[ Conf(C) 2XD5| R LKRTED B. UTC 1% C OHAHERTH 5.

Conf™(C) —— (UTC)"

| !

Conf,(C) —— C"
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Conf™(C) OJTIX, C OB B n fUTHNHERZ MADBTWEZBDOTHSE. 25T 5L
PBY := m(Conf)(C)) I2i& coproducts 28E % b, B3 % Lie fRE T, & coproducts
2RO, ETRZ ty, LIIRD (g # 1 TR ARLZRV) ZRINT X R 5.

0= C" =ty Dty —0

FIE 1 (T.). Conf;(C) Lo tf MO FHEEHE off BIEFAEL, 7 (o) = q(af) ZiiZF.
ZOE/ FaI—dPBY, &, Lo coproducts L EAMTH Y, KZ HEHUHHLT 5.

2 Gonzalez M operad ZAW-EH

Coproducts € BEHITH % £ W5 F5RIE operad Z HWTHRIZHAR SN S, Z 2Tl
AR EIZ 3 23, Gonzalez [Gon20] I operad D FHETHEAL g D Drinfel’d associator %
EF L7z FizzE@Fw e LT, L g D Drinfel’d associator 1338 @ Drinfel’d associator
123 ¥ 29 fHlD exp(thy) OIC A7, Bj* (1 <i < g) DMTH Y, ROBBRREM7ZT b
DTH5.

Wol — 1

W12,3 — @1,2,3W1,23(@1,2,3)71R1,2®2,1,3W2,13(@2,1,3)71}32,1
(@1,2,3Wb1723(q)1,2,3)—17R1,2(I)2,1,3‘/a2,13(@2,1,3)—1(}{1,2)—1) -1 (a < b)
R1,2R2,1 — (R1,2®2,1,3A2,13(@2,1,3)—1R2,1 @1,2,331,23(@1,2,3)—1)
RIZRRL(FI2200) = (A1), B12) . (A1), BY?)

ZZTW,Ve{A B}, 1<ab<g R¥?=¢e12/2 F12=cu/2ChH23. EH1Z oD
B/ PR I-DPINZilildleeEFRLTVS.

H AR double shuffle BARR 28 W= X 512, 2h s OB%RA» o &L E
£ — ZED IR ROBERREIN L Z E ZFFL TV 5.

BE ik
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Generalizations of Euler’s identity for harmonic numbers

B E—8 (RIS FRF)

1 Euler D1EZL

TEDOIEBE N T LT,
N

() s

n=1

DAL T 5. BRI T 2 e M T 2 e b e s ZoEERIL, G
B HHETH D, REANRBEETH LIFLIXID EFsns.
EiF, ZoESERIDRL LD Buler KETHS Z LA TET, OV [4] Tl

§. 13. Hinc ergo nacti sumus sequentem aequationem maxime memorabilem:

() 1%@1) +§<§> () +5() e =2() -

T
totg Tty n

LEREEINTWVS.
Euler DEERIZS VSNV TH 0, A L—BRILPE DD Z e 6NTED, B

HHUCHBDPTROVARTH S, ANTIX, ZHEHLT L) twIHHOEAL DLy, B
Y 2 HEREMENT 5.

il

2 Hoffman—JI|EDIEZER

Euler DEEXDOF OOV T, 21— L 2 L L v~ 3 &, oz
DWTEZEMMBENS. DT, N ZF - IEOBHTH 2.
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EIE 2.1 (Knuth [14]). FEDOIEBE kLT,

e
nk n) my - My
n=1 1<my <--<mp <N

N AIRVASN

¥, SEY— BT 2WESHT L BN ZENORLE N TN 32, JIo
FRTHE I N Knuth EEFEXZE1E, TARFRXOM) TRREATVWREZEHZ
v Bz, Y =12 LT, R

(s+1) NC@
N’ =D
m=1

LEFT B LY, Knuth OESROAEE P v Rxh Tk

EIE 2.2 (Hernandez [1]). EEDIEEE [ 12X LT,

> ) -

1<ny < <my <N
N AIRVASN

EBEOM E = (k,.... k) ZA YT v 7R X0 (r 2 k DEI L IXR), 2O
Hoffman X4 > F v 7 2 kY WEHZEREINS. 2P EOEDZE 1+ +1 eRT 2K
FoT, ATy 7R e NaryvidBe 7’7 R5E] OATRIT X, Tary<ids)
¥ 752508 ZANEZ S Z 212k > T Hoffman A > F v 7 2081860 3. )
(1,2,3) = (1,1 +1,1+1+1)%DT, (1,2,3)V = (1+1,1+1,1,1) = (2,2,1,1).

EI 2.3 (Hoffman [7], Kawashima [10]). fEEDA > F v 7 X k = (ky,..., k) IZDOW
‘f, kv == (ll,...,ls) Z?%t%,

> ) r g

k
1<m <<, <N T T T 1<mi<<ms<N T s
DD 3D,

Z AUX Hoffman OEFEFER  Xidh b Z & 32023, FERIX Hoffman $ IIHAIZIED
AEFHL TV 3. S DOHRETIIINNED TRV, L 7Y ¥ b DREHIE Hoffman OJF5
DIE.

k= (k) e5nE, k)Y =(1,...,1) TH 27, Knuth OEERPELN S, k =
——

k
(1,...,1) &34, kY = () TH 27, Hernandez DEEFEXDG SN 3.
I
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3 EREALEIC K BEEEA

Hoffman—JI| & DEFERICOWTIX, M4 ZRAERAGTERIHI OGN TWS. 2 2 Tld, #5H
ke AT GER ORG240 3 5. EREFITEIZ Z E L — ZEO RO BRI OHT L VAR A
ELT, (18] TRESNLHDTDH L. Z0HK, —_A G [17] 72 LT, B4 I2BIRABE
FAHT 2 DICERFILETH 2 Z e PRI TV 5.

TE 3.0 GEER). 479 2R (ko k), (.- 1) LT, SR %

1 1
ZN(k17"'7kr;l17"'7ls): Z M—C(nr,ml)ll—

1<n1 < <npp <N
1<m1<--<ms<N

THY, axrx—tXidns.

S 3.2 (MREER).

ZN(kly---;kral;llp---7ls) :ZN(kl,...,k?T;ll—f—l,lQ,...,ls),
ZN(kla'--vkr—lakr+]-;lla"'als) :ZN(klw"?k:T;lall?'"715)‘

FER XD 2 o0RAZZhZHGEH T KWV (HESANC K - TRHBEIETRETZ %):
Z C(k m)l =C(n m)l C(n m)l = Z C(n lc)l O
Y k’ ) m7 ) n ) k

n<k<m n<k<m

WE 3.3 (HRLM).

_1nrfl N

1<n<<np<n T T N

1
Zn(Ll, ..l = > -

s
1<my < <mo<N 71T T

SR 1 DHIZOWTIE, ZOXSKERLTBIIE, GHDA VT v 7 ANETH->T
b BEANTHIEBI R T 5 & VI EK. 2 DHIZOWTIE

Sy (3)-

n=1
Ehfeons. O
EXRERKEZHWTA YTy ZRAZEPOENFIEL TV Z2IZKD,
(].) @Eiﬂ = ZN(kl, ce 7kr—1akr + ]_, @) == ZN(l,kv) = (1) @Eiﬂ

¢, Hoffman—) IS DEFEXDGEHE NS .
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4 BRZEL—FENDIGH

ARZEEL - ZEL JIEN 2 ZEY — XHEHOHLIZ, B

A= 1] Z/pZ/ P z/pz

p:prime p:prime

DILL LTEREING. AV F v 2R k= (ki,... k) £ &EH p IcoWVT,

> @)

0<ny<-<nyp<p ny

ZmodpT5ZLIKoTL/pZ DIt%ld, TNHZWRTHRIZ ADITLEZEE LD
OB, ARZEY —2E (4 (k) TH 2. ARTEHRL LTHAZ DI,

> ®)
1< <o<np<p—1 11T
D HEBRICERS NS (k) DT TH 2D, THHIFHERZEY - XEOHEM TR ST Z
EMTES. ) (1,2,3) = C4(1,2,3) + C4(3,3) + C4(1,5) + C4(6).
Hoffman JI|EDEHERICBWT N =p -1 RAL, modp 222k ->T, M
TOERZEY —XEOBOBEFRAIE LS.

EIE 4.1 (Hoffman [7]). fFEDA T v 7 A KITH LT,
Calk) = —Cu(k")
DI D LD,

BRAG, EBEH n o LT

=11 Z/p”Z/ P z/pz

p:prime p:prime

WK—RILTX 2. £z, TNOE2EDLDDIEIFERELRTOT, HifR%Z & - T
ﬁ:l@A

EEHTE, (2) & mod p* LTHED S I LIZ& o T (k) AERS R, (3) 25 (k) 7

EFEXND. HEZEY —XEOBMOEGERE A BT 2MERICY 7 M52 2 2 I3

WRDSD 2 73, FER, “JAROE D Z p R L TR T2 2212 & D, EH 4.1 13RD &
2TV 7 FENB.

EIE 4.2 (Seki [16)). {FEDA ¥ T v 7 & (ki,..., k) 2OWT, kY = (lh,...,l,) €T3
rE,

Zg (k.o ke 1, Zg (I, ..l 1 1)p’
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i AIRVASN

22T, p=((pmodp"),), € ATHY, Al pEMHICEHLTEKBTHS. A~
A/pATHD , EFA2% mod p T B, AL L7253,

5 RuOJik
t #AEILE LT, Euler EFERICt D7

i (—t)" <N> _ i 1—t)m—1

n=1 m=1

MDD, t =1 234U, Euler DEEFRE 2 5.

fDEHZFAT 2BEORXEE e LT, ZOEEFXDIAREMNCHN TV 25U TG LT
WTEZH ([20] D Lemma 4.1 DFFAZR YY), T~0EEFERX] r#»ri2Z7L Yy F2ER
53 K5 REIE AT s TwiRn.

EIE 5.1 (TaurasoZhao [21]). fEEDIEEE L 1Zxf LT,

SNy oy e

1<my <o <my <N

i AIRVASN
t=1¢3HE, Knuth 0EHER L % 3.

EE 5.2 (Sakugawa-Seki [15]). fEEDA ¥ T v 7 2 k = (ky,..., k) IZ2WVWT, kY =
(I, 1) b FBL X,
(—1)m (N (1™ —1
Z kl__. k”‘(n): Z ll ls
1< <ogne<N T NI <l v T T T
DI D LD,
t =1 23U, Hoffman)I|GDEENX 125, k = (k) & FHUE, Tauraso-Zhao OTH
FReR 3.
EHIREBEBILT 2D TE, 20— REZEL LD TEED, RIA VT v IR
HB(1,1,...,1) DEEEEZNZ T THS.

EIE 5.3 (Sakugawa-Seki [15]). fEREOIEEBE k ERNETT b1, ..., t LT,

Z t7111t32—n1 . _tZk*nkfl(_l)nk N
nl . . nk nk

1<n1<-<np <N

1— )™ — 1H(1 — ty)™2m e (1 — )™ me
-y {(1—11) H(1— 1) (1 — t)

mlaa.mk

1<m < <mp <N
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COEERTEERC0 £33 1 2RATE2HE,00=1 eBRLAEX»GEoN 2 2
CEHERTES. ZOZeh s, DA VT v 7 RADGERIGEIENTES.

ZDEFER DS Ko TIRB OGRS IEDNE 2 S0 253, FamSCHER I 13RSI
FELERL, BRWESEHZZEAL, 4 V7T v 7 ADEX (57 O BT 2 52
[RIFHNIE CRERH L /2.

Hoffman)I| GO EHEARDIGH L THRZEY -2 EORORKRA G LS,
FEON-BIDEER D S IFBARZER Y v 7 OB OBEKEAE NS ([15, 16)).

73, EAN-BOEER & FfEZRAE, FEAN-BEED 5L )IE-HF [11] 12Xk o T
dELI TV, £z, EANI-EOEEX L FETH 220500k % LEEX, BLUZ
NZHEIZ g B LEEXZHE 8] 2R L TW5. Z4Ud Mneimneh X Boyadzhiev &
DMFED AR BIT 5 —(bD X 572

6 -3

¢ 0<q<1%ZldFEZHEe LT, ¢BEn], %

CLHERT D,

FIE 6.1 (Van Hamme [22)).

i (—1)n-1gnimtD)/2 (];r)q _ i [g:]z |

n=1 [n] q m=1 q

q—132%r, Euler DEFERE 2 3.

FEIE 6.2 (Dilcher [3]). EEDOEEE LITHL T,

i (— 1)t gnn+D)/2+(k=1n ( N) > gt
[n]k nj, N [ma], -

n=1 q 1<my < <mp <N

DAL D LD,

qg— 1235k, Knuth 0EFRE 125,
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EI 6.3 (Prodinger [13]). TR DIFER 11X LT,

— npn N m
Z (_1>nz 1q 1(m+1)/2 /N _ Z q
m), = 2l

1<n <--<m<N [nl]q e [nl]q

DI D LD,
q—1¢3%¥, Hernadez DEFHFAR 72 5.

EI 6.4 (Bradley [2]). fEEDA VT v 7 A k= (ki,... k) IZ2WT, kY = (Iy,...,1)
ETHE X,

Z q(k171)n1+---+(kal)nr (_1)n771an(nr+1)/2 (N)
q

1<n < <np <N [nl]gl T [m]’;r Ty

- E: Iy

1<my <--<ms<N [ma]q

gmtms

o [l
DAL D LD,

q— 125 3%, Hoffman)I|BOEER Y 2 5. k= (k) & 54U, Dilcher D1HEFR &
% k=(1,...,1) & 3UX, Prodinger DIEFENR 12 5.
l

7 KEL

ZEHY — ZEDO I BB REBERA E Kidh s EZ L —RILH D 5 ([12]). —77
T, ARZEL — Z{EHIZOWVWTSH Hoffman 12 & 2 BOoHE (EH 4.1) B D ILD79, ZH
ZREATEROVDL WS HAREEMMPEL 5. ZOBRI LR ONLHRZEY —XH
D DBARID, XKTH 5.

ATy xRk =(k,.. . k) L EEEROM e = (e1,...,¢,) THLT, 4 ¥ F v 2

AkdeZ
k@€:<k’1—|—61,...,kr—|—€r)

LEHL, B b(ke) %

b(kj;e) :H (k1+61+5zl+5zr—2>

e.
i=1 v

CEFRTSH. TIT, 4y 1 Kronecker’s delta TH D,

(e—l) )1 (e=0)
e ) 10 (e>0)
CEDD. BB e, r LT, J, Teg+ - +e =e Z2ied &5 RIFAEHBDM

(e1,...,e,) BRDEGZET.
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EIE 7.1 (Hirose-Imatomi-Murahara-Saito [5]). fEEDA ¥ 7 v 7 X k & IEEEE e 10}
LT,

> bkie)ikoe)=— > Gk De)

eGJc T e EJe s

MDD, ZZT,r ik k DFEE, s 1Tk’ DFEITH 5.

e=0DELEFEM 41 LN THRILT 5. R b(k;e) DDV TWEDTEHY I F
NOREFEABRKAIDELLRVEKT 200 LARWD, ZORBDH 57D AN
2 E TR 5 72 205 s, [5] BIBTICIZ 2 0 & 5 RAROFEL FHIS ATV
Mol ITEBbhs.

EH 4.1 1% Hoffman /| & DEER%Z mod p LTHELNEZDDTH o720, EH7.112
DWVWTH mod p T AHNIHILT 2EHFRIEZDH 27255 h. ZORMANDEIZEDLIRDE

AT 2 A k=(ky,....k) IR LT, Hy(k), (x(k) ZFhzh

Hw= > (V) G Y e

nkr
1<n < <n,p <N r 1<n < <n, <N 1 r

EEDD.

EH 7.2 (Seki-Yamamoto [19]). fEEDA T v 7 R k 1B e 1ITX LT,

> bkie)Hy(k@e) = }:QV 1) Y Kk o€

eEJer e—j e EJJ s

MDD, 22T, r i3k DIEX, s I3 kY DIEXTH 3.

e=00HEFEENX (1) eRLUTHZITS. modp 28, G(L,...,1) =0THEE
LT, EHT11ME605%.

Hoffman—/)I| & DEERIZ ¢-FLUTHER T %5 Z & 23T & 7% (Bradley O1HZERN) 23, &l
REFAMEFEUIZONWT D, ¢-FLUTHIR T 2 2D TE 5.

AYFv oAk = (k... k) LIFEABHROM e = (e1,...,e,) KN LT, Hy(k;q),
(ke q) ZERER
(ki —=Dnat-t(kr—Dnr (1 nr—1gnr(ne4+1)/2 7 N
* q q
Hyksg) = ) Y ( )
1<n;<--<n, <N [alg" -~ [ g /g

(el+1)n1+"'+(€r+1)n7‘

* . . —_ q
ZN(k, G,Q) = E : [n ]k1+e1 . [n ]kr+er
Tlq

1<ni<--<n,<N L'°Ll4

EEDD.
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EHE 7.3 (Seki-Yamamoto [19]). fFEDA T v 7 X k L IEE e 1ITX LT,

> bkie)Hy (k@ e;q) = ZZN ., 059) Y 2a(kYiehq)

ecJe r ] e—j E/EJJ'73

DDID. ZZT,rid k DFEE, s 1Tk’ DFEXTH 5.

e =0 DHEIX Bradley OEFNR R LUTHRILL, g > 1 T2, EH 720155
ns.
COEERZ, axrx—%
C (n m) _ (_1>n—1qn(n+1)/2 [n]q — qnx H;anl([h]q — qhx)

q" [n]g![m — nl,!

AL T B 2 I & o T, HAENEEHWTAEHTX 5.
8 JIIBRfRIC

Hoffman (& Hoffman-)I| & DEEFX 2 ARZE Y — 2 HEO M OREAGRRANSH L7228 (8
A1), NEBEZEY — XEOR ORI ALH L 7.
AT IR k= (k... k)X LT, Newton HEk
(1t (e
Glit) = 3, |,

k
1<ny<o<n, 11T T

BEZD. o E JIEEEF(kt) A

F(k;t) = G(k";t)

WCEkoTEREINS.
20DA YT v I Ak, LI LT, ZORX—IRFAFE k ¥ I 234 > T v 7 ZDOBEHUR
B S LTERSINS. ) (2) % (3) =(2,3)+(3,2) — (5). 2Dk =, BHERLHE
UN:Y

n(R)CN () = (R * 1) (4)

DD IO BRI SBNTWS. T T,
CN(2)Cn(3) = ¢ ((2) * (3)) = (N (2,3) + (N (3,2) — (¥ (5)

D& DI, (K BRBICHER L2t 2 VT W3, 20 & 5 RAEERIE ¢ DUMS b EE
Ad2z22e33. JIIEFINEBEBIZOWTHREBEDREARDIKIT 2 Z e AL 7=,

FIE 8.1 (Kawashima [10]). FEDOA YTy 7 Xk & LITHL T,
F(k;t)F(l;t) = F(k * L;t) (5)

i AIRVASN
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ZOEHDNEIZX 2L, (EEDOIEBE N IIXT 5 t = N OGEDKILIZ)FE S
#2525, Newton B OHEHICB I 2 MEHEZH Wb DTH 5. HoffmanJI|EHD

EERICE-T
F(k;N) = G(kY; N) = Hy (k") = ((k)

THBID, (4) 12X > THEIS NS 2 L A3b 5.
Newton g & U TER X N7z G(k;t) 1%, Taylor BN

Gkit) =Y (—1)"7'¢((1,.... 1) @ k")t

m=1 m

Zii7z 3728, (5) DM % Taylor B L TRELLIKT 2 Z 212X > T, ROEHIES
N5 @BIUK OERIEZETZ FELLAD VWX 23 22O L), (k) 3%
HY—XETH 3.

EIE 8.2 (Kawashima [10]). FEEOA ¥ T v 7 X k, | LEREDIERH m 12X LT,

@y e )L e @) =—¢((L .. D@ ((kx1)Y)Y)

N—— —— ——
a+b=m a b m
a,b€Z~0
LD 3D,

CHEZEY—XEOBORBEFRRNTH 20, m=1DEEE2EZX 2L ZHEY—XHE
D HDOREEFRD R o1, 2N ERBERRXOBEE D L JidhTws. £, —o
NEBFRAIZEBWT, EARRH S ZEL—-XEDOFHEZ Y v v 7VETEMT2 212k -
THELNIEREFRAX, Zh 0RO EEZE IS 22 IC&-> T, ZEEL - XA
DE DGR R T FHIh TV S.

9 JIISEFRHDAZAIVYEVRUTF

(6] TEAINZZEY XKL YEY FMEOBICIIH A ZEGRRK D Lo, 2h
SIXZEY - XEOMTHR Y LOBBRR e 2 FCEELLTWS. EB kL >2TH5 X
SHBAVTF I A (k.. k) SHUT, k.. k) %

Gk k)= Y > (HNL,) (H 1)

AC{ilki=1} ni€Zso (1<i<r), no41=N \i€A ©) \iga i
n;<ni41 (’LGA)
ny<mj41 (’LQA)

YERL, ZEY—RZZAXEY FE (k... k) %, BEEIIL LT O, .. k) =
(CS(key - k) Nezay EEFET B,

lim ¢§(k) = (k)

N—oo
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TH2Zehs, BRROBEELONS. —F, ZEYX — XEOBOEEDOBEBRRINZ
HY—X XA YEY FEOBTH D LOHIFTlERy. ZEY — X EO M OREFOBEHR
APZEL XX VEY MEOHTHHM D IO X, ZORAFZKIELXAAYESFY 7 b
THERETS.

Fi, NEBEFRRIZAYES RV 72T 5.

FEIE 9.1 (Hirose-Maesaka-Seki-Watanabe [6]). EFEDA > 7T v 7 X k, I L EEDIEE
Bm IlTHLT,

;m (¢! ® (KY))C (1, b @ (1)) = =¢%((, m D@ (k*x1)Y))
DA RYASR

FES 0 v 4T 2 Ak = (k.. k) S LT, 8
] ={12,....n}, [lh={iel]|k=1}
ZHWS. £ (o) =2+ 1) (z+n—1) I LEERNZOEETH 5.

Gu(kst) = Y > <H #ﬂ) (g L’“)

AclrIENr) (n1 ..y EIN 1] ieA i
n;<n;+1 ((€AN[r—1] or i+1€[r]\A)
n;<nit+1 (1€[r—1]\A and i+1€A)

o )asw

LEFKRT B &, Taylor BN
m 1 1 k* tm
le (L. D)@k
ZEEAT X %. —7, Fn(k;t) %

Y v (T ()

AC[r] (n1,...,nr)EIN—=1]" MEA
ni—1<n; (1<igA)
n;—1<n; (1<i€A)

LEHRT DL,
Fn(k;t)Fn(lt) = Fn(k * 1;t)

MDD Z e ZMRTES. DLEEY, NIEBEBRKXOX AL YEY RV 7 M EIEAS %272
DX, ROEERXD AL 2 R 0.

EIE 9.2 (Hirose -Maesaka-Seki-Watanabe [6]). fEEDA ¥ 7T v 7 A kK IZX LT,
FN(k; t) = GN(’{:V; t)

i AIRVASN
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ZHUE, t — oo 3% &, Hoffman JIIBDOEHFERIC T 2. RIREZHRIIFFEICHE
HECTH 23, 3 HIDFEAZ EYNCHRIRS 2 Z L I2 X o CREMAT & 5 (RE Rk R
DIFZFICTH 2). LRI, EEHDOERDAMNLTEI S

E 9.3. HEHiENE

ZN,t(kla ) kra l17 s 7l8)

PP )3 > (Dy—wse)(II o)

Aclr]l BC[s (n1ene) E[N—1]7 (M1, sms)E[N—1]5 NiEA iefrp\A b
nlgni+1 (i€ AN[r—1] or i+1€[r\A) m;_1<m; (1<j¢B)
ni<nit1 (i€[r—1]\A and i+1€A) m;_1<m; (1<j€B)
CN,t((l —O0rea) Ny +0pea - (N —np + 1), (1 =0sep) - m1+ 0sep - (N —mq + t))

(—1)#B<H (N_n1j+t)lj)< H n%)

JjEB JE[s\B

CEFERTD. T, 6eal3rc ADLEZIIT, rZADLEZ0 LERINDLET,
ax T R—IZ

Civa(n,m) = (—1)"1n(m) ( (1= N~ )i

N—n+t
Cni(N —n+t,m)= N—n—m+tCN’t(n’m)’

Cni(n, N —m+1t) =Cnyi(n,m—1),

Cni(N—n+t, N —m+t) =
LEFEIND.

MR ¢t — oo & & AU,

1tlim Cni(n,m) = (—1)”_1n<m>

n

oElar s X —1c—,T 5.

BB, ARTIEFMERNT 2223 TERVD, ZELX—XKX A YEY FEDH DR
JEBIfRIE Dropl Bl KIZN 2 BIFBRNETRL S s Z &3, [6] iI2B W TBEICEEH
INTVWS. ZEY—XEDOBTHILT % Z e I 5 TWiz Dropl BB E X4 ¥ €
YRV 7LD TIE% L, Dropl BRI [6] ICBWTHID TRA I NBFRABETDH
5. REENB e WoTh, Dropl BRI EBEBRROBIET DR EENTVWE DN E S
PMIIEAHTH 5 L, REEIHRAE LTONEREBRARZAL YES R T T 20850
IOWTHIEHHTH % (ZEEY— XX 4 Y E Y MEBKRITARBEARZ — I35z X

LGN (k;t) 3A YTy 7 RO 1 BRI LIz, “X4 YEY FIR” MITH 25, Fy(k;t) 325 Tldk
W (DT, AR —RHAFBEARXPBRICRENS). ChSRELRDONENZ LWV Z3IThbrIZi3EL
bR hoTz.
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BRWZeREZDE, HAFMOFMBENHRTH 5, JIIEFEBFRL 7 LIy 7 T35
ED R D BITH - T2).

ZEY - XX A Y E Y NMEDBOFRER RIS Dropl R TR 2 ED
¥ % ¥, Dropl B2 & )| SRR DL 3 8H I 2 Z e ES (2, iR
7B R L COBERBRTH 270, ARZEL —X X4 VEY MEL IZEEFRD
HWTH3). 2D &> REHEGED Euler OEEROKIEL—RLr BN WS
HEIFHRFENEWVWZ XD

b DIz, AR TN E Nz Euler OEFRO—BLICR-> T L2 TEEL— AR
BOERTOWRVWDT, R EFRIRORMDB DY Z25TH 5.
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Kirillov-Reshetikhin MERICATFES 2 %A 27 Y 2 Z )LD
AR OWT

A LA (RERRIZKF)*

FI4VRTBU(Q) L g DT 4 Y F RO 0 LA OTEA r 12 LT, Kirillov-
Reshetikhin DRI B L UL KR 7 VR X LD RIIBEFAL. ZHRICHIEL T
Berenstein-Kazhdan OERTORM 7 VR XADBELET B2 e R TPHREINATVWS, 5
|, g237 7 4> ADE BT, r 23Ny = 4 PRINSHHIGT 2THAD & =, [1] DEKT
DEERIEL (decoration function) ZKD =D THE Lz, I e (brhi)
ft3zazickh, EEDITKR 7V RX)L B OBZHEEELRBELNS,

1 BEASVIZIL

B 27 ) RZOVIHR 27 ) 2 Z L DREGRTRR & L T Berenstein-Kazhdan 238 A L
72b DT, 7V RAZN EOMERTHRINIER & LR i, o) DREBEDTER T 2 2K L
DEHZH b, AHEE e, p; WEEHDOD ML O ZHZTHIDOTHH ., ZRDIE
iM% S COIBHERILIC X DIHEZ VR ZADBE NS [1, 5l KR Z VU RZX LK LT
XS T KM Y R ZADBEFEIET B e THIATWT, EFNETY 7 4 vV —ROH
REFNHIET 23565 D, Es MOBIERIADGE. A, MO TR TOEGETIETER
DD Z DD oTWT (2,3, 4. 5 & TIHEEEAULIC X D 72255 OB %O
BRASHTL %,

1 g=AD.

V={r=(v1,29,...,2,) | z; € C*}

PR e X )
i) { : (i = 0)

T1Tn

Tit1
() =
i) = 2
crn (@, ey Ty) (1 #0)
ci(z) = { (clay, e e, . ctey,) (i=0)

YBLY Vel e idr = LERERD) ST 28 M 27V 22V TH 2, =271,
o = Tp+1 = 1 }:j—-%}o
2 RERESEK

Bl 7 ) R ZOVTEEIBI e WO BERDI D B 1], ZHUd
c—1 ¢1=1

o | El)

*e-mail: okado@omu.ac. jp
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Ziii 7 S BBRECT, KRR 2 DEM o U R X R EEERL S 2 Z LI K D IERIZ Y
A &)V (normal crystal) BF 5%, EHRZ YV AXLEZEE ORI ERBE D7V X &
JUERE. BE e AV ei(b) = max{k >0 | efb £ 0} DEBEHEED DL RIVREZ LD L
TH2, SH. Why =4 PREUHBEST 2 KR 7V RZ LD & 2B E KD 72,

A Ny =4 b
An Wi, , Wn
B, wn
Cn w1
Dn W1, Wn—1, Wn
E¢ w1,
E;  wq
1 —
B 2 Ag),rzl;f(x):—+ﬂ+...+x Ly,
lx1 X9 Tn
1 x Tp_ Ty T T T
DV r=1fz) = =+ - 22 g2 g ol el gy
[z, Hop) Tp—1 Tpn—1 Tpn—2 Tp—2 T

IS DEMEABIZI KR 2V RAXNL B OZYRRALT S 7RFARBZZLICEDES
b,

3 KRZYJXZINDEZEERT
EBEEER 2 £ 2 Z 212k b, KR 7V 2 &)L B™ O ELHERRMIE SIS,

f3 AV r=1;
< <3< <2 <0

Dq(q,l),r =1;

BE R

[1] A. Berenstein, D. Kazhdan, Geometric and unipotent crystals. II. From unipotent bicrys-
tals to crystal bases, Quantum groups, 13-88, Contemp. Math, 433, Amer. Math. Soc.,
Providence, RI, 2007.

[2] M. Kashiwara, T. Nakashima, M. Okado, Affine geometric crystals and limitof perfect
crystals, Transactions in American Mathematical Society 360 (2008), no.7, 3645-3686.

(3] A, . REBA, &2 ) R 200 e AR, RIMS G288k, 5 1541 &, 2007 4 150-165.

[4] K. C. Misra, T. Nakashima, Affine geometric crystal of AS) and limit of Kirillov-
Reshetikhin perfect crystals, J. Algebra 507 (2018), 249-291.

[5] T. Nakashima, Geometric crystals on Schubert varieties, Journal of Geometry and
Physics, 53 (2005), (2), 197-225.
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7 > 7 3HEIRTHID G FRDMEIE
FAR TR (Bt EA)

1 ARBE gRT LI

MRE 21X, 2000 4F Z A2 Fomin, Zelevinsky 12 & DB A I N7z, A[#ERED 7 7 R
Th2 [1]. #EIRH#ITY (initial exchange matrix) & Xi¥h 3 ERFMELATREITHI B
052320, AEK x,..., 2, 2 HER (mutation) & MIXh 3 EFRAZE
w = [k1,... k] OIHZEH S 2 Z & T, FIZ# (cluster variable) & XN 24 ITO B
oV, . aY e RlOREATY] BY SRR E 5. FIREIIFIE A3 2 ke L
TEEIND. ZROFT2EERMHHEICK D, HABIIRESETF RS T, H 50 5
A e E N TV S . HABIIFREAT (separation formula) 23 = x?ﬁ g FX(y)
NS RRER O EHASNT WS 2. ZIT, gf,...,00 € ZTHYH, FY(y)
W, EROED 1 D,y = (xP, .., xPr) ZREHATH 5. BIERET O R AT IR
Zrvgl = (g%, 0n) B gART ML LR DX S ICHERD D 5O E L W»
S, Bk B TERINT VWD g X7 FILTH B, ZHEZHZERD b S 254
WKL TS (DD o) =al & g¥ =g!)[3]. 2D ehb, g T MUIHREKD
I B THORREIZ R 7T

2 GBW

gN\Z FVZIE, V= RO AL — MM T 2BERPBEINTVWS. ZOHFTRDHE
BRNRE LT, GREAPHS. & wiZhflL, g XT FLZUANRATH GV = (g),...,8Y)
Z Gl VW, g X7 PLOIFADRREREG & LTIRGNZHE C(GY) & G # L .
AU, n OCOHEKPHE L 722 Z e RIS TWE. Zhs GHoRke, Z D%
THEEER GBS, A(B) TRT. GRIE M. HE L 2#¥ECHALTWS), 2. =D
DHEDIEI L, MFOHDETH S WS WEZHL L, @EOREKTO (HFRE %
FI)BeRBZIEDPHLNTVS [3]. 20D G B, L— FRIZEBITF S Coxeter DHEFE
(Coxeter chamber) HHEDEM EEZ H5NTWV 5.

ZDEIIZ, g RT PVIEHZEBOEINZRET 2720 TR L, RAFEHINIC R ViGE
252 2 RCHIRZRWNFAENRTH 2. — /T, ZOMEIIEFICEMETDH D, BIEZ0
AR BRI 72 B IXIE L A CHIBHL Thizwn.

¥ T464-8601 ZIEAEET THEEXAEZN % BRFRF S TTBER AR
e-mail: ryota.akagi.e6@math.nagoya-u.ac.jp
web: https://sites.google.com/view/ryotaakagi/english?authuser=0
AFHHONEX, PEBZEEM KA ARE D Zhichao Chen K¥ OH-FEIISLICE D [4]. RFLIIRIAE (FR
EFKF:JP25KJ1438) DI EZII/-b DTH 3.
¥ —7—F : cluster algebras, G-fan (g-vector fan)
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3 FEE - S IEABRITNICHTS GB

KFBHONEZ, G BOFEMBHETFICOWT, 77 3 OF@®RITIICIEh 3 7 5 2
TR DTHB. Z 2T, BXPMEATHEITY B 238K (cyclic) TH 3 &1, B DRE

ROFEH £ (2 0 ir) TH2Z ez, B 2EER (cluster-cyclic) TH 2 k&, £T

DZER L 74751 ;ij %S‘Eﬁ#ﬁf% BIEWNS.
CDZIZAD G, K1 I#rns, Ro_fEHEO EFUc X DI N 3.
EIE1 ([4) Xo—HEOLER»EXS.
L. WIHDOER =123 1CEBoNLGH# CGY) (Ww=1][,...]) & 2 i ITDA
AT 2 3NN (D LG ZADRIL LD D) O—FH DOERER T 2T ET %
M QFIcEEND (KIELER).
2. (BTTIEARVD) ZLOWIINLT, 20 w MIRRICERZEA L THIRT % G #
X, 2 HKRHE vV icaEIRb (BFRER).
COEHOIGHE LT, XD g X7 FVICET 2HELERNS.
EIE 2 ([4) 772 3 oHEwRITSI B iTOWT, ROFEHEIMD 3LD.
L. g7 MU, BIRZS OZBRCT Y B2 7z 0.
2. Fw e j=1231HL, g8, 9% 95>0TH25, g, 95%,9% <0 THZEPDWN
THDL—HTHY, THIKZDHFEDBER, HIHZEITHOREDAICEIDIRE S.
¥/, TONEZEARNIKRD L Z N TES.

SE X

[1] S. Fomin and A. V. Zelevinsky, Cluster algebras. I. Foundations, J. Amer. Math. Soc. 15
(2002), no. 2, 497-529; MR 1887642

[2] S. Fomin and A. V. Zelevinsky, Cluster algebras. IV. Coefficients, Compos. Math. 143
(2007), no. 1, 112-164; MR2295199

[3] M. Gross et al., Canonical bases for cluster algebras, J. Amer. Math. Soc. 31 (2018),
no. 2, 497-608; MR3758151

[4] R. Akagi and Z. Chen, Geometric structures of G-fans associated with rank 3 cluster-cyclic
exchange matrices, arXiv preprint arXiv:2603.16326 (2026).
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HTAEVRIZBITS
Yang-Baxter aJ #5551 o #1514

W B (RORIS & XXAE)
HA EA GREKREXL), A3 EHE GRR#AR) ¢ OIFESE

B FAY VEHOAES ML EA T 2 RN R FED—21F Yang-Baxter 7#T
H5. FEEZERRICRZ ARV L35, ART bILRFIA—&X ¢ ITIRFET S
VeV LOMBIERZDRE R(x) 25, EAIMESM:

R(0) = P
B & U 7#E578 Yang-Baxter /250
Ris(x) R13(w 4 y) Ras(y) = Ras(y) Rus(z + y) Ria(x)
Ziti7zz 3 &, M A THOR#ESE NS, DL X
h = PR(0)
WEDRFININV =7 VEENERD, RltEA Y ¥ H

H = Z P iv1

o Yang-Baxter A& MEMNES. L L, ZOENMLIIHIBINNRTH 2 R 1751% H
Hee 320, 5260z h oo ERHEST 2D TR,
NI b7 R TEDINDS BARROESF 2 LT, Reshetikhin &4

[QF, H] =0, QF = [hiis1, hisrive]

MBHd. FEE R(x) %
R(z) = P(1 + zh+ 2%r® +...)

Y JEB LT Yang-Baxter AERICRAT I L, ZoLME 2%y RE»1E 00
ZRYIDOEAHEREESSLHETH S, Yang-Baxter A OO HILICB W T,
Kulish-Sklyanin, Oettinger-Honerkamp, Jimbo-Miwa &%, Z®%E5MH
IERIZE R Yang-Baxter TR L THAERAF T H 2 e FRL TV .

RHEHTIE Z O THEEZHENCHRRT 5. Fbb, ARXITRFTZEME Lo RATEEAE
Fi h %3 Reshetikhin &% 72372 513,

R(0)=P  P0)=Ph
,27,



27z 320 Yang-Baxter T DM R(x) FET 5. Ldo T, EAIZESMD
#ipHcl1, Reshetikhin §ffi% Yang-Baxter Rl OB+ &2 52 5. X5
2, MISS 5 RATHINIERFRI & U TERINTHRTE 3.

AEFHOHME Yang-Baxter 52X defect i TH 2. HEH D R(z) LT

Ria(7)Ri3(w + y) Ras(y) — Ras(y)Riz(w + y) Ria(x) = Dias(w,y)

B %, defect Dios(z,y) DBRARKEL > 2B T 5. d L Yang-Baxter /X030
272 51F, RIEXBDIESR defect B1FET 5. Reshetikhin s R TR X /-
R(x) 1I22WT, ZORMEXE defect /- TS L EE, ZhDIEFTHLI L eF
G352 ehmRy. AUk defect 32XE T %, Yang-Baxter HREADES .

BB, BFAY VBT 5 Liouville-Arnold o ME r 0BG Z R 3. Hil
AR T, T RBORFRDIFE L Alfi#tEss Liouville-Arnold EHIC X D)
DFbhd. BTFAEVEICBWTS, Yang-Baxter AJfE 51k & HEFRIE O B FTRE R O
BEINET 23T e fifF s Tn5d. AREEO FEMIX, Yang-Baxter rJfE %
RATANDEFAER DIV =7 VB B DFRANE T VI 25 DTH D, ZOHFER
HFEOMEL BRI T 2-D0BELE52 5. EE, FHANREEAY VIOV T
X, BMREREIET 2840 - ILOOMR e KEHOFEM L HAGDE 2 Z 2T, £E
DRIzt LT, Yang-Baxter AIfE 714 & R {E O JR A (R 17 & D F2AE D [FEMED S
L5, ZOEKT, FHNROEAY VI T % & T Liouville-Arnold ZUEHE 2
AT 5.
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The Kontsevich invariant and the action of the
Grothendieck—Teichmiiller group on 2-component
string links

R AF (LR IMI)
PriRy HER  (ALKHEE)

1 IC®IC

& A EHIN$ % Kontsevich FZ & 1E associator OHLD FITHK SR W—FHT, X~
NI LTI —RITIEZ DI D 51Tk 2 Z e RIS TV 5. ARFEHTIE, 2 BT R
FU YT I DGEICERE YT, Kontsevich N2 & D associator DHL D J7HTEM:
WOWTEET 5. Kontsevich FZEED associator DHLD & 2 i IX Grothendieck—
Teichmiiller ## %8 L CTEAHADO T 0 7EH KU Z IR TH 28 CE~NO v 7 EH
CEFZICBARLTVWS. KEHOEBEZDIFEEE LT, Grothendieck—Teichmiiller #f D%
By GT1(K) ORIREM R bV > 2" » 7 (proalgebraic string link) D233k
HEATH 2 Z & 23\, Furusho 12 & 2 H BMEICN L TEHPMNREREE X 5. Kif
HONEE [3] iDL, K 2B 0 ik 33.

2 Kontsevich 7"Z =00 associator &k7F14%

Kontsevich TZ &% Jacobi K MIN2H 277 7 DHETNT MLVZEMIEE DD
q RIS BNMHAERTH S, TIT, q BV INEIXZEDMICIFEEHIGE
HRTR Y INDZETHD. ZORERE, TTLAIFHEAEICH LT Kontsevich 12X D
D KZ HIEXOE Fu I —RHEOHNKRE LT Chen OREETZHWIZETEH
AEN, ZD% Le-Murakami (2 & D Drinfel’d associator & W72 &E IR KN 5
Z o7z, — 2k, Kontsevich R &EIX associator DHLD 7125 728, associator
O 2L D EZE S Kontsevich " &% Zo Ei3. NEE Zgp D associator DHID K
FHECOWT, MO IO DR TV, Mo rEr Y —2 ) VX —Rdk
RTHDZANY Y T DIGFEITONTIE, BOED 2 DGENMEIYIr— 2 75T
BOEFEEELARZREDR D 5. AL TIE, 2 O DGEICOWTU NOMERE1G7-.

M 21 TR 23RNV Zel, &, ® % associators £ 35. ZDE X,
Z(I)(T)SG = Lo (T)§6 LD LD,

TROE, DR EHBRE6 LLNTIX 2 DA MY 7Y > 27D Kontsevich & &

AWFZEIE JSPS B E JP23K12974, JP25K06954 UMM KES R « 747 « £ VXA N UBIZERT HFEAF]
F - FEFRFFEMLS (FY2025 fFZEER (I1) N Rr Y —r av ¥ a—% 2025 (2025a038)) OXEZ2ZI1T72d
DTH 5.

—929—



¥ associator DELY FIZK SRV, LA L, UTFOEE» L2 X512, LDERD
EATIZ W TIE—f% 12 1E associator DELD FITHIFET 5.

FIE 2.2 REMETEOR2MIPANI VYT T, (n>2) BIFEET 5 K IZHREK
% HDMERED associator @ 120 LT, K IZfRE%E d2H % associator & DBFEEL T

Z@(Tn)§2n+3 = Z@’(Tn)§2n+3 and Z@(Tn)2n+4 % Z@’(Tn)2n+4

MR DILD. X512, ® 2 horizontal TH 3 & =, & 3 horizontal TH 23 X 5 ITHALS.

2T, 2 ZROIEFHIE AR L L TEA S/ Drinfel’d associator ([1]) 2»
5135415 associator D Z & % horizontal TH B EMATWVWS Z EIZHERET 5. 2 {5
ZNY TN IDEETH, —KRICE, Zs & associator DD 2k 3 Z bl o
e, ZL DV 2 A PP RAT LMD LMD TS BB e dbbhrol. ZDIL
5 Y 2 M7 DHE DD HTIFEREOMP X BEZ 5.

T2 2.3 24K% LD (A[A) HEHEO T 2 A4 VAT W DBFHELT, GG WoZs
23 associator @ DHLD FFITH S 7.

3 BB R VT > UAD Grothendieck—Teichmiiller B {EF

Furusho {2 & b Grothendieck—Teichmiiller # GT(K) ORIKEWIRA +V > 7Y > o
ANOERDHFHRSNTE D, 22T 2 KO DOHAEDOERBRBEDNSDITOWTRHIEDLTE
HEhTwiz (]2, Problem 4.17]). AGEHOEZEERE D & Z OMENDETHIE 215 5.

FIE 3.1 Grothendieck-Teichmiiller # GT(K) OBEHEERD GT1(K) ORI 2 5K
DALV Y7V I NOIERIZIEEHTH .

n=1 n=2 n>3
kernel Kerp || Kerp = GT1(K) | Kerp C GT1(K) | Kerp = {e}

(12) (E# 3.1) (12)
faithfulness far from faithful ? faithful

1 BB n DA MY 7V ED GT(K)-£B p O & BFEMH.

BE ik

[1] V. G. Drinfel'd. On quasitriangular quasi-Hopf algebras and on a group that is closely
connected with Gal(Q/Q). Leningr. Math. J., 2(4):829-860, 1991.

[2] H. Furusho. Galois action on knots II: Proalgebraic string links and knots. In Periods
i quantum field theory and arithmetic, volume 314 of Springer Proc. Math. Stat., pages
541-591. Springer, Cham, 2020.

[3] H. Kodani, Y. Nozaki. The Kontsevich invariant and the action of the Grothendieck—
Teichmiiller group on 2-component string links. arXiv:2512.19132, 2025.
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FEBLIR Young MIED 7 v 7 Kkt & Jacobi ZIHD
Fk(E

B (W TR EITER)

Young KIJZ X\ WARES 2 FARHE Young 2 (LUF, ~PARMHERR) OfE%L [SST(A\, n)| I,
RHGRPRMZICBII 2 AEEDHEICBWTEER%XE %2 E7-3F. Frame Robinson—
Thrall (1954) 1T & 2 7 v 7 RRRLEE, 2D ¢ HERERRADHIR, =512 K BEw
D—ALDBHFEI N T E /. RFEEHTIE, EEEDE 60y = (k- 1,k—2,...,1) IZHH
L, B3 2 BB D BN T % PAEER O A% DY Jacobi ZIHA DR E % FW T
REIND e 2HNT 5.

Jacobi ZIER P (2) % Gauss OEBBMEI ,F) 2 FAVTRTED 3.

(a+ 1) —hk+a+B+L1—Z>

Pk(aﬁ)(z):—k, 2F1( a1 5

Theorem 1 ([7)). EQRE &k BE n (n > k) IS LT, KHKD 7.
[SST(Spn,m)| _ 2%(k1)? | (nbot mopmr)
SSTOnn)| (@R ' (=1). (1)
I E O 7y 7R - a7y YoRHEICED, 7y 7B 6E IS
&% Jacobi ZHAROKKMEE LTRINZ. FEEE, MNBT B o F, DT X —&XIZ
E+a+B+1=0 %73,

Example 2. EOEE k=4, n=06 DEEZEZ 5. BEDEIBEEREIK 6, = (3,2,1)
BEU 65 = (4,3,2,1) @ Young MAZL FOMD TH 3.

E -
54: (55:

7 v 7 RN ”
n + clu
ISST(\, n)| = 11 W
ZHWS &, |SST(04,6)| =896, |SST(d5,6)| = 8064 315G Hh, Adothidk
|SST(65,6)| _ 8064 _g
|SST(dy4,6)| 896
THb. —H, a=1, f=—S 0%, BEMNHBDAIX-EDk+a+f+1=0
Zlifz 372, Jacobi ZIENDRRMEIX
8!
b, EHOFEIR (1) DHERTE 5.

1 11

)Ly 128 815
4 35 7 128

*T674-8501 S RBAA T AERIPERN 679-3 BIA T EEEFHMAARL (BEER)
e-mail: t.shimazaki@akashi.ac.jp
F—v— ¥ ! Jacobi ZHER, FEEIESE], Grothendieck ZIEHRN, K MM Schur P ZIH
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ERL 1 ICHIN S Jacobi ZIHRNIT, K BERAINEBOPHHAIC BN TH NS, HE
BB % KHERD T X —& (Jacobi ZHHKD T X =& L I3fEAKET2) L, 7
SNz Young MIB% X T#F. Lascoux Schiitzenberger [4] A3%# A L7z Grothendieck
ZIHK Gy (v | B) B L Ikeda—Naruse [6] 12 &2 K HamH Schur P ZIHX GP;(z | §)
XL, Lewis-Marberg [5] i&, Gs, (v | ) = GPj, (v | B) Z/RL7z. D& Holman
DRI F™ 3] k3 RAXEAVS 22T, ROWLAELNS.

Proposition 3 ([7]). IEQEEE k BX K n (n > k) LT, RHD LD,
G5k+1(17"'71 | 6) Gpgkﬂ(l""’l ’ 5)_22k(k!)2 (n_k_lv_n%k_l) F5(121(_5)

Go(L,.. 1|8)  GP(1,...,1[B)  (2k) '* 2 (_1)X'}§§(:gj‘

Grothendieck ZIHR B X &8 K #EHHY Schur P ZIEAUCBWT, Fiikk =1 1kF 1
Z# Buch [1] IZ & D EA XN R EEFFER, B X Tkeda Naruse [6] 1I&5>7 b
SNLREEFEEROBZ BIFIcnd 5. 2o PEERo—RTtdhh, K H
A PR DA & B am B R AR e DB 8 5 BRI ATV S [2].
12, FRIL B =1 DN TIERAMD LD,

Proposition 4 ([7]). BEIE 6, BE S 7 P SRR 6, ML, n>k—1¢F
5. BB x;=10223=10FKLONT, FEHEFFEERBLIUY 7 SN EEHE

k—
2

wmEm gz, wihs () cEh g,

Proposition 3 1& f =0 1ZBWVWT EHOFIR (1) 2525, —7, f=1KCBVWTH
NBAIBRMER, il Young MIEOMGEICER T 2. ANFEHETIE, ZorREOHE
FIEHIZOWT, i Young K% FIWTHAT 5.

BE R

[1] A.S.Buch, A Littlewood-Richardson rule for the K-theory of Grassmannians, Acta Math-
ematica, 189(1): 37-78, 2002.

[2] T. Fujii, T. Nobukawa, and T. Shimazaki, Special values of Grothendieck polynomials in
terms of hypergeometric functions, Hiroshima Math. J., 55(2), 167-182, 2025.

[3] W. J. Holman III, Summation Theorems for Hypergeometric Series in U(n), SIAM J.
Math. Anal., 11(3), 523-532, 1980.

[4] A. Lascoux and M. P. Schiitzenberger, Structure de Hopf de l’anneau de cohomologie et de
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Z2 1t Noumi-Sano 1 32 O [&H i FEE O #8577 254

B @ (A
B KE (BHOKLTAF)?

ARTIIEER ¢, t 2 0<]g <1, 0<|t| <1 & DEETZ. £/, LRAREERED
TTEDS .

k—1
(z0)k = [[(1—2¢") (k€ ZzoU{o0}).
=0
BB OM 1 € (Z20)" IR, Ti“ [T Tf;‘; D) o fgT e g )

€5 %. ZJE Noumi-Sano fFHZER H,, , IR TERSIN L EZTMEHRTDH S [2] :

Hym(z,y;u) Z Z (t g™ ) (— tu)ll‘q(g‘)BMI(:c,y)T“ Ttyl,

}LE(Z>0)" ]C{l ,,,,, m

BH,](ZE,y> _ AA(CZ:j) H (tZL“Z/IJa H Yi — qy] H H 1-— xz/(ty]) H 1-— ZL‘Z{(qyJ)

— qgMig. — qgti—lp.
o /T e Y i \ o L@y o L@y
iel,j¢l

ZIT, |pl =+t pn, Alz) = [Lj(i — 2)), ¢z = (¢" 21, ¢'w,) THS.
DIEFAZRITE Y 2% B 5, super-Macdonald 25 SPy, [7] #EEHKICH D, F
7z, Kajihara O@ESHREL [3, 4] DXNZE#NKZ HW S Z & T, kernel identity & FHE
NBEZRXDORRK 2] BHESNTVS !

Hom (T, Y3 WV men v (2,45 2, 0) = Hv (2, 05 W)V v i (T, Y5 2, w).

("™ u; @)oo

7220, Hym = (0 Hym(z,y;u) THY,
nl (tzi2j; @)oo (gtyswj; Voo Soa

Umn o (2,y; 2,w) = HH HH 0 HH — tz;w;) HH(l—tyizj)
i=1 j=1 xlz], i=1 j=1 yzw]’ =1 j=1 i=1 j=1

TH5. AOHWE, ZORRZHNTZE ﬁ/Nouml Sano fEHIRDEI A EFREDIETZ
WEMRT 52 THE. LUK, Hym(z,yiu Z (z,y)u 5.

*1 T516-8555 —HIRFSATIAHHAGAN 1704 REEEAY: BE %
e-mail: t-nobukawa@kogakkan-u.ac. jp

*2 T112-8610 HFHCRIX ARG 2-1-1 BE DKL F R Bsifoehe
e-mail: fujii.taikei®@ocha.ac.jp

AWFZUIRE (FVEES:26KJ0129) OB 22372 DTH 5.

F—vU—F:qB% MRS, Macdonald ZIH, g 27 /5ER
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FE ¢ =t°rT5. B

HY (ta™ gy elz,y) = Egplz,y), 0<d<R

L TWAT 5. O, EokkEEYICEGUE

ros du dy
HE (2 0) / (@, Y)Y Uiyt (@, 2, ), y) - Y

::<§:(q !

e (@

N—ntm—M;q i B 5 s dx dy
) (ql NtM)kt lEl /gp(x,y)x Yy \Ijn,m;N,M<:U7y;z>w)p<x7y)??

MDD, Z 2T,

(Iicissen(@i/ss @)oo/ (ti/253 00 ) (Trcimgm Wi/ 55 Do (as/ 3 £)oc )
TT TT (1 = gt fyy) (1 — ty; /i) '
AEFHD# X, RO TH 5 -

p(r,y) =

ng;]jt{y(Bu,l(xa y)p) = Burtz™' g 'y H)p.

HE EHOHFOEAERB p X, 1] DA, ZELICEBERLI-bDTHS. Fiz,
n=00%HE (A®D Macdonald fEHZ DO EHEMEDORE T ZH) 1 [5] THELATY
5. m =0 DHEZ, Noumi-Sano 1EHZR [6] DEHEMEOEIZENHEZEZTW5.

SE
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A generalization of the p-function associated with the
Kontsevich function

B ookt (BRI - )
TR IR - AT

B =
ARFEHTIE, (—AL) p B [ST) 2 139 X — X —ZJE L7z big u B % 8
AL, 2058 ¢-Kummer 72N 5 FEBHELUE D g-Borel £581 & — 3
5 mibRd. oI 2R, AKX MIMEE WoTo DD D
BN R BN, big g-Hermite ZTH ¥ OBI# B 2 THNT 5.

q€C,0< g <1ZXLT,

— (2 — —xd 2). = (z: — (73 ¢)oo
(@)oo = (25 ¢) o : ]Ho(l 7), (@)= (z;¢)n: T )

=Y 0" T = (@oo(~0)oo(— /)

nez

U, BYREER a,. .., a0, b1, .. bs, 2 WAL T,

a,...,a, (@1, ar)n n(n—1)\ $=7+1
rY's b ) N -y 1N —1” n7
¢ (bl,...,b ¢ ) ;(bl,...,bs)n <( )'a ) v

ay,...,a, (al,...,ar)n< , n(n— 1>)ST n
TY¥Ss Y ) 77 1N 1 2 T
w (bl,...,b @ > %(bh‘";bs)n ( )q

rBE, R
~ a,b
K(z;a,b;q) := 20y ( B ;CLI)

895 ZZTa=b=qrx=q '35, FMEEHNEED Kontsevich FNEIZ— 3
% [Za]. D K & ¢-Kummer 5= (1) ODE, E D DFEBWBIETD 5.
RS g(2) = >, ana™ IR LT ¢-Borel ZH, ¢-Laplace 2412 LU N TE®D % [RSZ):

n(n—1)

By(9)(©) = Y ang™ ¢ L =2 o) eIy

n

EE 1 (big p ).

M . . L (CL, ayq, bx)oo l/ay,ml
M(xa?/a aaba q) C eq(_yq)(x)oo2¢2 O,bl‘ q,a | .

AIFLIAHFE (JSPS KAKENHI Grant Number 25KJ0371, 26K06837) OBK %213 72bDTH 5.
F—7 — K ! Zwegers’ u-function, ¢g-hypergeometric functions, g-Borel summable, knot invariants
*1T 090-0015 JtifdE L R i~ ER] 165 bR L3R TAEE

e-mail: g-shibukawa@mail.kitami-it.ac.jp
*2 T 657-8501 RBRFHAKFR i/ INETL 3-4-1 SE R AR EBEAR A T ARt

e-mail: tsuchimi@math.kindai.ac. jp
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IR 2 (FERGFEUE K D g-Borel ¥370).
pi(x, y;a,b;q) = Lg 0 By (ff(ﬂc; a, b; q)) (zy, —x).
0 3 ((EDHIRR).
(1= abay)T, — (1 — (a+b)zy) —xyT, ' | i =0
[(1=T:) + (1= a)(1 = b)ayT. LT, | i = 0,
(1 =Tp) = (1 — )by T, T, |t = 0
EIE 4 (¢-Kummer TR OICRLERE [Zh) & DRIk & ki 3X).

. . ~ (a,b,abz,q,q) q/a,q/b.
}\11)1(11 QQ(_y)M(xaya a, b) - Qq(_xQ) Q(bl 0 7Q7abx )

. ooy lax,aq/b, q)s a/b q

iz, 1/b;a,b) = m1¢1 (aq/b’ q, 2|

0q(—c2q)0q(—co/y)0,(—c1y)0y(—c1z) “a.b:

(=) (—50) By —crc2 ) By —cr ) /23 02 0)
0q(—c19)0,(—c12/y)04(—cay)0y(—cow) a b
()00 () By (o) —caf ) 2T 2 0205 )

Az, y;a,b) =

SRR 5 (LIFRE).
iz, y; a,0) = pi(xq,y/q; a,b) = fi(x,y; b,a) = fi(y, z;a,b).
fned 6 GBIk & Fib).

[i(z/q, y; a,b;q)
(0,0y)0s
Hn<COS(U + U), b | q) _ 6in(u+v)ﬂ (qne—27riu’ 6—271'@'1); q—n, bei(u+v)) )

7272 U fiy (z, y; a; q) \d—BAb w B8 [ST], H,,(cos0;b | q) 1 big ¢-Hermite ZIH3N [KLS]:

fir(z,y; a3 q) = iq "% (xy)? lim
b—o00

(zy)2 Z (al“qn)oo(_y)_n n(n+1)

~ L1
pa(x,y;a;q) ==1iq s

q 2 ,
0,(—y) 2 (20"
- —n’ b@ie, be—i@ ) —n, bez’é‘ o
Hp(cost;b ] q) :==b""302 (q 0.0 ;q,q> = ey (q g e 219> '

BE 3R

[KLS] R. Koekoek, P. A. Leskyand and R. F. Swarttouw, Hypergeometric orthogonal poly-
nomials and their q-analogues, Springer Science & Business Media, (2010).

[RSZ] J. P. Ramis, J. Sauloy and C. Zhang, Local Analytic Classification of q-difference
Equations, Astérisque 355, (2013).

[ST] G. Shibukawa and S. Tsuchimi, A generalization of Zwegers’ u-function according to
the q-Hermite- Weber difference equation, SIGMA 19 (2023), 014, 23 pages.

[Za] D. Zagier, Vassiliev invariants and a strange identity related to the Dedekind eta-
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Riemann BRI _E DA 7 A D 775
KEs FIlE (K - 2 BIT)

1. ARV ~LEY
1
Fuchs B 58 M - % = pz

j=1

Ii‘iju i, Z DRSS —#%{L Riemann scheme
r=a e T =a, =00
P\l,u]ml,u (1 S 1% S nl) e [)\p,zz]mp,z/ (1 S 1% S np)
ThHhsd. TIT, Aje M(n,C), A, =—(A1+---+ A1) TH5.
728, ordered THDHHE mj1 > mjs > > my,, ET DL
rank(Aj _)\j71>"'(Aj _Aj,k) =N—mi1— - —Mjk (k’: 1,...,’[’Lj)
EE. FEH n 07E D p EOM
m:n:mj,l+"'+mj,nj (]:1,,]7)
ZMODART FILBEE WD, m=myg - My, Mot Nopy, - “Mp.n, s 5.
7o 21X, —MACEEREREL 3 L (x) D7z T AERD AT P VENZ 111,21, 111
2. 28 Kac-Moody JL—F%&
(ala) =2 (aell:={ap, o, | j>1,v>1})

(aolevy) = =0y

(qiplagy) = {0 (i#7 or |[p—v|>1)

-1 (i=j and |p—v|=1)
So ¢ T x— (zla)a (aell), W:=(s4|acll)

Qm 1= nog + Z Z <Z mj7l,> Qj; (ordm :=n)

J>1 i1 v
EI [Crawley-Boevey]. m : BERFEBAIRE < oy, : IEV—F (m : 77EEE < affine)
EE [Katz]. dim{(A;,...,A4,) | A;~A;, Y, A;j=0}/GL(n,C) =2 —idxm
idxm := (m|am) @ rigid f68 (Idxm =2 < m: rigid)

EE. L= {m: BEHEFRIEET non-rigid 727D }

£5m: fundamental <% (amla) <0 (Vaell) (= am:EOEL—T)

L>m: (kl,kQ,*)—type %%f; p = 3 D (nl,nQ) = (k?l,l{?2>

F:={m | m: fundamental}, F? :={m € F | m: T-fundamental} T :Fg, Er,...

FEe-f. Dy-f.
o Bt
O—@—E—@ Q_% °
O—O—E—O—Q—Q—O O O—Q—O—E—O—O O O
(23 37 *>_type (27 43 *)_type (37 37 *)_type (27 23 27 *)_type

FE O] Fri={me Flidxm=—(} = |[Fl<oco ((=0,2,4,...)

*e-mail: oshima®@ms.u-tokyo.ac.jp
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3. HREAOER

ATIEAHEERREZEF T ABERD ZRY VENX Tn OO + MaHEE TRT
EIE [Hi|. 2EIoM + MomE  BERNEBMRE < BT (DEl0H) 2B ERATRE
Z#: : middle convolution, addition, &7it/B#T, Harnad dual, Mobius Z#1%% 2 %

WIET 2 AR P ARIOZH (dx 1FAZE

mc, m = {m;, — d,(m)d,, , } j=1..p (ds(m):= >_jMjo; — (p—2)ordm)

v=1,...,n;
_ / /
M =My My Ry ML My, M3 M3y, -y Mp1 - My,
m1 m2,ng
NS y 7\ 7\ ~
e (g ) (Ll g )y M Mgy ey e Ty
% 1,1 LRy ni,l n17R7L1 ) 3,1 3,n3> ) ) p,1 p;np
¥
o / ’ /
=My R My Ty g (M1 Mgy, T3N3 2 Mgy - Mp 1M 2 = M,
Hd / / / / / /
< (Mmag- M) (Mp2- ‘mp,np)7 1,001 T Ry vy Mgy 0Ty 17" My Ry,

idx=0, 4 fundamental AR ~JLE
| 6:33,202,111111 B 4:22,1111,1111 BV 3:111,111,111 B 2:11,11,11,11 DY)

33,222, 111111 — 0099 1111, 1111 0111111, 111 OO0y 931111

7
¥

7 N e X | [
(1%)(1%),2> (1H)(13)(12),3 (13)(1%),1* ()O)D)@),2* (1)()(),1° (1)(1), 11,11
N e | e N
(HO@)(D)) (@O)@)(D) W), M) (1)((1), 11
N e

(W)

33,222, 111111 205 11111133, 222 = (111)(111), 222 % (22), 1111, 1111 2 99 1111, 1111

EE mmcLHL, mrm' & FOZROMASLETM & m' 3BHES

RS P oM AR ok LREER RT3 3) 02k, s
DEHTHD E5 bDIHER L. Thbb L/~ BREE X (f. L/~ ~ F, [Ka)).

idx=—2, 13 fundamental ARZY FJLE = 2 classes

8:44,332,11111111 [11]7  6:33,2211,111111  5:32,11111,11111 5:221,221,11111
4:211,1111,1111 4:31,22,22,1111 Sa  3:21,21,111,111 FS  2:11,11,11,11,11 [11];
12: 66,444,2222211 £ 10: 55,3331,22222 8:44,2222,22211 B 6:222,222,2211 E
4:22,22,22,211 D

4. f&R

B 1) L=|],rm{mel|m~n} (T4bDE L/~ Fj~o Fhs)

i) meF, neF® m~n m#n = ordm < ordn.

i) me FT (T =Dy, Es, Ey) AL, m~n 275 n e F5% QEAEENHH 3.
72 ZUX, n = myMmig, MoiiMaoMaz, Ma) - Map, € FEIKL, n~3Ime FP

& My = Myg, Mo = Moy, Moy = 2M3; = 2M3s (DL X mF—HICEES)

SE XM

[Hi] K. Hiroe, arXiv.2407.20486.

[O] T. Oshima, MSJ Memoirs 28, Mathematical Society of Japan, 2012.

[Ka] H. Kawakami, Experimental Mathematics 34 (2025), 563-577.
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AROGTRICHR T % 4 T - V=2 FR DRk

Far T ORI GEMEAY MRATT HFER)
SR B (EROKE TR T
LR GRS RAT TR

B =
GHAN=ZIREFF TR L > TRIBES N, FrTERE - LI X - THEBFR R EO M %
WRod XS IR XNz, 20k, ThoDRBREN Y 7 4 > « VA VEEOHEE « KAG -
NS X A EMRIICHK T 2 Z v h, KAREEEEIC L > THL LI I N, KFEEHTIE,
4 KT - N =T RDBILDKEO D%, ZOHKE R 2MOTESOEREHVWTERILT 3.

1. 4 Ryt ¢-AINZ=ZITH

1 O Q12 WZBWT, y; RTEHS i ITNIET 2RE, p ZTHR i ITBII2EE, (i,j) *ER i, OH
B 22 TOROKIRY T5. EROFMICOVWTIE 3] 2BBOZ . ThbDEBERAWT, 2] i
o T, Bl Y 7 4 v ¥ VR0 H AR %

ri = f2i+1(20 + 1,20 + 2) gy (6 =0,...,5),

50 = pi1papspispto (9, 12) popuspuspiafiy, 51 = papzpiepiriino(10, 11) mioprpepapa,
so = mipapspirie(9, 1) poprpspspn, 8y = pepapsispno (10, 12)pnops e fiapiz,
T = (2,4,6,8,10,12)(1,3,5,7,9,11), 5 = (1,2)(3,4)(5,6)(7,8)(9,10)(11,12),
w3 = ¢(1,12)(2,11)(3,10)(4,9)(5,8)(6,7)

LEDD.

EBE1([2). BE (ro,....715), (s0,51), (sh,s)) wzhzn A, AV, AV w77 4 w4 LBEL
RITH25. B, YD 2 OORDHWIAIRTH 3.

B, HTREE

T = riTip1Tipalis 3754 aTigsTipa it iqomip1 (0 =0,...,5),

/ !/ ! /AN ! /
Up =s0s1, Ui =s150, Uy=sysy, U =515y, V=mrs...rs1, V' =memrs...r187,

72U, rige =1 EEDD. HTBENIIERT 7 1 >« T A VBEOMKAHE D REZ AR L, Z DWE
HIRBUIIFRE ¢- 20 iR OBE G 2 2. KRH T, ZOK%E 4 KT ¢- H V=T REFFER.

2. BOARE ¢-HIL=ITRDEIL

2 KILD q-23> N7 = HEAROBDROTEROETICHK T 2 Z 21, [1] KBWTHDTHERIQ, 2
D% 4] ITBWTEKNARFTENG 2 shiz. TS DETHIUCHEST, 2 DDTEM i, DETR i — j
ERDEIICEDS.

1.i¥% j OMONELTHET 3.
2. HIZ, i & j RERTH IR 1 ODIEL j 23 5.

AR E (RS :25KJ0371) DR E 272 DTH 5.
2010 Mathematics Subject Classification: 39A13, 13F60, 17B80, 34M56
*1 T 577-8502 HUAMRHI/INETL 3-4-1 M KA G T 250 A
e-mail: 2444310104w@kindai.ac. jp
*2 T 577-8502 WABRH/INVETL 3-4-1 TR B L2250
e-mail: suzuki@math.kindai.ac.jp
*3 T 577-8502 BUAPRTH/INETL 3-4-1 ST KA A B T2 S0k

e-mail: tsuchimi@math.kindai.ac. jp
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APESNAN AETE
/12&1
S AN \\\L\
10 9 4 3 10 9
NSt AN S 7

8 —=5

Ty

7 6 7

l:ﬁﬁQlQ 23%@@11

B — &, RIS L TERD &5 RIEL ED 5.

Loy —ely,y e bEEHMR 5.

2. BIZ, MR e — 0 RELS.

Q2 IWBWTAM 12 > 1 21752, M2 O Q1 PESNE. BB, ik Qo B2 ETRITM
DIEOMELS 12 =21 & 12 = 2 OFEE 2 D7 Lk, BREDERICL->T Q KWRET 3.
i Q11 WTBWT, 2] - T, Hligime 71 > F Y KFEOHAR R 2

ro = pap2(2, 1) poper, 7 = proipr(20 4+ 1,20+ 2poi (i =1,...,4),
= papraps e (8, Npspspiapy,  s1= papspeiriiio(10, 11) 1oy e s iz,
T =(1,3,5,7,9,11,2,4,6,8,10)a, 2 = (2,11)(3,10)(4,9)(5,8)(6,7)
LEDBD.

BE 2 ([2). B (ro,...,74), (s0,s1) @zhzh AV, AV #E7 T4 v v B e AETH S, HIC,
CALOBIHEWCATH 3.

HIZ, ‘HTRE %
T; = ririp1Tiporipariparissriperivr (1 =0,...,4),
UO = SpS1, U1 = 81580, V = T17r4r3rari1Sy, V/ = W?Sl,
TC?SL/, Ti+5 = T4 Z%@é

FI2 3 (3]). M Qu 1oBF B AT 12 5 112 & > C, BMHL Y 7 1 ¥ % > B0 H A FREIERD £
£9I1R 'ﬂ:j—é

!
Q12 || TorsTo | T1 | T2 | T3 | T4 | So | 51 | W2Sy | 73

5
Q11 0 ry|Te | T3 | Ta| S0 | S1| W | T2

72, FATRBENIROED L 5138 T 5.

Quz || TsTo | Ty | To | T3 | Ty | U | Uy |V | (VI)TIV
Qul| To |Th|Te |Ts |Tu |Ug | Uy |V \%

AFHTIIEIC, M Qu WBU28MEEZRS. 2HUTKD, 10 MOTHRZFOMHNEET 5 2155
N5, FLREDFFER, BRI X 2 FARBOIBILIZOVWTHENT 5.

SE B

[1] M. Bershtein, P. Gavrylenko and A. Marshakov, Cluster integrable systems, q-Painlevé equations and their
quantization, J. High Energ. Phys. (2018) 077.

[2] T. Masuda, N. Okubo and T. Tsuda, Birational Weyl group actions via mutation combinatorics in cluster
algebras, arXiv:2303.06704; RIMS Kokytroku 2127 (2018) 20-38 (in Japanese).

[3] K. Matsugashita, T. Suzuki and S. Tsuchimi, A degeneration of the q-Garnier system of fourth order
arises from confluences in quivers, arXiv:2604.04463.

[4] T. Suzuki and N. Okubo, Cluster algebra and g-Painlevé equations: higher order generalization and de-
generation structure, RIMS Kokytroku Bessatsu B78 (2020) 53-75.
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RER/N VLD 2 AN ORIEEADZEHIL
ERAA (BREEEER)"

WM YLy = FRADZERIRE LT, BHEDFTL=IR N2 R0
ENTW3S 1,2, %7, 774> 74 VB BV B 35500y = R0 %
EHIDHHATVS 3, L L, CALOBMIESFL=TRE, HHOBLRRIC
B2 - D ROLEHNT E OB 510 52 TR,

—75, WHOFIIBWT, BRSO LY = R T 7 4 Y v A ABEFMEDRNC X
DX R, BRESER LMY 5 5BLERRE DD, i, BHES LY = R
W77 4 T A NEEEME B B 350 vy 2 AR, X 51z B B ¢354 0%

YT = JTRRAA OB
(1) (1)

e—Eél) — q-Eg’ — ¢-E;
FELHMehTna,

AFHE T, RHOBMEKAKDOZEEILE WO BRD» S, BHED T LV=2F [1] D&
tzERKT 2, TZTWVWHZEHILEZ, BEHCRICBWVW TS 7 MRIBER ST X — X 3
2B TE2H5DTHD, WMuAtEicElr 5 Garnier R & [FAMkIZ, HIZZERD
BN EEEBDOBEMBIINT 2 DL ART, [toT, {FoNdRIINMELE 2n (H%
HOERITCOMMA N =T DZR Y LTathEn 3,

BARIZIE, BHER TNV =2R% M,(P(e-Fg)) £ &RL, ZOBILr LTHLNS ¢-
ZRDHR% M, (P(q-Eg)) BLUK M,(P(q-E;)) £ELZkiZkD,

M, (P(e-Eg)) — M, (P(q-Eg)) — M, (P(¢-E~)), dim M,, = 2n,

PWOKIREEZ 2, Kz n=1DEFEIIE, BED2XICOBROSY ALY = RN
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Middle Laplace transform @ ¢ Z8{M &
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Three-term relations and some specializations of the u
function
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SVllE:

Algebras and Bispectrality
a spiral from exactly solvable models to special functions

Luc Vinet (Centre de recherches mathématiques, Université de Montréal)*

Abstract

The exact solvability of many models is governed by symmetries, which
are frequently not manifest. These symmetries are encoded in algebraic
structures whose representations yield the special functions in terms of
which the solutions are expressed. This talk approaches this circle of ideas
through the notion of bispectrality: a family of functions satisfying an
eigenvalue equation in each of two dual variables. I shall outline the al-
gebraic theory of bispectrality, describe the associated algebras—Racah,
Askey—Wilson, Bannai—Ito, together with their higher-rank and rational
extensions—explain how their representations produce the classical and ¢-
orthogonal polynomials as overlaps of eigenbases, and discuss applications
ranging from association schemes and superintegrable models to the entan-
glement of free fermions. The lecture closes at the current frontier, where
orthogonal polynomials give way to rational functions.

1 Bispectrality

Certain families of special functions share a common structural feature: their mem-
ber functions ¢, (z), depending on the two (possibly discrete) variables n and x, satisfy
an eigenvalue equation in each of them. Namely, one has

Ay () = A(n) Pn(2),

and,
A" n(z) = 0(2) n(z).

This property is called bispectrality. Its significance depends on the class of opera-
tors considered: requiring A and A* to be of bounded order—for instance, A and
A* second-order differential or difference operators—makes bispectrality a strong con-
straint, whose solutions can be classified (Duistermaat—Griinbaum). For such pairs the
two operators generally do not commute, yet they close into a finite quadratic algebra
whose representation theory largely characterizes ¢, (x). The aim of this lecture is to
describe the algebraic underpinning of bispectrality. A convenient finite-dimensional
formulation is due to Terwilliger. An ordered pair (A, A*) of operators on a finite-
dimensional space V' is a Leonard pair if there is a basis in which A is diagonal and A*
is irreducible tridiagonal, and a basis in which A* is diagonal and A is irreducible tridi-
agonal (all sub- and super-diagonal entries nonzero). Each operator is thus tridiagonal
in an eigenbasis of the other, and the overlaps between the two bases are bispectral
functions. Two operators that are simultaneously diagonal in a single basis merely

*Centre de recherches mathématiques, Université de Montréal, C.P. 6128, Succ. Centre-ville,
Montréal (QC) H3C 3J7, Canada
e-mail: luc.vinet@umontreal.ca
2020 Mathematics Subject Classification: 33D45, 33C45, 16599, 81R12, 05E30.
Keywords: bispectrality, Leonard pairs, Askey—Wilson algebra, Racah algebra, Bannai—Ito algebra,
orthogonal polynomials, association schemes, algebraic Heun operator, rational functions.
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commute, [A, A*] = 0. It is striking that passing to the next order of complexity—the
one stated in the Leonard-pair definition—forces A and A* to generate a quadratic
algebra. Writing the ¢g-commutator,

(X, Y], = gXY —¢"'YX  ([X,Y], &5 [X,Y]),

the pair is then found to obey the defining relations of the Askey—Wilson algebra
that involve this g-commutator and that are given below. The lecture is arranged
as a spiral: a single object—the quadratic algebra of a bispectral pair—returns at
successively wider levels. It first yields the classical orthogonal polynomials; it then
reappears as a symmetry algebra in combinatorics, in the representation theory of Lie
(super)algebras, and in exactly solvable models of physics; and it is further carried
to ¢ = —1, to higher rank, and beyond polynomials to rational functions. These
realizations are largely independent, so each can be followed on its own.

2 Overlaps and orthogonal polynomials

The functions attached to a bispectral pair arise as overlaps of its two eigen-
bases. Take a self-adjoint pair with orthonormal eigenbases |6;) and |6,), and set
d(k,m) = (0k |0F,). In the matrix element (0| A*|07,), letting A* act to the right re-
turns 6%, ¢(k, m), while letting it act to the left—where it is tridiagonal in the eigenbasis
of A—yields a three-term recurrence in k,

0y, o(k,m) = B p(k+1,m) + g ¢(k, m) + v p(k—1,m),

and the element (fx| A|0F) gives, in the same way, a recurrence in m. The overlap
is therefore bispectral in the two discrete variables—exactly the structure of a classi-
cal orthogonal polynomial, here in a discrete variable. Indeed, let {P,(x)} be monic
orthogonal polynomials, deg P,, = n. Favard’s theorem provides the first eigenvalue
problem, the three-term recurrence

x Py(x) = Poy1(x) + b, Po(x) + up Pryq(2),

and “classical” means precisely that a second one holds, a difference or differential
equation D P,(z) = \,P,(z) acting on z. The classical polynomials are bispectral,
and they sit at the confluence of the two dual recurrences above. At the top of the
discrete (¢ = 1) Askey scheme stand the Racah polynomials, of degree n in the quadratic
grid A(z) = z(z+vy+i+1),

—n, nto+pB+1, —z, x+y+6+1
i (A) _4F3( a+1, f+o+1, 7+1 ’ 1) '

They satisfy a recurrence in n (eigenvalue \(x)) and a second-order difference equation
in z (eigenvalue n(n+a+p+1)). The Racah duality x <> n, o < 7, § <> § interchanges
them. Denoting the two bispectral operators K7, Ky and setting K3 = [K7, K5, they
close into the Racah algebra

[KlaKQ] - K37
[Ky, K] = K2+ {Ky, Ky} +d Ky + ey,
(K3, K] = K2+ {Ky, Ky} + d Ky + e,

whose structure constants d, eq, es are explicit polynomials in «, 3,7,d. On the linear
grid one contracts to the Hahn polynomials and an analogous Hahn algebra.
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3 Leonard’s theorem

These examples are not isolated: a classification theorem shows them to be essen-
tially exhaustive. Leonard’s theorem (1982; the association-scheme account is Bannai-
Ito 1984, the linear-algebraic form Terwilliger 2001) states that a finite family of or-
thogonal polynomials whose dual is again orthogonal must be a special or limiting
case of the (¢-)Racah/Askey—Wilson polynomials. In Leonard-pair language the two
spectra are tightly constrained: there is a single scalar 3 = ¢ + ¢~ with

Oi1 — BO; + 01 =, 0; 1 — B +07, ="

so each spectrum lies on a g-quadratic grid 6; = a+bq'+cq~*, and the overlaps (6; |07)
are g-Racah polynomials. This gives a triple correspondence central to the theory,

Leonard pair (A, A*) <= Askey—Wilson algebra <= (¢-)Racah polynomials.
4 The Askey—Wilson algebra

Iterating the g-brackets of (A, A*) with Ky = A, Ky = A*, K3 = [K,, K3, closes
the Askey—Wilson algebra

[K17K2]q = K?n
[KQ,Kg]q = K22 + {K17 KQ} + dK2 + €1,
[Kg,Kl]q = K12 + {Kl, KQ} + dK1 + €9,

the quadratic algebra of the Leonard pair and the ¢g-deformation of the Racah algebra
of Section 2. Its finite-dimensional representations reproduce, as overlaps, the full
g-Racah tableau.

5 Association schemes

This section is an entry point for the combinatorialist. Recall only that a bispectral
pair is a couple of operators, each tridiagonal in an eigenbasis of the other; such pairs
are already present inside finite combinatorial objects. A symmetric association scheme
on a finite set X is a family of {0, 1} adjacency matrices Ay, ..., Ap with

D D
Ag=1, D Ai=1J  AA =D plA = AA,
i=0 k=0

spanning the commutative Bose—Mesner algebra—the matrices the scheme diagonalizes
simultaneously—with primitive idempotents Fy, ..., Ep projecting onto the common
eigenspaces. When both families are polynomial in a single generator (the scheme is P-
and @-polynomial), one has an adjacency matrix A and a dual adjacency matrix A*;
adjoining them gives the noncommutative Terwilliger algebra T = (A, A*), on each
irreducible module of which (A, A*) is a Leonard pair. The eigenvalue data of the
scheme are then (g-)Racah-type polynomials, so the combinatorics is governed by the
algebra of Section 4. The Johnson scheme J(n, k)—k-subsets of {1,...,n}, adjacent
when they share £ — 1 elements—is the canonical illustration. Its Terwilliger algebra is
a central extension of the Hahn algebra [9]: writing a k-subset as a spin configuration,
the dual adjacency A% =), o) =2J° (with o, = diag(1, —1) the Pauli matrix) and
a Johnson edge is a weight-preserving double spin flip, so A; is essentially the total
su(2) Casimir. The change between the coupled and uncoupled bases is the su(2)
Clebsch—Gordan transform, with dual Hahn coefficients, so that the combinatorial and
representation-theoretic descriptions coincide.
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6 Recoupling and superintegrability

The Racah algebra—the ¢ — 1 quadratic algebra of Sections 2 and 4—also governs
the recoupling of three copies of su(1, 1) in the quantum theory of angular momentum.
With Casimirs C® = ); and intermediate Casimirs C'*), the identity

(23 — 0(12) L @3 4 oB) _ o) _ @ _ o6

leaves two independent intermediate Casimirs, and K; = —1C"?, K, = —10®
generate the Racah algebra. The recoupling (67) coefficients are the Racah polynomi-
als [1]. The very same algebra is the symmetry algebra of the generic three-parameter
superintegrable model on the two-sphere,

21 k21 k21
H=R+R+72+ 25244+ 24423 4 2yalial=1
7 L3 T3
Here J; = —ie2;0; (with summation over j, k). Realizing the three su(1,1) by

singular oscillators (radial motion in an inverse-square potential) gives H = 4 C'123) +%,
and each constant of motion is an intermediate Casimir, L = 4C@ —a; — a; + 1.
Recoupling and superintegrability are thus governed by the same algebra.

7 The Bannai-Ito algebra and higher rank

Leonard’s classification has a second edge. Alongside the limit ¢ — 1 (Racah) sits
q — —1, where the polynomials become the Bannai-Ito family [2]. These are bispec-
tral through a first-order Dunkl shift operator—a difference operator built from the
reflection Rf(z) = f(—=x), in the manner of the Dunkl calculus of reflection groups—

L=F@)(1-R +G@)(TTR-1), LP,=\P,,

and L together with multiplication by x generates, through anticommutators, the
Bannai-Ito algebra

{K, Ky} = Ks+ws, {Kj K3} =K +w, {Ks K} =K+ w,,

whose natural home is the superalgebra osp(1]2). It is the exact ¢ — —1 mirror of
the Racah construction, with three osp(1]|2) replacing three su(1,1). A more recent
and active direction couples n copies rather than three, producing the higher-rank
Racah algebra Rac(n) [3], generated by the intermediate Casimirs C4 over subsets
A C [n]. A central quotient of Rac(n) is precisely the centralizer of the diagonal su(2)
in U(su(2))®" [4]. Its overlaps are the multivariate (Tratnik) Racah polynomials, and
its combinatorial homes are the multivariate P-polynomial association schemes and
the associated m-distance-regular graphs that we have recently introduced [5].

8 The algebraic Heun operator

Until now the two eigenbases of a bispectral pair have been related only through
their overlaps; there is also a particular operator that couples them, and it turns out
to arise in a range of concrete problems. Given any bispectral pair (X, Y), the bilinear

W=nXY +nYX+nX+nY +71]

is, for a Leonard pair, the unique operator that is tridiagonal in both eigenbases
(Nomura—Terwilliger). For the Jacobi pair, with X = x and Y the hypergeometric
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operator, W is the classical Heun operator—hence the name algebraic Heun opera-
tor [6]—and it is also characterized as the most general operator that raises every
polynomial degree by one. Such an operator is associated to every bispectral algebra:
Racah, Askey—Wilson, Bannai—Ito. This operator has concrete uses in areas far from
special-function theory. It underlies the time—band limiting problem of Slepian, Landau
and Pollak, a cornerstone of signal analysis: a local second-order operator commuting
with the pair of limiting projections—which are difficult to diagonalize numerically—
is obtained from the algebraic Heun operator of the underlying bispectral pair. The
same mechanism enters into the determination of the entanglement entropy of free
fermions [7], a question of great significance in quantum information. The ground-
state correlation matrix
Com = (Vo ¢! ¢, | Vo),

restricted to a subsystem, is a full matrix with nearly degenerate eigenvalues; but when
the single-particle wavefunctions obey a recurrence with Askey-scheme coefficients, the
chopped C' commutes with a tridiagonal algebraic Heun operator sharing its eigenba-
sis. On distance-regular graphs (e.g. the Hamming [8] and Johnson [9] schemes) the
chopped C' lives in the Terwilliger algebra 7, and the same tool, together with the rep-
resentation theory of 7, allows the diagonalization of the entanglement Hamiltonian
block by block.

O Rational functions

The last part of the lecture turns to the current frontier of the subject. Or-
thogonal polynomials solve an ordinary eigenvalue problem (EVP); biorthogonal ra-
tional functions solve a generalized one (a generalized eigenvalue problem, GEVP),
Ly, = \,M ¢, for two tridiagonal operators L, M (Zhedanov). To treat both prob-
lems in a unified way, meta algebras have been introduced [10]. EVPs and GEVPs are
posited in modules of these algebras and overlaps between EVP and GEVP bases are
found to be bispectral rational functions. For the Hahn case the meta-Hahn algebra

contains the Hahn algebra as a Leonard pair and returns both the Hahn polynomials
and the Hahn rational functions (both of 3F, type). The most recent development
recasts this in linear-algebraic terms. A Leonard trio (V,V,Z) [11] involves the exis-
tence of eigenbases for V' and V and the property that Z and products of Z with V'
or V be tridiagonal in these bases. The overlaps of these bases satisfy two three-term
generalized eigenvalue problems and are therefore bispectral rational functions. Where
a Leonard pair produces polynomials, a Leonard trio produces rational functions; set-
ting Z = I collapses the trio to a pair. In the Hahn case the trio algebra is isomorphic
to the meta-Hahn algebra, and in the Wilson case the overlaps are the Wilson rational
functions. Classifying irreducible Leonard trios is the rational analogue of classifying
Leonard pairs. This task would eventually provide a rational Askey scheme.

10 Conclusion

A central theme runs through the material presented. Bispectrality—the property
of a family of functions satisfying both a recurrence and a difference or differential
equation—is encoded in a quadratic algebra whose representations return those func-
tions as overlaps of eigenbases. On the polynomial side one has Leonard pairs and
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the Racah/Askey-Wilson algebra, realized in association schemes, in su(1,1) recou-
pling and in superintegrable models. For ¢ — —1 one finds the Bannai-Ito algebra
via 0sp(1/2), and higher rank considerations connect to multivariate polynomials. The
algebraic Heun operator is tridiagonal in both eigenbases and provides a means of
characterizing free-fermion entanglement. On the rational side, generalized eigenvalue
problems, meta algebras and Leonard trios provide the algebraic framework, with the
Wilson rational functions at the top of the scheme. Several questions remain open—the
full classification of Leonard trios, the rational theory at ¢ — —1, multivariate rational
functions, and higher-rank meta algebras. In each case considered, the solvable struc-
ture is governed by a quadratic algebra whose eigenbasis overlaps are the associated
special functions.
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