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7174 NV A 70V DIFEREH

EEMA (JUNKETA - 74T - 4 VXA LU RIZERH)!
BT (JUNKESZ - 747 - A 2 RZ N Y BRI
AT (UNKESZ - 747 - 4 Y XA N BRI SRR IR

B =
NTA4 RYA 2N eE, kEOERBZEHUERD SES NEEIRYD > 7 i
WThHd. ZOBHEORMD -2 LT, NTNV) U IDESIZEERT DR
REFSNG., ZOEE 2HEEROZ R & L TR AW, THIXATES %R
THRTELZEDRHOSNTWED, THTEH I DEDEET 5 I REF
HHTH - 7. KigHTld, B<HWEADEED 6 A ETHNIE, HT71 FY
A TIVPFEET B HEGHT 5.

o=
1. B=

N T4 RV A ZIVITFERA —EEERER e UTETIVEAEET, TOLEENMELS R
TR TELZeVHOENT WS L, 2], — AT, FEEsine-Gordon SN - PR
mKdV AR ﬁéofﬁﬁ/@‘é?ﬁfﬁa TEBEBUHAR O IR AR E MM T — X EKEBTHE
ENTWS 2] 2%, HHFRDEAL 5 K5/ TF A =R DEFEIZDOVWTIE, —fERWT
BUEEBR T UNER I N T W5 7=,

T — X DA 72 Q = Z+1yZ y>0LHD, NIA—KreR\(1/2Z),
v e RN\ (yz) LIFMZH L € R, (RAEMRER 2 € CITH LT r sz

A 1
F,(t,z) = agexp <A;—3Alz + gm) U <un - 51’1} + z't) , (1)
Hyt,2) = 2 RT"R7™ ” +gt+Ft19 Lot
n(t, 2 R exp A3—A1Z 2+ Tit ) Jq ( pn — Siv —2r +at |,

TRED, ZEEHESHERRy 2

H,+H: H,—H dlog F,
'7n(t) = ( + n n n—2 %% )

3
F, iF, 0z €R, (nel) (2)

z=0

TREDDB. (7272, C, T, as, Ry, Rs, A1, As, us, 521, v, r, y EHEMT— X&EZH
WTRINDER.) ZOLEyEn tIZEoTEITAY ME |y — | LTREA AN
—EIZIR o T\WB 2. F£7z, BT L AR A s SIREMNE 7 HEUIZ X D BR
HIZHERR T & 5.

VUEAREE DH1 54 R A ZIVDER % ET VLT BI21E, vgn(t) = (t), 2E0,

Fn+k 2=0 F” 2=0 ,
dlog F), dlog F,
0z 0 0z |,

PMEEDNEZ, t ERTHLTABEIBNTA=R o, r,yZ2 RO EHBENHB.

*le-mail: s-shigetomi@imi.kyushu-u.ac.jp



2. YO ERBIRICAR B /X5 X — 4 DIETEEEEA

AT, k>6THNEB) 2T NIA—XDBFLETZ I L 2L~ L
DoTC, [TEDE > 6DWEARNRSREH T 1 RV A ZIVDFEIRINIZZ LTk,
Theorem 1. k> 6 Z[EET 5. HB/NTA =Ko, ryMFHELT, (2) TEEDREEK
I —EBERHIARIZ DWT, [EEDn €Z, t € RTHpyi(t) = v (t) BERILT 5.

AEPH OB XA R D@D TH 5« ghifk (2) 1T LT, FTHiRM e M E 2D Z
WS, mi=ko/y DEBEMNERI NG, mBMERTH DL WIRMEDT, HHT—
REBOBAW M- T (3) 2ESHET L,

k
% (lm + Z; 1) U3 <lm + L 1)
exp (wim) fi — Qﬁmyfz 1=0, (4)
) <—§g + 5) U3 <—§g + ot 5)
(As+ Ay k — 4mim = 0, (5)

135, T, mDPEHTHELEVIENTTOH)2ERD. yhbrHFICHD L X,
(5) &= 9 r =r(y) R—EIIZEE D, ry) IEMAEY THERRIZRDSNE., X5
2, MM T — X OEREIC X ARR[3) 2V (4) 2EEEL, r(y) % (4) ITARAT
Y, m>3%5 4) RS yBNEETEIENERS. BERIZ, T RFA 2L
DIREHEDE D m DEWMEZEZ LI TO<m < k/2%RETEL I LE2HEID,
k>67265 (4),06) 2723 ry, v FHET DI LIRIND.

AERH AR DFHRIIEME e -, FEMISGER TR T 5. GEMIRIZ BT 2B m 1k
CAE AR Y L OBEDRIBINTE D, SHBITBM AN REREBRE L7z,

27 3Rk

[1] S. Kaji, K. Kajiwara and H. Park, Linkage Mechanisms Governed by Integrable Defor-
mations of Discrete Space Curves. In Nonlinear Systems and Their Remarkable Math-
ematical Structures, N. Euler and M. C. Nucci (eds.), Volume 2, CRC Press, 2019,
356-381, https://doi.org/10.1201,/9780429263743.

[2] S. Kaji, K. Kajiwara and S. Shigetomi, An explicit construction of Kaleidocycles by
elliptic theta functions, arXiv:2308.04977.

[3] S. Kharchev and A. Zabrodin, Theta vocabulary I, Journal of Geometry and Physics,
94:19-31, 2015.



From polygon equations to simplex equations

Serban Matei Mihalache (BFA%:)*!
FrH  HIEH (BALK) 2

1 EL®HIC

Kashaev & Sergeev [3] I& pentagon equation Dfif ¥ Z D dual DD & D 2 XS
tEEi7-3 2 &, Zh 55 tetrahedron equation & 4-simplex equation O fi#H3E H
T& 2% Zt%ZmL7. Dimakis & Miiller-Hoissen [2] 1 pentagon equation ZHE5R LT
polygon equation #EF L, _EiC® 4-simplex equation EHDO—k{bE21T-72. ZD
fil, 4-simplex equation DGR IZ1X Dimakis & Korepanov [1] 12X 2 Db & 5 23,
tetrahedron equation O —M{LIZRHTH 2. X HITFBEFZMFITOVTIEH n WXL
TERHNIFEETEZ DD, —RITTITOWVWTE E X o iiblid ST VAR,

AR TIEZ OMBEITH LT, ZHEFOIIRIZER e & H I Kashaev & Sergeev I
& % ZD® simplex equation DfEDE M 2 —fRITA LR T 5. BN (2n+ 1)-
gon equation DR L Z D dual DV ZHGEMFZHT-T L &, £2IH 5 (2n— 1)-simplex
equation ¥ 2n-simplex equation DENFHLNSE Z ¥ 2T 5.

2 Simplex and polygon equations

Z TII BT simplex equatin & FEX D polygon equation (odd-gon equation)
%?f"j T5. DT, 3Kk LOXRZ LRV ZEEL, BEEGRSCT VYV AEEIE
2Tk LObDTHZ LAET .

EFE 1 (Simplex equation). HAK n ITH LT, n-simplex equaiton & IZ#REE B
R: VOm 5 Ve 12BF 3 VOIS LORDHRROZ L2V

Ra1 Ra2 T Ran+1 = Ran+1 T RQQ‘RGI'

Z :@:, %Eﬁ\? a; = [a¢71,ai’2, Ce 7ai,n] &i%%*ﬁ;{&(f R f))ZODﬁE &\-ﬁzﬁﬁjéﬁ)%i@
L, RDTH A, X D IEANICEZ 605 !

|2 .. n

S
=
(NG

1
An = B : Ap—1+ [n]n,n—l A= { 1 1

an—i—l n

BL, [k],; TRIABET Lk D ixjiThleRT.

E# 2 (Polygon (odd-gon) equation). HIAEL n IZx L T, (2n+1)-gon equaiton (resp.
20> dual) ¥R T: VI VO BT A VO Loko R0 < bz

*le-mail: mateimihalache@g.ecc.u-tokyo.ac.jp

*2e-mail: tomorou.mochida.r5@dc.tohoku.ac.jp
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TblTb2 e Tbn+1 = TCnTCn—l U Tcl (resp' Tbn+1Tbn U Tbl = TclTC2 e Tcn)'

Z Z G:, %{?ﬁ\i bz = [6171,...,61"”], ¢ = [CjJ,...,ij] 0;%“%“%@??5”

Bgn+1,02n+1 &:J: 05%.6#16 .
1 2 n

by c1 5 |
B2n+1 - — An7 CZn—l—l - - . CQn—l + [n]n—l ne1 |’ CS - [1]
bn—|—1 Cn ! ’

n

3 EER

EE 3. T % (2n + 1)-gon equation, S % ® dual D L, RO Ziil- T

&35
Td S "'ngselel :SfnglszTgnan+l

n+1~€En
=2y,
1 |2 e m
dq 1 1
o A1 : Dyy—1 4 Dop1 s { 1 ] ’
14+ (n—1n
~ n-+1 ifi <j . .
D } _ =) l<i<nl<i<n—1
([ nHl], {n+z'—1 if j < (lsisn lsjsn >>’
1|14+4n -+ 14+ (n—1n
h : +1 n+2 - 2n—1 1
F2n+1: fnd ?F2n_]_—|—|:: . . . :| 9 F3:|:1:|
Jnt+1 n+l nt2 - 2n—1
n
DL,

Roy = PioPs - Poy—190T%.4,... 20513, 2n—1,

Ron1=Po3Pys-- Pop_22n-15124, . 2n—27135,.. 2n-1

X Z N4 2n-simplex equation, (2n — 1)-simplex equation DfETH 5. Z 21T,
P:VeVasry—-yxrxeVxV.

BE Xk

[1] A. Dimakis and I. G. Korepanov. “Grassmannian-parameterized solutions to
direct-sum polygon and simplex equations” In: J. Math. Phys. 62.5 (2021).

[2] A. Dimakis and F. Miiller-Hoissen. “Simplex and polygon equations”. In: SIGMA
Symmetry Integrability Geom. Methods Appl. 11 (2015), pp. 042, 49.

[3] R. M. Kashaev and S. M. Sergeev. “On pentagon, ten-term, and tetrahedron
relations”. In: Comm. Math. Phys. 195.2 (1998), pp. 309-319.



ik oy - N7 22T —% A FEEE (1)
M EDY Y« N7 2R —JIERDRAE D 2 M - M TR
W)l B—  (ALimER)*

Davide Ferri (University of Turin)

B =
HR 3] IV, R EDY Y - NT 22 —FFRAD GEYIRNEE b D) BHAED
AREEBE O —Y 4 FHEBPEEIZOWTEHE TS, filtovy - N2 X —
FREROBNED 2HEEEHEREDOH —H 4 FHGBITEEICOWT &b Tl
T 5.

1 REDVYY - NOREZ—HIEADENED B 1EEE

HRESG A ZEELLMR (74 3—) 281F, 774 —HBRBELTT Y LVEZ R
T ZOTVIYNERBIZY Y c N 2X—HER (FTL4 FEGRN)

(c@1)o(l®o)o(c®1)=(1®0c)o(c®1)o(1®0)
Dt A LD o ARdA — A RADBRD2ODWHEZMT T 5.
FEIB{E (nondegenerate) o(a,b) = (a — b,a — b) ((a,b) € d @A) LHFEL L Z, B
a— _: t(a)&i — S(G).Qj, _+~—b: .st(b) — Sﬁt(b) 7511_{?%?0) a, be o Xt Léﬁ%ﬁf
XEH (involutive) 02 = 1ygu.
ZZT, a€dITHL, ZDsource Z s(a) € A, target Z t(a) € A EFE V. i,

Zd iZs(a) =NeA) erdacd 2K dyl3tla)=\t%baecd 2EEERT.
CDESRMR o ARdA A QA ITHL, axb:=(a— )71 b) T2 (be o).

EE 1. #EE C(0) %, fd 2oEE2HHBEORERE YL LT
€(0) = (d [{zly ~ (z = y)l(x —y) | (z,y) € A @ oA })
CEDD Y, RHEDILO (3.

G5 ol 3 avs [a] € 6(0) IZIHDAS.
6(0) = (d | {z|(zxy) ~ylyxz) |z #y € o, 5(x) = s(y)}).
6(0) \ZIFEIR AT 2 R 72700,
G

(1.
(1.
(1.
(1.4) 6(0) M. TbE, fg=fgd=9=47.

1)
2)
3)
4)

*1 F060-0810 FLIRHTALXAL 10 4:P5 8 TH  Auifgi KA HA B

AT RIIAE FREERS:JP17K05187, JP23K03062) OBk 2% 72 DTH 5.
2010 Mathematics Subject Classification: 08A50, 16T25

F—U—F ¥y NI RE=TFEKX, i (74 N=), H—H 4 FEEH



(1.5) 6(0) BH—H4 Fif E % b (B ZBHOWHES).
FH1 LD, €(0) O £13, BAMESRY ZNZRD & S B iR% —EHHE-.

f:flfQ"'fp (fi € B\ 14()),
29fifir,s€EE=s=<xgfi (Mi=1,2,...,p—1).

7Zl, 21y (z,y €€6(0)) & I/ €6(o);za’ =y. FTz, FIRE 6(c) DEFHEIAR
7 1ag(g) ERT.

2 SRR

A Lo T L, ZOREME A LEE, ZORHERTOR T (red) LWVWIiLE
ZHW3. 2512, double ¥ IHIN 2 A LD D(A) % D(d) =d Ud LEDD. i
A LEOY Yy NIRRT o dd > dRd 6, ZOWERREY(0) %
fit D(Ad) 22 5EE 2 HHEORIRE L LT

G(0) = (D(st) | {zly ~ (z = y)l(x = y) | (x,y) € 4 @ A}V
UA2]Z ~ L), Tz ~ Loy | © € ol})

YEFRTS[1]. 2ELL (Ne ) JESHTHS.
CDERICE DSR4 (o) IZHH L Ro TV 5.

EIE 2. f# o 2RI ONENTD 256, MiEE €(0) 2 5MEHH 9G(0) N
injective 72BAF 1 : € (0) — Y (o) BFAEL, HIEHEE 4 (o) DHHI (€ (o)) DBEE LT,
L(z) M(y) (z,y € 6(0)) DIBICREIND. SHIT, WHEFHRE Y(0) D o(z)(y)! DIFIC
REINDH [ X, RD K S PR E-FHE R 2 —EANTHRD [3].

f:quq 1"'f19192"'gp (fug] 6Eﬂ\]-?(

),
ﬁgflfwrlas €FE g 6(6( ) gfz (VZ 1 2 qd — 1)7
s#ggigiﬂ,seE,gGC@();‘S g99: (Vi=1,2,. -,p—l)
h/ B hflah/ < hgl <h7h/ 6(6<0-)> = hl =< h.

SE X

[1] Andruskiewitsch, N.: On the quiver-theoretical quantum Yang-Baxter equation. With an
appendix by Mitsuhiro Takeuchi. Selecta Math. (N.S.) 11 (2005), no. 2, 203-246.

[2] Dehornoy, P.; Digne, F.; Godelle, E.; Krammer, D.; Michel, J.: Foundations of Garside
theory. EMS Tracts Math., 22, European Mathematical Society (EMS), Ziirich, 2015.

[3] Ferri, D.; Shibukawa, Y.: Structure groupoids of quiver-theoretic Yang-Baxter maps.
Preprint, 2025, arXiv:2503.10327.



i oy - N7 22T T —V A FHEGEE (2)
BoEREZHOWEH LEOY Y « N7 XX —HERDOBDORERN
Wl B— (omEAE)*!

Davide Ferri (University of Turin)

B B
Sk [2) eV, FOED 3 EHEOFREASET TR b 5TV A, <
DHEARED S LEDY >+ N2 22— HEROMIRRTE S 2 L 2 WET 5.

1 REDV>Y - NORE—HFRERDBRDOER
it d D OEE 2 AHBEORIRE 6 = (4 | R) WROEZEHEIRET 5 (cf. [1, XII1.2.4]).

(1.1) R OBIfRIEFTRTalv ~ blw DIEELTED (a,b,v,w € A), d DRE 2 Di# alv
&, Bk RICE 4 1 [HBNS.
(1.2) s(a) = s(b) TH53 a,b € d (a#b)ITHL, alv ~blw € R (b LI bjw ~
alv € R) 722 v,w e A BT 1DFET S (v=arbw=>bxaFHL).
(1.2) t(a) =t(b) THB a,be A (a#b) ITHNL, vja~wlbe R (HLLIFw|b~vlae
R) 2725 v,w € o D312 1 DTFET 5.
(1.3) FaecodiTNL, RDENEMTZT 2, € yoyd D712 1 DFET 5.
(a) B v e i\ {z} AL, alv ~blwe R (HBLLIZbw~alveR) &2
besod \{a}t,wed BFET 5.
(b) 2 bw € A WTHL alz, ~blw € R (HLLIEblw ~ a|z, € R) % BI3,
b=a,w= z,.
(1.3) FacdlTHL, ROFMZiTIT 2% € dyqy D37272 1 DFET 5.
(a) B v e dyy \ {zH 1L, vje~wbeR (BLLIFwb~vjaeR) &3
be dya \ {a},w e d HBFIET 3.
(b) 2% bw e AITHNL 2%a ~wbe R (DBLLIIFw|b~ 2%a € R) K5I,
b=a,w=2z"%
(1.4) a,b,c € A (s(a) = s(b) = s(c),a # b,a # ¢,b # ¢ (pairwise distinct)) IZ¥f L
(ax"b)* (ax"c) = (bx"a)* (b c).
COtE, Facd THLTERax_:yd 2b—>axbe ygd %
bAaDEaxb=axbjb=aDEZ axb=z,

*1 F060-0810 FLIRHTALXAL 10 4:P5 8 TH  Auifgi KA HA B

AT RIIAE FREERS:JP17K05187, JP23K03062) OBk 2% 72 DTH 5.
2010 Mathematics Subject Classification: 16T25
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PREETB L, &I (1), (13) XD, COBERBEHF RS, X512, (a,b) e 4@ d
L (@ —ba—b) cdod %

a—b=(ax ) (b),a—b=(a—b)*a
LIEDS.

FHE3. 0: 4043 (a,b) = (a—ba—b) edRAIFMA LDYY - NTZAX—TF
BT, IHRLrORERN %5 [2].

2 TEIF 3 DA
FT, oBPY Y NI REX—FEKXOBL 27200 +05M%E » TET.

4. XBEDIUDEE, 0:d@d 3 (a,b)— (a—=ba—b)edARAITTY - N
AR —FIRRROME 72 %.

a,b,c € A (s(a) = s(b) =s(c)) = (axb) *x (a*xc) = (bxa) (bxc).

* DIERLFM (14) &b, s(a) = s(b) = s(c) Ziifi7z 3 pairwise distinct 7% a, b, ¢ € o
WZOWT, FORHDBILONrS. £72, a=0bDHEITEHINIMD LD,

(12 2V L, a#be AL yawnd = 1pwaysd E7%%5. WBHTIEINE
HW3Z¥2T, a=c#bDGE, BXUEb=c+#aDHEIZT, &4 OFEHIEEATE
5ZLeHTLETETDHS.

3 %

3ODMEM {1,2,3} Z2Hiofk d ORDESE {1 — 2,2 - 1,2 = 3,3 = 2,3 —
1,1 -3} 3%, ®RE

(41{1-2—-1,1-3—-1),2—-3—-22—-1—-2),83—-1—3,3—->2—3)})

BEME(1.1) — (1.4) 23 XThi7 3 (FRZ, &0 (14) BEBHIEDIID). XoT, 2D
FlRE D & IER D OB R o DY Y - N7 2R —FRROMPRERLTE 3.

SE

[1] Dehornoy, P.; Digne, F.; Godelle, E.; Krammer, D.; Michel, J.: Foundations of Garside
theory. EMS Tracts Math., 22, European Mathematical Society (EMS), Ziirich, 2015.

[2] Ferri, D.; Shibukawa, Y.: Structure groupoids of quiver-theoretic Yang-Baxter maps.
Preprint, 2025, arXiv:2503.10327.



Boundary Feller-Dynkin processes associated with
Laguerre processes

ARG (B L) =
Alexander Bufetov (Steklov Math. Inst. RAS, St. Petersburg State Univ., CNRS Marseille)*?

=13
1 55

2 W v, 20D Markov &% AT o WNTL s WY 2 5 5 3 BT R
{(WN AN yen 2E 2 2. WY _E® Markov @882 XY O {XV ) yeny 2T DRICE L
T—HMNTH2, 2FbhH, XN O Markov F#f TN 122V T, intertwining BfR

EN_HA%—H — A%—HEN (t > O)

PMEED N e NIZHLTHDIIDE T2, 2O %, { XV} yeny DMBRGEREZ T2 0.
Borodin-Olshanski (&, #fREMEZ 52205 GHEMR) LK T % intertwining
EZEWENLL 2], Gelfand-Tsetlin 27Z 7 7 EHEALZER EOTEREREDBITHEH L 7.

Assiotis {3 intertwining % XD #fEZEMNI#EH L7z [1]. WY &2 N Xt Weyl cham-
ber DT T3, Tz, xe WL L, WAV (x) = {y e WV 2, <y <25 <
o Zyn <oy} LOERRIEZ

An(y)

AN (x, dy) == N! - Ao (o) W60 (¥)dy

¥ LT Markov #% AN 2D 2 (Ay(y) = [li<icj<n(yj — vi) i& Vandermonde 75|
7). Dyson Brown B Y, J X LTHNCBERT 2 0L O 0fERERIEX, 20X
SILTHELNIHER (WY AN yeny KELT—HNTH 2 Z DA BN TV,
Assiotis 1%, Z DHFRIT intertwining % W, 053 2 MRERE % H 2 BRI 725557
ITHERR L 72,

—%, 7YX LATHIEEICHN Mo H AR HERERE E LT, O X—XZ[EEL
72) Laguerre @fEA3H 253, ZAUF {WN AV yen KL T—EM 220, 22
TR AL, 20 X 5 ZHERERED intertwining BRZFO X 5 AR EEA L.
ZORICET 2 MLEROME A SO EETH 5.

*1 F700-8530 MK EEHF=TH1& 15
e-mail: y-kawamoto@okayama-u.ac. jp
web: https://www.mtds.okayama-u.ac.jp/faculty_members/kawamoto/index.html

*2e-mail: bufetov@mi.ras.ru,

AWFEIIEHE (FLEES:JP21K13812) 0K EZ 372D TH %,
2010 Mathematics Subject Classification: 60B20, 60J60
¥ —7— F : the method of intertwiners, intertwining B2z, T > & 4175, Laguerre &2



2 FEE
a ZIFABRE TS, WY =WVN[0,00)Y &L, Markov #% ALYy - W -—» Wi %

N
AY (2 dy) = (0 + 1) )y v ()
a, N\ P ?Jrl AN(Z) Wi (z)

ThHZ% (Wg’N(z) ={yeWl;0<y <z <yp<.. <yv<anp EBVER). X
B AVEE = ANPIAN L 2 e, 24U Markov B WY s WY 252 5. SR
{w?, ANH}NEN DEFEFUT Q= {(a,7); a = (Qi)ien,on > 3 > ... 20,3 ya; <7}
THY, Al AT = A2y &7 3 Markov £ AS y : Q -—» WY D#ET 5.

REHE 1. [4] Markov (Feller-Dynkin) DK {T),} ven 73 {W;V,ANH}NeN WL T—
BWTHZr35. Z0rE, QLo Markov (Feller-Dynkin) *FEf T, 2 —RITHIEL
TN &S
TEAL v = NS NTY,
COFEMIZED, RO—BEHRHERBEOEICHIGT 5 MREREIE 515,

e N XJT a-Laguerre 21, WERM 7D 7K
dX; = +/2X]dB, X; 1 2X; dt 1<i<N
t = t t+< + o+ +27> s ST S
J#i

DIRETE Z 53 (B 237 Brown i#E#)). ao-Laguerre JBFE D IS %

(WY AV Y ven R LT—HIITH % [3, 5].
e Laguerre EO—HMWZ R L7 3] OFEZHWL &, XRTEX S N RIThERE

BoEo—H D b2 [4: s e R, 1 <i < NIZxfL

. : ~ 2X(1 + X)
dX! = \/2Xi(1 + X})dB! + ((2 — 2N —8)X] + +Z i )dt.

J#i
SE N

[1] Assiotis, T.: Hua-Pickrell diffusions and Feller processes on the boundary of the graph of
spectra, Ann. Inst. Henri Poincaré Probab. Stat. 56, No. 2, 1251-1283 (2020).

[2] Borodin, A., Olshanski, G.: Markov processes on the path space of the Gelfand-Tsetlin
graph and on its boundary, J. Funct. Anal. 263, 248-303 (2012).

[3] Bufetov, A. I., Kawamoto, Y.: The intertwining property for Laguerre processes with a
fixed parameter, J. Stat. Phys. 192, article number 58 (2025).

[4] Bufetov, A. I., Kawamoto, Y.: Boundary Feller-Dynkin processes associated with La-
guerre processes and Pickrell diffusions, preprint.

[5] Kawamoto, Y., Shibukawa, G.; The intertwining property for S-Laguerre processes and
integral operators for Jack polynomials, arXiv:2505.23139.
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N = 1 #xXt#5 Virasoro & & HH Fermion R DIE
D ¢-EIZ BT 5 Kac 175

RAREE  (FHEARF)"

1] i2BWT, @BF baf X gl, f(BOH 2 BHGRR?2 S, N = 1 @XF Virasoro
RELSVir & 1 57D HHE Fermion K& F DEM SVird F @O ¢-ZBELENS Z & Z2HA
L7z, ZHUd, &F ha A X gl (8D 5 ¢-ZT¥ Virasoro KB 15 2 ik L R U FiEE
WHTA2ZETHRA2ZENTES. BONBIMREUIRD L5122 5.

TH. gL dE FEOER n,mcZ (n£0 F713 m £ 0) A LT gd™ £ 1 Z¥7
THEHERTXA—RELTB. XHIC

n=q'd, @=¢, q@=q'd’

B L. XoBGRA e $ERTT W, (MGZ—i- 5 i=12)¢ 7; (nEZ) & oTH
RENHREE A LT 5. BRRBEBEE Wi(2) = > Wiz 2, T(2) =Y T2 "

ueZ+1 3 neZ

ZHWT,
Wi(2)Wi(w) + Wi(w)Wi(z) = g2~'4 (%) T _15(QQ2)

@ f (435 ) Wi Wa(w) + £ (a7 = ) Wa(w)Wa(2) = 3 (55w T(w),
9(5)TET@ =g (S) T TE =c- (6(=) -3 (£)).

z G272 z

@ f (435 ) Wi T (@) = £ (7= ) T(@)WA(2)
~ o~ 022 ) Waw).

i (s ) W) T(w) = (0 o) T(u)Wa(z)

1

=—q¢ Ha—aq')0 <q1w> Wi(qw).

_ n _ q +q3 i
_TLGZZZ ) f(fa eXp{n:1< - 1+q2§1)) n}7
9(2) = exp (Z (1- g0 q§>2n>7 o (=)

>0 n(l+g") 1 —q

e L7

*e-mail: yusuke.ohkubo.math@gmail.com

AWFZEIRE (FE#ES:21K13803) OB 223720 DTH 5,
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T(2) & [1] 12BT 3 Tia(qr;2) TH D, ¢-ZJE Virasoro I & R UBARA 272 LT
Wb READEHBRRDPHIX, b5 —DODAil ¢-Zf Virasoro RKEEEK T %
ZeHTE, 205 0BILMIRIE, SVird FICHEDAENTWBIEHH TR 2 DD
Virasoro fRENC—E T 5. KRETIE, ZOREA D Kac 177 icowTo %2 5
Z5.

BE YT A b2 R LB &

Wiwlh) =Tplh) =0 (u,n>0,i=12),  Tolh)=nhl|h)
W EoTED, |h) ITREA ZIEHIETHEOLNIREY T4 FREAZEZ 5. 51T,

1> po>-->0, vy >1>--->0, np>ng>--->0

Bl T EBEBOERY u = (ui,po,...), v = (vi,vs,...) EEBOHERY n =
(n1,mg,...) WRLT

|h7 vV, n> == WL—/“WL_MQ e W21_H1W27_M2 “e 7:n17:n2 ce |h>
eBXL. 5&5@%%&:3’3@’('%7 il <h;u,,y’n’ BEDB. :h%pﬁb\«c7 Kac {74 %
det KN = det ((ha [,l,(l), I/(l), n(1)|h7 H(2)7 I/(2)7 n(2)>)‘#(1>\+|V(1>H‘|n<1)\:\#(2>\+|V<2>\+|n(2)\:N
LERTS. ZIT, p[=mtppt BEELE

FH. N c %ZZO Wt LT,

NelZso k=1 k=1

CEoTEZIHML TS,
BE X

[1] Y. Ohkubo, ”Direct Sum Structure of the Super Virasoro Algebra and a Fermion Algebra
Arising from the Quantum Toroidal gl,,” arXiv:2505.02926.

—12—



r—2 X FDOET1k 6 TH s

B (THEAH)
Iiaz ?5(9% (RARFAL)
SPIS 6= (RAEKE)
JK R (T HER)

w1k 6 THRBEA (quantized 6-vertex model, q-6v AL M&ELT %) 1%, 6 THAEMKERD
HA% q 7ANVRBW(q) DIt W TIERIL L 788 LT [3] TEA SN, 2 K0T
N7 MVZERV = Cvg ® Cvy EERFRBST X=X rs, f,g L, 1EHZE L(r,s, f,9;q) €
End(VeV)aW(@) IXEXoTUTD XS ICERINS.

b 0 1 0 1 0 1
itva  0oto 1t b oodeo ol 1-teo

J 0 1 0 1 1 0

L?jb r s fe! ge e rseV 4 fgeitw

AED 0,1 1EZNZ N vy, v BRL, ¢ 7ANMREDERIT eV, ™ 13 g TR ele” =
geVe! Ziii/z 3. (b b D) 6 THEBRDOMIMED Yang-Baxter TRER TR X 5 DK
L, q-6vEREONFMEIZMEERGENRTREINS. 2O—D>TH S RLLL BfRA

R456L236L135L124 = L124L135L236 Rase (1)
& [3] TRENS. T 2T RIFAE Ry EEEAARR
Rys56Ro36 R135 R124 = R124R135R236 Ras6

DFETH 5. [3] Tl LXZHOTHKE N RIEFAHZERRZ, 2] TERTFZ 7 AX—BDLR
bR I, 8124 a7z HwTEbEnr.

AHEEHOTEZ, F—F X LoR M EHEMRN G ORRH CIRTELT 2 RO
Db T2) IMEHRLZEELTRONS G LD g-6v BEANIOWT, Al /EHIER
PRI 22 TH5S [1]. BRILED q 74 MWENIATHLE 55, b—F ZDOEARME
FEELTEF = RADFREQY —H A ZVIZHIET Z 2DODART bAURTIA—R gy %
HAL, ZOBRMBRNIHNT2E/ FaI—175] T (x,y) &, ZD L —RXTDH 3 EIETS
(layer transfer matrix) T (z,y) ZEFRT 5. m x n IEARFOLEREIK 1 26RKD X511
ED .

T(ﬂj‘7 y)(’l)i X ’Uj) = Z CC'a‘ylbl'Ua Q Vp ® T:j’b7
ac{0,1}™,be{0,1}m
To(z,y) = Tryemgyen (T(x,y) = Y Tiiallyll

ie{0,1}m je{0,1}n
R LU jal =Y ap BRE LTS, ~ROBERK G I2onTiE, RABEBOBERICET 5%
DA DIZE 5T |al, |b| DEHRSD LRSS (2 ZTIREIET 2) . BRROB Y EATHER
DEFR e DREBE N 55, LB O#EOTEEHTH 5.

1
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> 21 > a1
> b 12 > a2
L=
{071}inner edges
> ’im > Qm
Ji J2 3 Jn
1. IE/t&F Lok 6 THREER. (FRENZ ¢ 7 A4 MARE D BERR TR

BUIHIE S 5. R b —F X LOEAFHEZRT.)

Theorem 1. FCARX G 23 Tadmissible] £\5 H 2542z %, [EED z,y,u,w I
DWW T
Tw Tw
R ) Tl o) Tl y) = T ) T wR () (2)
MDD, R(2) $ETHE U,q(glzv) WATBES 2 8T R1THI 77— P RMET, FHZ generic
72 210U R(2) @RA[HETH 5. KXo THEEETINIAE, D% D [To(z,y), Ta(u,w)] =0
WIS 5.

JEHLEATH T (2, y) \EW(q) DILEREICD D 2,y D 2EH0—F VZIENX e 2D, FE
7B AR ERIROIEZ Y. 1 DOtk 7 £ 6 THRAERI T (1 D) Yang-Baxter
BARD & E HIC AR BRIEITAIDE SN Z DITH L, BRI G LD -6V BRI TIXEHER
L(r,s, f,g;q) D73 4 MEOMEARGEX & 2 B KIRBIHRK Z AW TEIX{ T8O
AEDVREN S, 2o DBRRDEREESINEE X 55514 % admissible ¥ XA TW3. &z
EATHINI AR O W HERE), BLXI N —F 2D SL2,Z) FHICELTARETH 5. ¥
7= RLLL BfR3X (1) 1% admissible Z2ACHRX D Yang-Baxter Z#%2 5.2 5.

FUARKI G & W(q) DRT R =R q ZFEAZIZE B2 212X o TWA WA RBERIDHER T X,
Theorem 112 K D AlALERZE S RMINCHER T Z 5. & [1] TlE, q-6vEED S HlS
77 2V A AL R R TR ES TR EDMBELNATVS. by RELIIX A v — 1
B L TRIZeDTE, HAEY BT/ 7R, &4 ~—HBREHOBEDOWANAZ
BARDIRZ 5.

REFERENCES

[1] R. Inoue, A. Kuniba, Y. Terashima, J. Yagi, Quantized siz-vertex model on a torus, arXiv:2505.08924.

[2] R. Inoue, A. Kuniba, X. Sun, Y. Terashima, J. Yagi, Solutions of tetrahedron equation from quantum
cluster algebra associated with symmetric butterfly quiver, SIGMA 20, 113, 45 pages (2024).

[3] A. Kuniba, S. Matsuike, A. Yoneyama, New solutions to the tetrahedron equation associated with
quantized siz-vertex models, Commun. Math. Phys. Volume 401, 3247-3276 (2023).
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TP HTAC BRI R R R 2 S D Plaff RO Z R
Kl Pl (BOK - 2EBR)

1. BFHEEE A
ABH:{fH( )=0|zeV :=C"}, fulx)ide=(r1,...,2,) D1RXKK
L=L(A {ﬂH¢®|BcA}

HeB
LP = LAW .= {Sec LA |codimS=k}; £O=Vv, £U=A

oS5 SeLandzxeV\{0}:
LY =T e®| TSy, LY ={TeL® |T>5}, Ag:=Ll)
S1S ¥ dAyy =2 (VHeS, VH € 5,
(x,S) ={tr+y|teC,yesS}, A, ={HecA|(x,H)=V}, A :=A\A,
S : z-closed & (x,8) =S, L :z-closed & (x,S)e L (VS eL),
me, A= AU {(z,S) | codim(z,S) =1, S € L?}.

2. Pfaff &% M :du=Qu
w= (u) Q=S Aydlog fu, Ay € M(N,C), QAQ =0 (MHTHERH)

N HeA
EE 1 (BEBUITID. As:=> yoa,An (S€L)
FE 1L QOAQ=0 & [Ax,As]=0 (ADVH DVScL?)
FE 1L QAQ=0 = [As,Ar]=0 (S, TeLwithSCTorSD>TorSLT)
5l 1. braid FLE, Type A, * Ujcicjen{{zi = 2;}} - KZ A
2. Type B, '{{xi:j:xj} {xk:O}|1<z’<j<n 1<k<n}

.....

3. Plaff ROEHR Q4+ 7
1. addition Ad(fy,): uw— fiyu, A— AU{H'}
2. BEAZEHR, BIBR ¢ (21, 10,...) = (azy + bxy, cxy +dus,...), (¢, 29,73,...),
(To(1)s To(@),---5) (0€6,), (52,2, ) (< FFRKLZ), ctc.
3. I{FRYE : H € A Lo Plaff EADER
VS € L&) BERARRAER SN ZM H OB TR L2 5.
4. middle convolution : mc,, M : di = Qu, Q= ZHEmCzAAHdlog fu
Ay ={Hy,... . Hy}, AS={H{,....H}}, fu,=z—ay) ((z,y1,... ,yn-1) €C")
A z-closed (¥ LT&W), Ay (H € A,) & DR], Ay (H' € A2) & Hal, 0, := 2
= (O iz d Phaff % - Q=Y Aydlog fu, Ay € M(pN,C)

x fH;

*e-mail: oshima®@ms.u-tokyo.ac.jp
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Ap - ker A; (i=1,...,p) ¥ ker(3S A+ p) WM CPN D VA ,- L5 22 DTFAE
THDT, ZNHDOHEMIC K BRI Ay D5 E R 2 TRIBER DT Ay DEE 5.
E&E 2. A CNALATRER ESTTH By, ..., B, W@t L, (FIRD) EHME A, ...\, &
ZOEEHE M, DVAIZ By B ={[ A1, s Ma)my, .-} ERT.

EIE 2. me, , FAHREBITI As OO RIREHRED RO FELV X FOEHZED 5.

[As] = [As + Waasnan + Y. [Arlsarnan 1 + [Aws)k

(z,1)=(x,S), S#T
TeL(Codim(z,S>+1)

EE 3. Secl:splitfor M & AyAy =0 (VH, H € Ag, H # H')

EE 3 i) H HcA, AgApw =0 = AyAp =0
i) z-closed THW S € L@ 2 M LT split = S & me,, M I LT split
i) H € (me, A) NAS, Ay =0, 2512 VS € LE), 7 M IS L Tsplit = Ay =0

par . ppar (o B (@) (B)n(V)mtn m.on
B M B (33 700) = 2 S e G g
acCr,BeClietc. (@)1 =F)1=0, 1-a)n:=01-a)m (1—p)n

Li=r—r'=p —p=q¢—q (BEERREIREELM MO]): L=0=KZ 4
HEES (L=1), KM :=Ad(x*)omc,, )oAd(x)

1,0,2 11,2
M1113 717’72 1752 +y) M211 M3
Y
\\ — i s fme,
X T
0
r+y z+y—1 4y x+y—1 +y z+y—1

AR 2. 1) EEOBTFHAEICN L, ZhzatE FHilE A N R A Z RO B
Pfaff 2T, Ay (H € A) XA D 7 —1THI TRV DDFET 5.

ii) braid FLE*° B, BB FHEECE X, z,-closed (Vi)

i) AD {{z =0}, {y =0}, {z+y =0}, {z +y =1}} T, a-closed, y-closed 2>
#A < oo &7 2 THACE A XFFEEL RV,

SE X

[DR] Dettweiler, T. and Reiter, S., An algorithm of Katz and its applications to the
inverse Galois problems, J. Symbolic Comput. 30 (2000), 761-798.

[Ha] Haraoka, Y., Middle convolution for completely integrable systems with loga-
rithmic singularities along hyperplane arrangements, Adv. Studies in Pure Math. 62
(2012), 109-136.

[MO] Heo-Matsubara, S-J. and Oshima, T., Generalized hypergeometric functions with
several variables, Indag. Math. 36(2) (2025), 507-566.

[Ok] Oshima, T., Middle convolution of KZ-type equations and single-elimination tour-
naments, ArXiv.2504.09003.
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A degeneration of the generalized Zwegers’ p-function
according to the Ramanujan difference equation

Bl TR (LRI - T)
TR A - AT

B =
Shibukawa-Tsuchimi [ST1] TEA L7z Zwegers p B [Z] D137 X — & —
ZI DBICAIRICHY T 5 little p BEBZEAL, ZOEARE 52 5. Kl
little p BIEUE Ramanujan AR DJHEAJE D DT RE EAR) O ¢-Borel
2y g-Laplace ZHDOEMDBIC—ET 5.

WEBREFER ar,...,a.,b1,...,bs, 2 ITDOWT, q ERMEHHEZRTED 5:
ai,...,a 2 (a1, ., a0)n n(n=1)\ $—r+1
TYSs ; bl = -7 1 N _1 " 2 n?
¢ (bl,...,bsw) ;(bl,...,bs,q)n (™) e
ai,...,a (a1, .. 0. ), n(n=1)\ $=7
r'¥s 14, = -1)" 2 "
4 (bl,...,bsqx) Z(bl,...,bs)n <( )"a > v

neL

72720, q=¢e*" i:=+/—1,Im(r) > 0 2D

(ala cee 7a7")n :(ah s 7ar;Q)n = (a'l; Q)n e (ar; Q)n (TL €ZU {OO}),

[e.9]

(@)oo =(; @)oo == [[(1 = 2¢7),  (@)n = (; )0 := G

EFE 1. (1) [ST1], [ST2] BEREE a, a = ¢“, z/a,y € C\¢Z IZD2WT, —fi(b p BEL
j(z,y;a) ZRTED 5:

(02).c ‘
@)l—)"" (o w ’y>'

nel

H
w[Q

iz, y;a) :==iq s (vy)

7272 L,

(2) /B 2,y € C\¢% 1DV, little pu B Lji(z,y) ZXTED %

1 1
@b <0 0hy ) '

ARFFEIEEHAE (JSPS KAKENHI Grant Number 21K13808, 25KJ0371) OB %213 72dDTH 5.
F—Y — F [ Zwegers’ p-function, ¢-hypergeometric function, ¢-Borel transform, ¢-Laplace transform,
connection formulas
*1 T 090-0015 AbHEEAL AT EHT 165 Ak R TR TR

e-mail: g-shibukawa@math.kobe-u.ac.jp
*2 T 657-8501 KPRIFHR AT/ NETL 3-4-1 SR AR FHER & BT ZRFFER

e-mail: tsuchimi@math.kindai.ac. jp

o]

Li(z,y) =
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EIE 2.

fe3
2

M\»—‘

Lz, y) = lim(zy)~2 a2 fu(z, qy; a).
Ramanujan /7F£7\:

(T2 =T, — quy] f(x) =0

ﬁ)@) = 209 <O7_0§ qa$y>

D q-Borel £, g-Laplace 242 [RSZ] :

DR D DIE A

BIE = ™€, L1 (NN = 3 100
n>0 nez 4
DERDE:
folx, ) = L} o BY (ﬁ)) (2, \).
W—HT 5.
EIE 3.

fO(mu _I/y) = Zqélﬂ($7 y)
little p BREX 1ji(, y) W DWTRD & 5 72 NIAEK D 17 D.
EIE 4.
li(z,y) =
li(r,y) =

f(qr,y) — xyli(x/q,y),
gz, y/q) = li(y, ),

. . 1 Y
iz, y) = iq mo% (q/x,()’q’ ?) ;

21,,1_%(1 —y)li(x,y) =iq” mo% <O;C]aq2$> )
)

ooy = L Oa(=n/e)y (=1 ey)Oy(—a/Pey)0y(~qe2)
il y) c1 0y(—2)04(—qy)0y(—z/q?c1c2y)04(—c1/ca) /o)
1 0y(—fea)by(~1/ea)by(—x/Pery)by(~qe) .
e 04(—2)0,(—qy)04(—z/q*cac1y)0y(—ca/c1) hlz/ o yea)
iq~50,(—)0y(—yc/x)

 li(e e ve) — (23 .
) ey~ ) yc>°¢1( " yq)

l
l

ool

Oo\»—t

BE R
[RSZ] Ramis, J. P., Sauloy J. and Zhang C., Local Analytic Classification of q-difference
Equations, Astérisque 355, (2013).

[ST1] Shibukawa, G. and Tsuchimi, S., A generalization of Zwegers’ u-function according to
the q-Hermite—Weber difference equation, SIGMA, 19 (2023) 014 pp23.

[ST2] Shibukawa, G. and Tsuchimi, S., A generalization of Zwegers multivariable p-function,
ppl18, arXiv:2503.11955.

[Z] Zwegers S. P., Mock theta functions, Thesis, Universiteit Utrecht (2002).
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10

Connection problems on ¢-Lommel functions
Rl B (BB KRR e R TEA ST ER)

1. Lommel E# E. Lommel &k, p ZEEEL L T 2IEF K Bessel /12N

Voy = {(x—jx - v)(w—jx +v)+ :c2] y = k", (1)
BERLT
s 1 1 31 1 3 1
= @ k1 Zu== ZZ Z 2.2
8() e 2< GH TV T G gh GV 4w)

MED—ODMRTHDH xR, S5IZHERETOMHTER

2
Sp(a) —abtamy (1,2 kv L op v (2
Hov 2 2 272 2 2 \zx

ZHWT, ROFTHAREIET2 (Watson DARZZIR) :
24T (Gu—5v+5) D (Gu+ 5v + 3)
sin vm

Suw(@) ~ 8p(x) +
X [cos %(u —v)m-J_,(x) — cos %(,u +v)m- J,,(x)] .

BIFTCIXZ D Lommel BRED ¢-FELlEEET 5,
2. EE% Q‘B%%EE (Cl, Q)n = H;l:_()1<1 - aqj)a (CL, q)oo - H(;io(l - aqj)a

(a1, a9, ..., am; @)n = [[}2, (a5 @)n (n=10,1,2,.. or n = 00)

7= REE L 0, (x) = 0(x) = (¢, —x, —q/x;9) - Tz, q—.ﬁ%ﬂﬂ%&ﬁ :

(@1, 0m5q)n n(n—1) ) 1+s—r
rGs(@ry .o by, bsi g, ) ::Z : : {(—1)”q 2 } z".
n>0 (bla R bsa Q)n(qa Q)n

3. — ¢-Lommel B
¢ =qla T3, HF— q-Bessel FFE & Z DRI

Vy(2) = ay(¢’z) — (a + @)y(qz) + q(1 — z)y(z) = 0,

y (@) = 261(0,0;a; ;) 5" () = 2991 (0,0; ¢ /a; ¢; x)

b=q" ¥ LT, FEEXHBRR VY y(2) = ko™ ORZERNZ, ¢-BEERL ¢;(q) = ¢;(x)
(j=1,2) ZHWT
(1) (1) k

= " 32(0,0, ; ab, b;
Yy Cl(x)yl +62(gj)y2 + (b—l)(ab—q)x 3¢2( , U, q; ao, quax)a

AW RIAE (FREFS:19K03566) DB Z 2372 d DTH%. %7z, Changgui ZHANG
(Lille) & OILFIIFFETH %
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Z ZTCTRDOBAE 5% — g-Lommel PRELE RS :
sea(@) = 2% 35(0,0, ¢; ab, bg; g, )
=blqgT 5, ERETOEAME LT
S(x) = 2 500 (q, %, Z—Z; —:q, Z%i)
FWB L y— —SS(l)(x) BIEFFITRA Vg (2) = ke Bl T
3. &HREE  ¢"-Borel £ B, : C[[z]] — C[[¢]] ZXTEFK T %, defined by

- ianxn] — i anqmn(n—l)/2Tn'

K7z, p-Laplace &4 L, % Jackson ﬁ \’Cﬁ@%’o (p=g¢g™THWS) :
1 A o(T) d,T
- ._
,Cp,)\((p)(iﬂ) T _p/o 7’/$ T Z 9 n)\/l’

y(x) = 300 (¢,4/b,¢*/ab; = ¢, ) I LT, wo(§) = Bi(y)(§) D LA
BUZI2 D, 309 1ZEF % Thomae DFEREAR DGR % & UL
a4 ~ (g/b,¢*/ab; @) qab®
502 ( a0 x) ~ (q/ab,1/biq)s 51¢Q <ab R )
(¢.4%/ab; q)s O(—qz/b) — qa
lgfa0.  0-7) e ( ’q’_>
(¢,9/b;0)00 0(—¢*/ax) 5 ( - 9_3)
(@/g.abjg: ) O(—2) O \@?/a P ax)
U 7223 o THBHEL y(z) D g-Stokes MIEIZRD X 5 12T 5.
+ oRBT (1) _ _Li(q/bv qz/aba Q)oo ( Q70 . a_bZ)
qu)\ Bq2( a,b)(x) - q227 qx (q/ab, 1/b7 q)oo 2¢ Qb, ab’ q, g
N (¢, 4%/ ab; @)oo O(qA /)02 (g /A7) 5 (0_ ab)
(b,¢/a;q)c  O(NBga(?z/X) '\

a* qu
(4,9/b59)00 0(g°N/ab)02(¢°x/Aa?D?) 0 b)
(a/q,ab/q; q) oo 0(M)02(g*z/N) 101 <q2/a’ “T)
AEINZ, Z DA ¢-Lommel W DEERiE G2 5, 8B, FROGE DM
% C.Zhang(2003) IZ K o TGN T WS, ZD TR TIEEH — ¢-Bessel AU
fR 57223, Borel B R 2721 THZ, H=dRIRKICTTE %, ¢-Bessel D
D ¢- R T HRRT D 225, TWODHENTIR S,

Wi

G. N. Watson; A Treatise on the Theory of Bessel Functions, 2ed, Cambridge,
1944; §10 - 7, 345-352.

C. Zhang; Sur les fonctions g-Bessel de Jackson, J. Approz. Theory 122 (2003),
208-223.
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11

On g-middle convolution and generalized
g-hypergeometric equation

B B3 (BROKLFREERFGE NESULRISFETTFERL

Middle convolution 1% Katz 12 & D B A 41, Dettweiler & Reiter iI2& D 7 v 7 X
Aoy ey LTER b . I - 1 [3] & middle convolution @ g FH{EL
¥ LT, g-convolution B & F% g-middle convolution ZEA U7z, #iH - 14 [1] T
g-convolution 3 X ¥ g-middle convolution % EfRH72 ¢ 257 A UTHEAH L, Heine O
q RN ZER ¢ BRAGERX, L0 ERBE2R{L. oD
BziTo 8%, I - IO D g-convolution IZBORMDID 2 Z & 3br b, #H - 17T
¥ [2] T g-convolution DFEERZITo 7. ZOHERICIE, addition & ¢-middle
convolution Z#E DR LEH L TR A & ¢ ZRHEEXZE 25BN LR TR 5 205 A
RBH 5. [2] TiF, BERbX Nz g-convolution B & UF g-middle convolution % F\»
T[] CORMBEZ—ERHVET L EBIT, ZOMRIIH LT HIT addition & ¢g-middle
convolution ZMi LT 3 FED—fkft ¢ HRMAGRERNZEH L, BRI ¢ @RMGERXE 3
BEICHEIR U7, AWFZED HIUX, g-convolution I & » T1§7= Heine D ¢ @@ U
* LT addition & g-middle convolution Z# D iR Li#EH LT n FEO—ik(b ¢ #RMH5E
A2Bo2TH5.

BAEL y(2) = 2 (ax; @)oo/ (BT; @)oo (v # B) D37 T q 220 F7 2K

y(qx)_y(x) . By By _ 1o _ 1o é
_—x[?+x—1/a]y(x)’ By=1-¢"Bi1=q (1—a)

TOATHIDR (Bo, Br) WX LT, FEREL 7z g-convolution ¢ ZHEd & 2 x 2175D
1 (GE .G pEehz. 2hickz R

V) V) 6 g Vo) - (1) (1

—x x r—1/« y1(z)
1% Heine @ ¢ B ARRICHET 2. # (GF,GP) 1o LT addition add,, %L,
& BT g-convolution ¢ Z1T5. ZAUTED 4 x 4 1THIDMAR SN 253, FIZERHTHE
U BIEZ L 2 & 3 x 3175 o (@([)3],5[13}) 2G5 % (g-middle convolution mcj ). ¢
72T ITRER

_ g _ _
— _ 93 () (2)
z |\ 3 A R
g (qz) — g5 (x) g5 ()

D HEMINSEM 3R ¢ 20 EREZ, TXTORED « D 1 XD AL ¢ @RI T
BRATH2. -2 TOHEORAICOVWTIE [2] ZBRE L. oM (G, G
WX LT & 512 addition & g-middle convolution Z#% D i& U 724K LT D Proposition
1 & Theorem 2 THH, ZHNDPRHHED EFERTH 5.
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Proposition 1 Heine ® ¢ & AR (1) TofFglom (G, G et mc§ o
add,, Zm=12bm=n—2(n € Zs3) $TIHIHL THESNS n x nfTHDMH
G Gy rxcE5z oS

afi  afy
abd  aly O O
G e =ln) 5
G, = Gy =
SO ’ O
[n]  7[n] [n] [n]
O agbll,n—l @ﬁm b b Bay b

0

TG oF~ToBEEL G 0 b, B y(z) = 27 (az; q)eo/ (BT @)oo ITEE
N5 py, a, B &, addition THEHZS py,. .., o B K g-convolution THH X
3 X0y de ERCTHRICET 2. G ool o g TtREh S,

Theorem 2 ¢ 7277712

9" (gz) — ¢\ (2) g ()

(3)

. : . r  r—1/« n:
ah (qz) — gh' () an'(x)

P B ER S g (2) BT 2 B 0 B ¢ EDHTERIZ TR TOMRED 2 0 1 XRTH
b, ZHUug—Mb ¢ @RMAENXTH 3.

HER (3) OFMIE n — 1 D Jackson BHTHEZ BN, Fic gI(z) @ 2RS¥
Ky, (u,v) (i=0,...,n—2) LB y(z) = 2" (; q) oo/ (B7; @)oo ZHAWNT

ggn]@) _ /5"_200 K, (2, S”*2>Sun72 /gn_soo Ky, _5(8n-2, 5n73)sun73
0 0

n—2 n—3

Sp—2 Sp—3
8#1

9% Ky, (s2,81) €00 KAo(SleO)y
- °1

(80) quO dqsl e qun_g qun_Q
0 S1 0 So

LET5.

SE Xk

[1] Y. Arai, K. Takemura, On g-middle convolution and g-hypergeometric equations, SIGMA
19 (2023), 037, 40 pages.

[2] Y. Arai, K. Takemura, Reformulation of ¢-middle convolution and application,
arXiv:2503.11214.

[3] H. Sakai, M. Yamaguchi, Spectral types of linear g-difference equations and g-analog of
middle convolution, Int. Math. Res. Notices 2017 (2017), 1975-2013.
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12

Kajihara @ q 3% {AEH%L Ty, Py DREEARIN

W KFE (k)
I BE (k)

AT, ¢ BRI OEHIFE DU (cf. [1,2, 3, 4, 8]) 515 5417z Kajihara
D q BRMEEL o7, 05y DFYBBFRRIC OV TIENS.

8] I2B W T, Kajihara @ ¢ BRI WM2 073 H5ER Ey BX 2 0BLR
BT, ZoABERNIEER ¢ BRMAER 4] 02 EEIRTH 5. 3] 2BV,
HER By OROBEEFRRE XNz ZOBGRROEY 2B LR Z2E 2 2 & T,
Kajihara @ ¢ &ML o7, 07y OMBEGR L5225 Z B TE 2.

HWE- g2 0 < gl <1 e DEFET 2. Kajihara D g BRAHEEL @77, [5, 6, 7] 1&X

{bk}lgkgn

TEz6h%:
{di hr<p<n “)

m {ai}1<i<m
q)n,'r( T
A(zq a;x;/ ;) nmb:vii " (e
- ¥ i IL s <HHEd’Zx32> (H (M W

{Cs}lgsgr
{es}lgsgr

—~

{$i}1§i§m
I€(Z>0)™ 1<i,j<n (zi/z;)i k=1 i=1 s=1

ZZT, (2)oo = [Ieo(l — 2¢%), (2)n = (¥)oo/(¢"2)ee TB 3. Kajihara O g #BRATIKEL
1%, Macdonald-Ruijsenaars BEmICE R 2 FOZH ¢ BRI TDH D, WEH#AAX %
Fio. ZOBBDHz T RIS OWTRHER RN Z D o 7203, [8] iIcB W T, WM2 23
LI HEXDBEZ 0. ZONBEROERMELZE Z 2 ZLIZHARATH D, RHEHOH
RIZDESLERDPL/{ONDDTHS.

B Fy, Fo %

Fo( {aiticicmrio ) gt (¢°bi/ar, az/br)se ]‘ﬁz (qai/ar) oo

{bih<icuya ) af (¢% gbs/ar, gbr/ar)e +5 (gbi/b1)oc

v {ai/biticicn | {1/b3} {qbi/a:}
X @7 ( {ai}1<i<n {q/b1} {q°1by Jay } a3/b1> , (2)

P ( {ai}1<i<miso ) _ ( (¢, b2 /b1, b1 /b2) o Aﬁ2 (qb1/bs, qba/b;) oo

{bi}1<i<ario gbi/ar, qbs/ar, gb /as, gba/as)ee +3 (gbi/ai, qba/as)e
i/bj }a<i< {ai, a5} | - -

(I)M {(Zj/ j £3<i<M~+2 1, a9 o1 ,

: 2’0( {(1/b}scicarya | {0102} | - |7 : (3)

Z£< . 71:'_’.7’:’_[/, a1az - - Apr4+2 = qa+1b162"'bM+2 tj_é

*L T 657-8501 SLEULHFHTHEXOSHAN] 1-1 M REREBEERF SR
e-mail: tfujiiGmath.kobe-u.ac.jp

*2 T 516-8555 RGBT MEAGEARN] 1704 EEEERABE 20
e-mail: t-nobukawa@kogakkan-u.ac. jp

F—U— 8 g BRI, q 2R, B



Theorem 1. ROFFEEAHRI DI D 2D,

M+2
Z ~ Afy A1, A2y« oy Ok —1, Qg 15 - - - AM42

DkFg b = 0, (4)

{ i}lSiSM+2
k=1
FO Ap, A1 A2; -« 5 Ap—15Apy1s - - - AM42
{bit1<icario
s Apy Qfy A1 A2 - ooy Qp— 1, Ap 1y v ooy Aj—15 Qg1 -« - QM2
= Z Lk,p X Foo ( {b‘}1<~<M : (5)
1<k<M+2 1 S 1<i<M+2
k#r

ZZTH(x) =(2)o(q/T)oe THY,

M+2
Dy =ag™ [ 0(ar/bs) T]  Olanfa)™, (6)

i=1 1<i<M+2

itk
) 1 g a@(anrlbk/ap) a; b; !
Lmﬁz__(_> e AL () 1L (5 ) ")
qbr \ ap 00°)  igjcaree \U g \B
i#p 7k

Remark 2. M =1 O5EIX, 2 ROZER ¢ BRAGEROROERAXEE525. Z
AUZ, balanced g BBRAREL 50, D 3 TAMIBIRIN L FMHTH 5.

SE

[1] Y. Arai, K. Takemura, On ¢g-middle convolution and ¢-hypergeometric equations, SIGMA
19, 061, 40 pages (2023).
[2] T. Fujii, T. Nobukawa, Hypergeometric solutions for variants of ¢-hypergeometric equa-
tion, arXiv:2207.12777.
[3] T. Fujii, T. Nobukawa, Connection formula for the Jackson integral of Riemann-Papperitz

type. arXiv:2404.00969.

[4] N. Hatano, R. Matsunawa, T. Sato, K. Takemura, Variants of ¢-hypergeometric equation,
Funk. Ekvac. 65, 187-211 (2022).

[5] Y. Kajihara, Euler transformation formula for multiple basic hypergeometric series of

type A and some applications, Adv. Math. 187, no. 1, 53-97 (2004).

[6] Y. Kajihara, A unified approach to transformations for multiple basic hypergeometric
series of type A, in: Representation Theory, Special Functions and Painlevé Equations -
RIMS 2015, in: Adv. Stud. Pure Math. 76, Math. Soc. Japan, Tokyo, 247-274 (2018).

[7] Y. Kajihara, M. Noumi, Multiple elliptic hypergeometric series : An approach from the
Cauchy determinant. Indag. Math. 14, 395-421 (2003).

[8] T. Nobukawa, Jackson integral representation for Kajihara’s ¢g-hypergeometric series and
an extension of the g-Riemann-Papperitz system, arXiv:2402.14358.
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SVllE:

Exact calculation of degrees for lattice equations

IR 525 (RAURFER GRS TR )

1 EL®HIC

7, ZHAERORENKCET 2 AN MBEEE T 3. s, ARETC L
FY ¥k [10] 1ZHESNT WS, [10] TEA XA 75 L WBERS FIRE D AR I AR S
R, WL OhOIEICIE BAERE DI, %< OIIFERIEOE V2.

1.1 ERHFEXORBIEK
AN TR REIER 1%, TEADOZHZ YIFHEO HHEL L L TEWED, T
DIFRED Z & TH 5. RBIEKIT X BEHCR O A EHIE X, FEPIEFICRVWZ &

DRI STV 5.
il 1.1. AR
zh_1+1
T, = ——
Tn—2
EZD. xg, v ZOHEE ES b, &Ko, BWHAEOEEEK Y LTEFS. HlZF
i+ (@ + 1) + a2 (@ 1)+ 20 (a] + 1) + ]
To = y 3= 5 5 T4 = 3.2
xo $0$1 x0$1

TH2. FHEROXEZ, GLER T 287 LIRD) 9T « TEOXED 55 REWIE
S LTERTS. FHIX, B FOXBBEICTEHLD 1 ETRELLDZDT, KEKE

degxro =2, degxr3=4, degxry =256

THH, n>21HLTdega, =2(n—1) &5, FEXORBHI=> tr—[1] 1

1
lim —log(degz,) =0
n

n—r—+oo
L5, REIZY F R =5 010423 (AN E 2 ZLHERINCE 2) 7=, KK
Bkc k 2 HETIE, CoABRREABEY LTINS, EE 2o RN EER
H = St o LT E 2720, A TH 2L EL DD HERTH 2.

Tn4+1Tn

Z DX, Laurent R (FIHEHO D RAHIERICZ 215 H [2) O BT T, B 2K
DEITEADREZTH 5. Lo L, RESEROFHEIZH L <, —RIFEIA S THRWY.

B 1.2 (FHOBER KAV G [7]). X # 0 ZEfe LT, BT hER (RED7ER)
1 A

Tnm = Tn—1,m—1 + -
Ln,m—1 Tp—1,m

* T153-8914 sAUARH RIXEIY; 3-8-1 REIRY: REBHRBERI AT 7R
AW RHTE (FREES: 23K12996) OB 223720 DTH 5.
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2FEZ5. ZOHEREN=1D XD, \ #1 D ZIFEAETICRE. n=02
m=0 DWW EYAEL AL T, 5B 1 RBICBIT 2 2, OXBEFHET S L

3 37 61 8 109 133
1

3 61 193 494 1097 2197
31 51 71 91 109 1

1 1
1 11 46 130 299 601 1097

[ ] ®

o [ ]

e 9 25 41 57 T1 85 e 9 33 82 167 299 494
e 7 19 31 41 51 61 e 7 22 47 82 130 193
e 5 13 19 25 31 37 e 5 13 22 33 46 61
e 3 5 7 9 11 13 e 3 5 7 9 11 13
® [ [ ] [ ] [ ] [ ® ® [ ] [ ® ® [ [ ]

A=1 (FIHT) A=2 (FERTFED)

¥i2%. A=1 (AIfE5) O & & degwy,,, = dnm — 2max(n,m) + 1 TH Y [11], 2 KB
FERKTHZ. A\ =2 FEAHED) DL = degr,, 4" TH D, FEHEBIERTH 5.

1.2 Total degree & Individual degree
TR O XRBIEKIZ, FIRERE () ORVTTICTRE (IKFET 5 [6]. #&F 7512
ROAFETHHE & U TREBERZ WS BICER O, W REEZZE 2wl
&, KE e LT total degree TI372 < individual degree ZFH W5 Z ¥ TH 5.

E#&E 1.3. Total degree 1%, SRXTOFHHEDR KB 1 12 EZ T ZORKTDH 5.
Individual degree &%, fERIZEE L7z 1 DDHEEIZOWT ORI TH 5.

1.3 BESECAD
KRELAFA U SADIE, BEBCR O ITRIAMEHIE I b U CIES ERNCIRE S s [3). BIRT
i, RS LIADIC & 3 TR TEHE A B E D BBV LA SRTWS [5]

Bl 1.4. k Z 2L LOEEE LT, ROGEXEEZ 5:

Tpyl + Tpo1 = 1
‘rn

a Z—RIIZ NI A =2 LT, HHE 1 OFIHHE (v,-1,2,) = (0,0) ZEZ 5. T
LARREREBIED L (1., 2,01) = (0,00) ERD, a DEWRBLON LR, HHED
T3, 3hbb, FRRIIFFERICEALLEART. ZOXEEHET 5729, E/N3
TRX=R e BBALT, MIHE (2,1, 7,) = (a,6) DOETEEHRDS. T

Tnpr = " +0(eF), = —c+0(), Tnps=a+o(l)

LD, WIEIE o OIERHIETET 5. R (xn+2,mn+3)‘ = (0,0) DEHHED 1 ITKES.
£oT, FEKXDOZORERIZFALAD NS, FiHk '5}\57 ek, RELOMEE EE
ExIiR7ZzdDTHD, 5% (0,007,0) TH 3.

¥ 7z, VIHE (2,1, 2,) = (0, 00) 2 BARD B L A2 DoKX — 2 (00, Teg, 00, Teg, - - - )
PEOND (reglF o IHKIFET 28T, HAAICD oo DA 2 THIH). o OERMI KD
VD TEEIIIFF R R TIERWAS, Halburd O FET I DRE — VIZEEICKRS.
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1.4 Halburd OF%
Halburd O %, BEE X — ¥ b bR R HHEHET 2 FHETH 2 4. = 2T,
ECEHE LR UAD O EE VT, FEROIMEHE LTV,

Bl 1.5. § 1.4 LACHEREEZ 2. TMEE v = u (—HRERERIIE), 2, = 2 (&
B) LD, x, % 2 O 1 BRCEHEE £ R, ZOX deg, 1 (2) EET 3.
1 ZBCE TR 2, () D, 150 & 0o DWEDEE ZNZH d,(0), dy(00) ¥ F %

dn(0) = #{z" € P/(C) | (") = 0},  dn(00) = #{2" € P!(C) | z4(2") = o0}

72720, ARICBWT, HEBROMEBIIEICEREEZAD THZ 2 LR T 2. (RBEELE
D 1 ZHEEHBEROENL, COMEICH LTS P FToOMGROEREELW. $hbb

dn(0) = dn(00) = deg, zn(2).

BALT 5. THUEHOCTXEEEE T 5729, 25 e PH(C) 1T LT, WD z,(2*) = 0,00
220 R 5. Bl 1.4 DR XD, HERIRD X 57588 - 2Fo:

o (0,00%,0). (FILAD BN BERE K — )

e (0o,reg, 0o, reg, - -+ ). (JAH2)
X5, &L [3,(2%) »' spontaneous I 0 1SR 572 £F 52,1 FORRSEAZ—2h b
To(2°) =0, Tp1(2) =00, 2p40(2") =0, 2,(2%) #0,00 (m#n,n+1,n+2)
ERBIETTHD.? £z, 2 = 0o DEEE, A2 D E =2 >T

T (2*) = 00 (m DEE), xn(2%) # 0,00 (m DMEE)

L2 5. EEE, 1, (2%) D0 0o IR BATREMEE, 2o TREEhTWS .
ZZETOFEHRERCT, X deg, v,(2) ZFtHET 2. HBROEKEZRZ 2729,
Zn = #{z* € P(C) | z,(z*) % spontaneous 12 0 1272 % }
EBELIMT3E,0 % oo DWEDMEEERZ 2 Z T, n > 01X L TREUE
degz In(Z) = dn<0) = Zn+ Zn-2,
1—(=1)"
2
LETL. ZDEIIHKEEFRRLIERE, degree relation ¥ FER. T 2T, FIHEHDXIGNE

= dn<OO) = an—l +

1 Tz, (2*) 2% spontaneous 12 0 1272 %) DEFRE, ARTIEEZ 2.

2 ZOFEREEIZIELWS, FRAHUADDFED S ZHEMBITRT 2 L IFES TR,

B ZOFREAKSELVS, BERAMAUADOED S ZAERBBITRT 2 L IZAS TIZ W,

R EEHET BICH o TEERDIZ, spontaneous 12 0172 Z ¥ ) OEKWRERTIIRL, Z,
BEICERTED L VWS HEHETH S, Z, DEELERIZ Halburd OFEOHEEICOWTORMERDO O L
OTHY, AW TRMELREELEZ 2 v 3LRV. 2B, BT HERDBEIC Z, 1[THY T 2 D DI EE
WWERTERWVWS ZiE, AROEHERTH L2 EH 44 DFROVDEDOTH 5.
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® Zp_3: Rt x \}\&_y(xn—2207 an_1:OOk7 Tp = )7
R —

® n— 1' Efj‘ﬁ}f';)\ ‘\/
o Z ##%4‘5\)\52 v ( = 07 Tnt1 = Ooka Tpy2 = 0)7
o = ( n” c JEHH 2 Dotk —

(-1 =0, x, = 0", 1,41 =0),

Y (o =u, 1 =00, Ty =reL, Tz =00, ")

£ 7o TW5. Degree relation D4AHE LWz, #L L T, #RERERTEX
1 —(=1)"
2
2195, 29(z) =u, 11(2) =2 &0 Zy =0, Z, =1 BOT, LORI Z, TOWTHEIT 5.
ZLT, Z, Wb IUIRBDRES. ERICEHTEEZITS &, KEBERKEIRD L 512k %:

<ﬁ%§% (k> 4)

In+ Zno=kZ, 1+

deg, zn(2) ~ {

n? (k=2).
2 BRFARENDRBDHAE

ZDETIX, Halburd O FERZE T HERICHIER L T, FHEROXEE 558 T
D0, HlEHWCTHHT 5. 72720, BEROHAIXZDETIIITHOR Y. BEORRKIZ,
B R RAES 5720128 D X 5 REER R LRI IUIR 5RO RS 5.

21 fl: RESFAULASHZBIBY ZIEAIBEDEFARERNORBOHE
k%Z 2D EDMEE LT, ROFGBEREEZ 5:
Tgn = —Tt—1,n-1 + ka + kb .
t—1n  Lin-1

CoENE, HRAMTIAD Z@E T 2 IErED 28T T REXORIDOBITH D 8],

_ k _
Tgn+1 = OO Tirin+l =

EWIOACIAD SN A RRERAZED. ZOEKIZ

Tpy =0 Tpq1m = OO

Tt—1,n+2
Ti—1,n+1
Ti—1,n Ty =€

Tt n—1 LTi4+1n—1  LTt42,n—1

WS WIHAED IR0 T e — 0 & L7EE,

Ti—1n+2  T€Z reg reg

- k

Ti—int1 OO 0 reg
Ti—1n 0 ook reg

Tin—1 Li+in—1 LTi42n-1
EWVIRR=UPELNDEEVWSIEKRTHS. 72720, Treg) & e DA OWIHMEICHAT S
S DERMEE WS EKTH 3. it,pp_aﬁmfmmmﬁhww FIZOWTIE
RHAET A BTV (2 0)5'6"6“#@ ZBDMIKUITLZWV) T 5.
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BB, BTABRROBHEIIIEFICREL, HEAALADDERDEE > TR,
FRR, BER KAV TR Y o WEN R TR TH o T, IFEITHEMER &2 — VD3 B
THEVIWMEND B [12, 13]. AR TOREFALIAD DEFRTIE, RAXTT 1 DHIHAS
HOAEEZDTD, 2D XD BEML Z — FHBL L0,

fle LT, 88 H CZ? 2 1 DOPHHE 2 %

To3 Ti13 T23 T33
To2 Ti2 T2 T32
Tor T T21 T3
Too £ X200 T30

CEEL, 2 1I22WTO individual degree ZEHH T 2. HESD & = [, 2 LSO
fEIC— 72 CEZRAT 2 &, B 2 1B 2 1 ZEEHBIEBICR 2 20 = 200(2).
& (t,n) € HIZHMULT, 2,(2) D0 & co DFBRDMERZ d;,,(0), din(c0) &F 5:

din(0) = #{2" € PY(C) [ 200(27) = 0}, diu(00) = #{z" € P!(C) | w,u(2") = 00}
WEDTDE Z LM, BERDIIZ, 14,(2) DD
deg, w4n(2) = din(0) = dipn(00)
L OHED DAETEINSC L ThHE. SEXERIM 2 € P (C) % » ITfCA LK,

Ty (2%) DNVD 0 00 1272 DH %, FiERFH CIAD DFHRZ W THREL T\ L.
FIX, 21,(2%) D30 R 00 1272 B DIE, RD 338D DATEEME L 72w,

1. x4, (2*) 23 spontaneous I 01272 2 &, FFRAACIAD E XN T 582 — VD3I
Tny1(27) = ook Tir1n1(27) =0
Tpn(2%) =0 zpp1,(2%) = 0of |

2. 2" = 0 DA, FILAD SRRV Z— ¥ HHIBL

DR =VIIGFANEEINT VS, D& — v e OEWIE, FIHIE 0 53
=0 DHELZIRVEICHE. T ok ITRBERVENT, 19 A 0ITR S
T, woo DAMRMEIZZR 5720,

3. z* =00 DA, ATIAD bRV X — VA

To3
T2 (0. 9]
To1 (0.9]

Tog <2 =00 x99 T30
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Tyn(2%) D30 R 00 WIRBATREMEN NS D — XA TRLEEINTWVE Z L 2D T
Zyn = (# of “spontaneous occurrences of z;,(z) = 07)
EBL e, RD XS 7% degree relation 28 TE % (t,n > 0):

degz l't,n(Z) = dt,n(o) = Zt,n + thl,nfl + 5,2710
= dyn(00) = kZy_1 0+ kZy o1 + St—1,0 + k(St10 — G10).
Z 2T 6 1 Kronecker 7V X TH D, FHEHDOXINIL T D K S22 > TW5:

OOk

W Zg 1&, &= [ BT 2 0 oo IXIET 5.

Tsm =0 00
T Oy V&, RR =Y 2t = 0 ICBIBIE 0 ISHIET 5.

H 0pq 0 &, 28K = 25 =018 21H 0o ITHILT 5.

TH k(8y, — 000) &, RR—¥ 2" = 00 ITBF B 1H 0o ITHIET 5.

Z D degree relation DHE 2 D% T 5 T 8T, Z;, WCOWTOMIEFHRETER

Zin=kZi1n+kZip1—Zi_1n1— (52,10 + 010 + k(O — 52,%)»
Ziyme =0 (to =0 or ng =0)

HEoN3. 22000, t =05 n =0 DEITT x,,(2*) A spontaneous 12 01272 %
ZEMNTERV (PALAD LN RZ—UDPIBEHRWV) EWVWSFHREIIHMIGLTWS. Z
DRADPS, t,n — o0 & LIt FIZ Z,, BIEHEBINCIERT 22D Zebhb, #i
Ja, ZOABRADRBUIIEBBEATH 5 Z L HHES .
Bl LThk=2D58I12 72, & deg, x,,(2) AT 2, LTD L5122 %:
128 1536 10816 58336 266592 1086392 4067660

0
0 64 672 4208 20456 85188 319198 1107036
0 32 288 1576 6808 25542 87181 277910

)
o

16 120 560 2108 7016 21556 62552

Ztn 0 8 48 184 5985 1692 4608 12024 -
0 4 18 52 134 328 776 1792
0 2 5 10 20 40 80 160
0 O 0 0 0 0 0 0
0 128 1600 11488 62544 287048 1171580 4386858
0 64 704 4496 22032 91996 344740 1194217
0 32 304 1696 7368 27650 94197 = 299466
deg. 0 (2): 0 16 128 608 2292 7601 23248 67160 ‘
FrbmT 008 52 202 637 1826 4936 12800
0 4 20 57 144 348 816 1872
0 2 ) 10 20 40 80 160
0 1 0 0 0 0 0 0
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2.2 BEMZRIETIOHICERINEHE
§2.1 TRZFREBITIE, WL 20 DOGEFTEEMNICE Z#m 21T > TVWRWS 20
ATETERZHER S DT 2720121%, UT OB R Z IR L2 UER 57500,

L. @ (2%) DME O % 0o ZELA AIREMEDY, TR ZEODSMNCHEELRZVWZ 2, ¥
DI U THEITRTH?

2. Tz, (2) A% spontaneous 12 01272 % 1 DRI R EFREATH ?

Tint1 = oo” i1 =0

3. x,(2%) B3 spontaneous IZ 01Xk o7z & &, )X —2 .
Ttn =0 Tpp1p =00

DRTHET 2%, ©5%°0 THEBIRTN?
4. Degree relation 23, Z; , \IZDOWTORIEHENRFTR . UTHET % 72D DSMIMH ?
5. 2 Zd, T AHRERICB W TRE S DERIZM A ?
Il Z13 12, 13] THTFHRERORER S X — > v LTIERICE R b ol sh
TVEH, SORETEDEIRDOFHE LRV L%, ¥ HEITRTH?

AT, IhoOFEZRRT 2 28T, T ERDOEELZXEGHRTEEZE X 5.
3 Constant singularity
D70, AFTIX quad equation & WHTEDHREAD A% S . Quad equation &
1%, X% B, 0, D 2 oW TOEREM & = &(B,C, D) € C(B,C, D) ZMAWT
Trp = (T4t s Ten1, Te—1m—1)

CERIND LT HERTH 2.0 HFEAEE X 28 H C 72 1%, W Tidiz <,
YOEOMEDIIHED SEREOFHEIZ L > TRD NS L WS &R 37 o130
TH LW FHIR H 2HE T % &, gIAER (PHEE 5 2 220 7072 572050 2

Hy={(tn) € H|(t—1,n—1)¢ H}
CEED, TRTD (6,n) LT, z, FHEIEOEHEKE LT—ENIZETS. Ok
DOMIAE » ZEREICEE LT, XF 2 KOV TOXRE deg, 7,,,(2) ZAIHET 5.

§1.4 % §2.1 OFHE T, - A OFIAE R — 7% CEL B, fi 2* € PY(C) ZKA
U72BRIC 40 (2%) DIRFEDMEIC IR 208 5 DifiRTz. 22001k, RAT2ME * BEDE
BOKAE S 2 AR T 2 728, TR TOIHIEE XF %&@zt LTS,

T 3.1 (K). z LA ovHEEZZRE T2 6HBERKE K e BL. kbbb

K = C(ajt’,n’ ’ (t/,n/) € Ho, .Z‘t/m/ 7& Z)

*5 1.5 TOHEDRETH 5.

S AREOROTFIZBENTIE, @ OXED B,C,D IZOWTEFNREN I RTHB I #ERTBZ 2N
P, AR TR ED XS REMHFIMTELR W, 72720, ® 0 B,C,D T XRTIMEET 2 Z I 3MRELTHL.

*TARRETIE, M2 WHEBOSRIFICOVTIZLE ARV, FIRELAFITOVTIE, [6] % [10] 2L X.
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THh3. 57, kK oREBHEO® K v EL.

DI BIE, ma(2) B K REEEEBE B, 2 10 P (K) 0ieRAT 5. KK k
TERD L, 10,(2) DXECIHEOMEI Y —8T 5. >0 LHED a € P! (K) 1SH LT

deg, 2¢n(2) = #{2" € P (K) | 24n(2") = o}

PHOTT 5. FHCEEADN o € PL(C) LB ABEETHD, 2ohb, ARICBIT5 T
B TREGRE -V OEEINMES.

E#H 3.2 (constant singularity). (t,n) € H, z* € P (K) &3 2. x,,(2") ¥ constant
singularity 1%, x,,(2*) € P1(C) 222 TH 3. x,,(2*) = z* 2% constant singu-
larity D& &, ZOEMEEZ, | ZHEBEEE 1,,(2) D 2 =2 BT 2H* OHEEZ L
LTEDD. 12720, ,(2%) 3 constant singularity ThHW\We & HEEEIZ 0 & FE R 5.

E#& 3.3 (constant singularity pattern). z* € P! (K) XI5 % constant singularity
pattern 21X, RD 3 DODTF—RDI L TH5.

1. @, (2*) 23 constant singularity £ 725 X 57 (t,n) € H 2D TEE.
2. x4 ,(2%) B constant singularity & 722 & Z D, constant singularity DfH.
3. @y, (2*) DY constant singularity & 722 & Z D, constant singularity DB,

7272, 2 € P (K) 271 D% constant singularity Z4ER L7 & 1, constant singu-
larity pattern & (ZAR IRV,

514, constant singularity pattern ZHIZ MFERERX -2 R XX —2 | 2 EF 5.
& 3.4. > € P! (K) WG 2R EA AKX -V EERB.

o RR—=VM fized 1%, 2* € P (C) R2ZTHh5. FERE R =V fixed T
VW E ) movable £\ .

o NRR—UM confining L%, NRX—ITEF B constant singularity 23 FRIE L
MIRNZ e TH 5. FERK X — ) confining TRWE X | non-confining £\ 9.

o NE—UH solitary L%, XE—D3272 1 DD constant singularity ZHf> Z &
Thb. FRE X — 2P solitary 72 513, £F confining 1272 5.

Bl 3.5. §2.1 THo 7 TERDRFRFARZ -, UTO S HHATH 2.

OOk

1. . (movable, confining, non-solitary)
Tin(2*) =0 oo”
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° ] o) o) o) o o)
° q o) o) o) o) o
° b o) o) o o o)
—e r* & & o—

1 Basic pattern %7 % I & #HA{E.

2. |0 ot . (fixed, non-confining, non-solitary)
To1 OOk
| Yoo <= T20 ]
Lo3
3. Zo 0 . (fixed, non-confining, non-solitary)
o1 o
| oo <= =00 T T30
4. |02 . (e € PY(C) \ {0, c0}; fixed, confining, solitary)
o1
Too <= T

5. [:L'm(z*) = Oéi|. (a € PY(C) \ {0, 00}; movable, confining, solitary)

ZNSDRE— DD constant singularity ZHi/2 3, HBLOFRFRENRRX -V D
S5 LORWT & ZHHITRT 72D, MorOFENIBRETHS. AR gL & §5 1
BOWT, RERARR -V 2 HEICETAET 2700 mE M T 5.

E# 3.6 (basic pattern). fEI HPasic %
HY = (Zs 1)\ {(=1,-1)}

TED, 2 =200 £ 5 5. 2* € PL(C) WMIET 3 basic pattern 1%, FEIK HPi 12 B0
T, z =2 IMIET 5 fixed pattern DZ & TH 5. (X 1)

Basic pattern 1%, §2.1 THRZFRAACADDFHAE L KEDLITHIEL TV,
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E& 3.7 (0-factor condition). 7 & = ®(B, C, D) 2% 0-factor condition %7z 3 &
&, RD 2 &M% [T I TH 5!

o Opd L Opt DHTIT, C & D DAEETIRIE TR0
e FOZMHTBYE CHBIRTANEZEZZDD.

bbb, IR 0-factor condition 275 & ¥, 9pP & Oz A FORKNE T &
L CHRER DX, LT O 3FEHEDIETH 5:

o ZW BIKIFTZBD. (DFED BTHMOILTORKAELRZNHD)
e C—a. (e
e D—p. (B€C)

E#&E 3.8 (basic pattern condition). X & = &(B,C, D) », 2* € P(C) iZH LT
basic pattern condition % i#i7=3 &1, BfRA

®(B,C, D) = z*

2, BY COAZECHMNETZE ZZVwEVWS 2 Ths. 2L, EER
®(B,C, D) = z* DWRIEF L%, & = § ZBEIRFRE T 50

ZIERX ¢, — 2*®, € C[B,C, D] DBHIHAF (2* e CD & X)
o ZIHK ®, € C[B,C, D] DBEHAT (2* = 00 D & X)

DZELTH5.

Thbb, HERXD ¢ € PYC) 12X LT basic pattern condition {73 & =, Bf%k
R O(B,C,D) = x* DK T X L TARERDIZ, ITD 3O TH 5

o ZH D IHFETZ2DHD. (DFD DTHMILTORKERSRZNEHD)
e B—a. (€
e C—p. (B€C)

4 EHER

EE 4.1. FEK & 1F O-factor condition {73 &3 5. H C 72 RHE Y L, 2* €
P! (K) IS 2R RE AKX -V EFEZ B, COL X, HOHDES

{(t,n) € H | x,(z%) : constant singularity}

WiE, B NTOIFIES 5. 122U, IR T 22 OERIEFTE 2 5.

B Ox TEM X kR ERT.
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E&E 4.2 (first singularity, starting value). &3 4.1 TEEDRAE X 1L 5 H/PITI G
3 % constant singularity %z, Z DRFERF K — 2D first singularity £\ 5. F 7z, first
singularity DfE%Z, Z D 8K — > D starting value £\ 9.

EE 4.3. KX O 1 O-factor condition /=& T 5. H C Z* 2L L, 2* €
P! (K) 1ot e 2 R AAX -V %2 EZ 5. CORREF X -0 first singularity %
Ta(2*) = ¢ € PYC), Z0EEEZ r & L, K & 1X 2% 18 L T basic pattern
condition Z{i/z3 T 5. ZDOL X, FFRLAZ—VD

{(s,m)€e H|s>t; m >t}
DERIE, x* WTMIEF 3 basic pattern % (t,n) ZIFTREILdb D —KT 5. 7
L, basic pattern IZHEART, 2* IZXIBT 2 8% — Y TRERED TR T r 30 3.
T 4.4. R © 1% O-factor condition iz 325, H C Z? 2L T 5.

e S={a,...,ar} CPYC), S#0 3 5. XEZFHET I, ZhsoDfEDHE
DEERNS. a,...,ar %, singular value & FEX.

o FXE L7z singular value Z ZORRENSX —UDRITRTHRLNATVWDE TS, £
D& HE—D S5 B, movable pattern @ starting value K% £1,...,58r €
P(C), fixed pattern @ starting value &% ~1,...,v, € P1(C) £ BK.

o HFEER ® I, By,..., 5 WX LT basic pattern condition Zifi7z=3 & 3 5.

o FHI HP*i¢ 128 \W\WT, fl 5; ICXTIET % basic pattern & X 5. Z D basic pattern
IZBF %, constant singularity x, ., (5;) = a; DEEE %

mult?iffc’ﬂi (a;)

L5 (wam(B) £ a5 % (s,m) ¢ HY OEEIE, < QBB 0 LD 2)
o T H IZBWT, 2z = v IZXIHT 5 fixed pattern &2 5. ZDRE =BT
% constant singularity x,,(v.) = a; DEEE %

mult;, (o)
EBL. (wn(v) # oy DHER, TOEFKEIZ0 LED D)

MYEDREDD T, &% j=1,...,J 1L T, XD degree relation 23KILT %:

I
deg, 1, (2) = Z Z mult};a?‘;f () Zs.m (Bi) + Z mult/’, (a;).

727U, Zowm(B) & rspontaneous occurrence of xs,,(2) = B ZHIZE I T LI
z € P (K) o% (BEEEIAA) TH D, [10] KBWTHEICERINTNS .

9 ARETIE Zo o (Bi) DEANERITG 20, BEROIE Z,,,(6;) DMEICERTE S L WS HELIT
DY, KEEFET 2K, 20 BANREREAV SRR
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EIF 4.5. T 44 FICIRE - &£B5ZHW5.

e [ >LYr3 5. DOFD, starting value DA singular value DL D HZ2 Ve §
%. 2Dt %, degree relation D AP SR ZTTRICKIET % Z L IITARETH 5.
3205, degree relation 1F, #HIEAFEFR & LT under-determining TH 5.

o {B1,....0i} S {aq,...,ar} €T 3. T&bB, FZ T3S movable pattern D
starting value (X3 X T singular value T® D, 7D movable pattern @ starting
value & 1372 5720 singular value MFET 2 £ 35, 2D | degree relation i
BITHDRBE 5ERIWIET 5. D% D, degree relation ZfNTREDEIETE 3.

AR 4.6 XIBEFE T B, {B1,...,0:} C{ay,...,ar} EWS, D% D starting value
% singular value IZZ®H 2 DR EETH 5. Z DIRFTIX, movable pattern @ starting
value 1272 5720 PL(C) [EDIFEIEDS, degree relation 23l % 72D DB+ &M TH 5.

5 BEANY—VODFE
RETHE, FR{AAR — 2 OFIRICELOtEZ T 5.

@ 5.1. SR & 1 O-factor condition /=3 & 5. H C Z* ZH#EEL L,
2 € PHK) CHET 2RBEBANRRX -V EEZS. 2,,(2") = 2% € PY(C) % constant
singularity £ 3%. (s,m) € H, s > t 235+

Tsm(2), Tsm-1(2%), Tsm-2(2%), -+ FWVIFTND constant singularity TR

%Eﬁf:jﬂt j—% ZD t %, ZL’S+17m, xs—l—l,m—la xs+1,m—27 RN 5 E%*ﬂb:*ﬂ/ﬁﬂﬂﬁt 73:% Zé)
D% w BLE, Top1m(2), Tsrrm-1(2%), Tsp1im—2(z"), -+ ETXNTXF w IHKFT
%. FHZ 2513 constant singularity TR, (K 2)

8 5.2. R & 1F O-factor condition /-5 525, H C Z° ZMHEHEE L,
e PL(K) WIS T 2RRARX -V EEZ D, ZDEX— O first singularity
Zaa(zf)=a*€P(C) T 5. (s,m)e HMt<s&n<mZEiikTLL,

xt,erl (Z*>7 xt+1,m+1(2*)7 Tty xs,erl (z*)7 xs+1,m+1(2*>, xs+1,m(2*)a ey xs+1,n+1<2*)7 x3+1,n<2*)

W hd constant singularity TdRWe 32 (M3). ZOL X ZDRX—=2D
constant singularity 133 XTLT OHPHIZH %:

{(u,0) e H |t <u<s; n<l<m}.
AR 5.3. ZOan#lE confining pattern DEFFEICZILD. FFRAALIADDFHEZIT-

7B, RIEAD—ERATAD LN TLE R, ZDIEITITKIZEIT constant singularity 73
HIERLZWE WS ZEDRAEE LS. EEE, §2.1 ITBU2FHELBATADDOFHEAEIZEWT
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° o) o) o) o) 25, + o)
° o) o) ¥ o) H + o)
° o) o) o) o) 25, + o)
° o) o) o) o) tH + o)
° z* ° ° ° ° w °

2 arE 5.1 DWW, TH) DD constant singularity TRWARSIX, T+ O
IEER w ITKTFT 2 (FRIC constant singularity TIX72WY). 2 OanEZ IRV H
W3 E, B XbEDEHSIIC constant singularity BFELZWZ &0 5.

° o) o) o o) & 0 o)
° o) x* o) o) tH o) o)
° o) o) o) 0 o) 0 o)
° z* ° ° ° ° ° °

3 @ 5.2 DR, TH) DFEDY constant singularity TH W 513, constant
singularity [P TH ENTZERD D AIIEIEL 5 5.

reg| EFELNTED X DEEFHE LAY 7D, £ DI constant singularity 23—
YIHBILZWZ e ZOMEIC L o> TRIEEN S22 56 TH 5. 758, TR T N
EOHEETH 5. EBE, HED RN AZ =P LI LIRHET 5.

8 5.4. X @ X O-factor condition Zi/zF & L, 2* € PH(C) &3 5. BT, /7
B ZED 5 3 ZHEEE © = &(B, C, D) M5fF

®(z*,C, D), ®(B,z*,D), (B, C,z*) E\WFhb ER (PL(C) DIT) TR

ZhileT T AH DL X, 2= ITMIET 5 fixed pattern i solitary T 5. FrZ, z*
WSS 3 basic pattern % solitary TH 5.

ZOMEDSEM 2GS 2* € PHC) IFFHETRETZ 5. HEL DI non-solitary 72
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RR—=2IDT, ZOMBEDEMEHT X7\ 2 IZHET % basic pattern ZF1H 3 5.

A
nied

iRl 5.5. a € P1(C) 7%, ¥ A7 movable pattern O starting value IZH R S5RNVWE T 3.

59
ZDEE ol 155D non-solitary 72,3& — 2T constant singularity & U THIHT 5.

i 5.6. 2K @ 1% O-factor condition Z{fi/z3 & L, 2* e PI(C) 5. ZDL X,
XD 2 GMEIFETH %

e ¥ X ¥ D movable pattern @ starting value IZ% 7% 572\,
e BARKX ®(B,C, D) = z* OEEOBNKTFIX, B—a,C -8, D —7v (a, 8,7 € C)
DRDENDTH 2.

FHRERICE > TEERZ DI, non-solitary XX —VICHIRT2ETH 2. 22 TODM
W2 &, HREROXB 2 RD 2#8Fe LT, FIZIZUTOFmENEZ 6N S.

1. @i 5.4 Z W T, non-solitary XX — > 2R T 2A]8EMDH % ¥ € PL(C) &3
NTRD S, (2 DT HREL 22 72W)

2. & 2 WX LT, MISF % basic pattern ZFHHE 3% (A& 5.1, 5.2 2MRITD). §
L 7= basic pattern ® 5 5, solitary THRWH DICHIATZED Y 2+ 21ES.

3. T 2 22N DfE o 10 LT 5.6 Z3EH L T, movable pattern @ starting
value & LTHBT 2085 02N 5.

4. FRRE AR X - OER%E D 212, degree relation % F {. Movable pattern @
starting value 1272 & 72 \WMEDYH AUZ, degree relation % W TREDEIHRTE 5.

6 55

6.1 REfE mKdV AiEX
RSRX—REkEC, k#0, k* £ 11U T, B mKdV 5k
Tt.p— Ti—1n
(1 - xt—l,n—lxt—l,n) (kxt,n - t,]{ 1) = (1 - xt,n—lxt—l,n—l) <kmt—1,n—1 S L )

k
2EZ2 9. O %

E{_

D(BC —k*)+B-C
®=®(B,C,D) = k;zlg(B—C)lLBC—k?’
TERTD e, FERXIE 200 = P(T10, Te1, T_101) EFT 5.
% 2 BWIT 2, HEXD O-factor condition %173 Z L hbh b, T, Ml
54% V5L, Ml tk, +1 DUD B4 % 5 fixed pattern i& solitary TH 2 Z & hiHH 5.
Ko TUT, £k, 1 WWHEH L TXEZFET 2. 6 £k 554 F % basic pattern 13

©) (] ©)
1
j:E + o
+k :F% o
° ° °
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TH2. 0 @E5.6 ZHVD L, £1 7S F % movable pattern X W\WZ b h 5. &
512, HRERNIEED 2* € PH(C) \ {£+} 1% LT basic pattern condition % iz 3
DU, 8l H C Z? £ 1 DDA 2 %

To3 T13 T23 T33
To2 Ti2 T2 T32
Tor Ti11 T21 T3
Loo £ X200 T30

DEIIZEEL, 2 12V T individual degree deg, z,(2) ZFHT 5.
ZOHIHED B & T, HIEXORREARZ -V OERBRY A I TD L 512725 1!

L ja,(2%) = ] (solitary; v € P* (C) \ {£k, +1}; movable or fixed)
s k

2. & + . (confining, movable; t,n > 1)
Tyn(2%) = £k T3
e 1

3. |10 3 . (non-confining, fixed)
o1 :‘:%
_.’L’()() 2= +k 20 ]
T3

41 +1 . (non-confining, fixed)
o1 :t%
| L00 Z* = i% T20 T30 ]

ZoHEAR £1 2 54 F % movable pattern 2572720 T, degree relation % fif T
KB ETHRTE 5.
FRREARZ— DT — &% D 21T degree relation ZEH T2 L, t,n > 01X LT

deg, 10 (2) = Zin(k) + Zi—1n—1(—k) + 5t’1 (# of preimages of k)
=Zin(—k)+ Zi_1 01 (k) + (of — k)
1
=Zta0(=k) + Zin1(k) + 61—10 + (01 — 5:{,%) (of E)
1
= Zt—l,n(k) + Ztm,—l(_k) + 515_1,” + (6t7n - 5;’7%) (Of — E)

10 = AP ES2IT constant singularity 2SHB L 72WZ & 2R 72012, @il 5.2 ZHV 5.

11 Movable pattern 22V TIEBEHC ETHEDMD > TED, 2% = £k, £1 BINIMIET 5 fixed pattern
33T solitary ZDT, 2 THRICHEICRZDIE 2* = +k, £+ ISHIET 5 fixed pattern DFFE 7
JTH5. bl LINEE WS LT, INSDRX -V RHEICGIRT 2 2L TES.
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&b, 1L, Zin(£k) & Tspontaneous occurrence of @y ,(z) = k) OTH D,
BUEIWCERTED I NEH 44 THRIEEINTVWS. T2t <0 n < 01X L T
Zyn(£k) =0 LERLT V.

+k ONFEE VS & Z,,, (k) = Zio(—k) DD, Z 2o SRERFEEER

Zyn(k) = Zi1,0(k) + Zino1 (k) = Zim1 1 (k) + 6—1.0 + (610 — 000) — 6170

BEENG. ZORFHE, Zia(k) & deg, 10,(2) D52 ZHRNKTH 5 2 £ Hibh>
5. HBCEERTS L UTO X5 1A D, KEADPZHERTH S Z e hbh 5.

01 35 7 9 11 12 01 4 8 12 16 20 22
01 35 79 10 10 01 4 8 12 16 18 18
0135728 8 8 01 4 8 12 14 14 14
Zun(2k): 0 1 3 5 6 6 6 6, deg,mu(z):0 1 4 8 10 10 10 10.
001 3 4 4 4 4 4 01 46 6 6 6 6
012222 2 2 0122 2 2 2 2
0000O0GO0 0 0 01000 0 0 0

6.2 FESFALASZEELAGVIEARESHER
k7% 3L EoFHE LT, ROGEXEEZEZ 3 [8]:
Tt = —Ti—1n—1 T ¢ + b :
" " lefcfl,n xz]‘infl
§2.1 LiE -S> TEHENX k DHFBTH 2720, ZOHERIWFEHATLAD SN WRFREN D
%. §6.1 & [A CHEE - WIHAEZE #Z 2, 2 122V T O individual degree ZF1H 3 3.
§4 % §5 OFERZHWTHEZITO &, TERXORERA X —VOY X MIMUT RS,

1. [xt’n(z*) = 7]. (solitary; v € P! (C) \ {0, co}; movable or fixed)

. (non-confining, movable; t,n > 1)

3. |10 oo* . (non-confining, fixed)
o1 OOk
_,’L’()() z*=0 20 |
T3
4. o . . (non-confining, fixed)
o1 o0
| Tgp 2" =00 T3 T30 i
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7B, kEPEBED L X DEWVWIX, 02546 F % movable pattern 2% non-confining 1272
5Z8RITTHS. WTHRIZHE K, oo 2 HIFE % movable pattern (Z1FE LR WD T,
degree relation ZEWTRKE KD 2 Z N TZ 5.

RRERZ -V DT — &% D 21T degree relation ZEHIT 2 t,n > 01K LT

+oo
deg, x;,(2) = Z Zi—40—0(0) + 52}0 (# of preimages of 0)
=0

+o0
=k Z (thlfé,nféa)) + thf,nflfé(o)) + 5t71,n + k(at,n - 52700) (Of OO)
=0

&%, 7272, Z;,(0) & Tspontaneous occurrence of x;,(z) =0 OBTH b, FHEIZ
FHTES 2 LAEH 44 TRISATNS. L <00 < 01H LT Z,0) =0 L&
HLTWDED, Y o BEBIIAERMTHZ. (1,1) AFACESZIS &, t,n > 110
LT
Z1n(0) = 0, o = kZi1n(0) + kZena (0) + K6, Y
E25. TIh o, KEEERPHEHEEIBMIITH 2 Z 2 ES.
BIZIXE =31 LTEHREZITO >, LTDXS1Tk5:

0 2187 46656 566433 5143824 38854242 257926032 1554996366

0 729 13365 142155 1148175 7807590 47121102 260406090
0 243 3726 34020 240570 1454355 7899444 39680928
Z0(0): 0 81 999 7614 46170 244215 1178793 5327532
027 252 1539 7776 35235 148716 597051
0 9 o7 261 1053 3969 14337 50301
0 3 10 30 90 270 810 2430
0 O 0 0 0 0 0 0
0 2187 47385 580041 5289786 40037463 265982067 1603619592
0 729 13608 145962 1183221 8056035 48623226 268557796
0 243 3807 35046 248445 1502124 8151706 40896039
des. a1, (2): 0 81 1026 7875 47769 252262 1215111 5480307
zohn 0 27 261 1599 8047 36318 152775 611658
0 9 60 271 1083 4059 14607 51111
0 3 10 30 90 270 810 2430
0 1 0 0 0 0 0 0

BE Xk
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Grothendieck ZIHFDFRFHRE & BT e DB R

Bl EHE (FERE)H
B &Z (RREHRE)
BRI REE (MR

Grothendieck ZIH:01%, Schur ZIHA D K #ERk & LT Lascoux—Schiitzenberger [4]
WA D EFREI N, Schur ZIHAUINT 2 Weyl DEHERX O (L2 Tkeda Naruse [3] 12
EDREINTED, RFEHEHTIXZN% Grothendieck ZIHADER L 35, Fwsl [1] 10
D&, ZORMEY Gauss B X U Holman OFBERMEKE L OERERNT 5.

FEEBEI N = (M, A,..0\) ZIFAERKBOTE T 5. @ [3]1T&D,
Grothendieck ZTH G\ (2 | B) ERDETR%ZE HD:

2 (1 4 Bay)i !

Gre 10 =y 1)

1<i<j<n
CIT, ZHrcCnBIURNTIX—XBecCtTsb. ERTBVWTB=0TF3L,
Grothendieck ZIHFUZ Schur ZIHAIC—HF 2. BB, Gy(x]0) =s)(z) TH 5.

X (1) iITHBWT, Schur ZHKD 7 v 7 RAKE XU Lenart [5] 1T & % Grothendieck
ZIHR D Schur ZIHAANDOERZHWS &, X EoN5.
Proposition 1 ([1]). 2% X = (k,0,...,0) BXTF X = (1%,0,...,0) (k € Z<o) TR L
T, ZRERRAMD 110

k— k, 1—
(1) Gy, 1,...,1| ) = (“k, 1)2F1( L ”;-5).

k, k—

X (1) &N, BBOERIKE (21,...,2,) = (L,¢,¢% ..., ¢"") (¢ €C gl < 1) 21T
W, fTHIROIFRR D 5 XG50 5.
Theorem 2 ([1]). FEEDOTEI N ITH LT, KD LD,

0 1 n—1
(L g | B) = kz DS <£)<k1)(nk—1)ﬁk++k

1=0 k2=0 kn,=0

Ni+n—j+k; _ Ai+n—itk;
q 7 —q
< e )

1<i<j<n
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B SVT(\, n)| OBFRARSE SN 2.
Corollary 3 ([1 ]) EE'O)/\%U AMTH LT, R ALD.

e -5 3 () I S

— 1
k1=0 ko=0 1<i<g<n j

fihsz, X (2) 1IZLL R D Holman OEEMEE F) v Xidh 3 ZEH @R [2) 2 H
WTRT N TES:
F(n)((Aij)(n—l)x(n—l)|(aij)nm|(bij)nxv‘(zﬂ)nxl)

o0 AZ + ]{/‘ n v n 1 n ‘
5 (e i)
E1,...,kn=0\1<i<j<n j=1i=1 j=11i=1 \"W/F) \ j=1

::*,?ﬂ(wﬂiynlﬁﬂ@ hTH5.

Aqg O
A A

(Aij))m-Dxm-ny = | *° 7% '
Aln A2n e An—l n

Holman O@EMMEHIZ, 2=X VA U(n+ 1) OXRBERICEN S Z e THIHATWS
Theorem 4 ([1]). FEEDZEI AN IR LT, FEHEROMEL [SST(A\,n)| ZHWZ &, X
DS D LD,

GA(1,1,...,1|p)
Ao 0 1 5
Aln A2n e An—l,n —n + 1 1 —ﬁ
SIT, A=A N+t T A

BE
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Virasoro Action on Schur Q-Functions and Pfaffian
Identities

Kazuya Aokage (Ariake College)*!
Eriko Shinkawa (Tohoku University)*?
HiroFumi Yamada (Rikkyo University)*

1 Schur Q-Functions and Their Definitions

Schur Q-functions were originally introduced by Schur in the context of projective
representations of symmetric groups. We begin by reviewing their definitions and
fundamental properties.

Let a partition be a finite sequence of integers A = (A1, Ag,..., \s) such that \; >
Ay >--- >\ > 0. The size of A is |A\| = 32¢_, A;, and its length is denoted by £()). A
partition with distinct parts is called a strict partition, and we write SP(n) for the set
of strict partitions of n. Let V = CJ[t; : 7 > 1, odd] be the polynomial ring graded by
degt; = j, and write V = @~ ,V(n), where V(n) denotes the space of homogeneous

polynomials of degree n. Define an inner product on V' by (F,G) = F(20) G(t)|
where 25: (281, %83, %(95, .o ) with 8j = %
Put §(t,u) = >, gty and define g,(t) € V(n) by

t=0 "’

eStu) an(t)u".
n=0

For integers a, b with a > b > 0, define

b

Qu(t) = (D) (t) + 2D (1) quri()gp—i(t),  Qralt) = —Qup(t).

=1

Given a strict partition A = (A1, Ag, ..., Aoy, the associated Schur Q-function is defined
by the Pfaffian

Qx(t) == Pf (Q)‘i)‘j(t>)1§i,j§2m :

The Schur Q-function Q,(t) is homogeneous of degree |A|, and the collection {Q\(¢) |
|A| = n}, indexed by strict partitions, forms an orthogonal basis for V(n) with respect
to the above inner product.

2 Quadratic Relations for Schur Q-Functions

For A = (A\,...,\on) € SP, Schur Q-functions satisfy the following quadratic
relations:
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Theorem 1. ([1])
For \ = ()\1, ceey )\2m)7

2m

Z(_1)ialQ)\1,)\ialQ)\QW,’X“”’)\Qm =0,
=2

2m

S (2200 05Qs, 5 s + BN, 5 s, ) =0

=2

When m = 2, the first identity in Theorem 1 coincides with the classical Pliicker
relation that characterizes the Grassmannian as a projective variety. This observa-
tion suggests the possibility of a geometric interpretation underlying the formulas in
Theorem 1.

3 Virasoro Operators and Main Results

For a positive odd integer j, put a; = \/§8j and a_; = \}—5@ so that they satisfy the
Heisenberg relation as operators on V' :

[aj, ai] = jdjyi0-
For an integer k, put

1 1
Lk = § Z A A5 40k - +§5k‘,07

J€Zodd

{ajai lfj < ’i,
Q0 =

where

a;a; lfj > 1
is the normal ordering.

Theorem 2. ([1])
Let A = (A1, Mg, ..., Aay) be a strict partition. Then for any k£ > 1

2m

Li@Qx =Y (N — k) Qx2ke,,

=1
where A\ — 2]€El = ()\1,. . .,)\i — Qk, . .,)\Qm).

Theorem 3. ([2])
Let a = (aq, ag, ..., ap) be a positive integer sequence. Then

14

k-1
1 ) _
L_1Qq = Z (a; + k) Qatore, + 2 ;(-DZUC —0)Qa2k—iis k>1.

=1
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4 RTEt Wess-Zumino-Witten BB DY U N V& & HIB

Shangshuai Li*, JEH Ei& T(&H3%) and Shan-Chi Huang', Da-Jun Zhang* ()

4 X0 Wess-Zumino-Witten(4dWZ W) )
- v — " RN 6-dim Chern-
BRI 2 X0 WZW B D & R thi ¢ & Simons (CS) action|
h, L E L <ol %z & [13,

reduction reduction
9, 15]. —J7, 4XI6WZW B0 E ) /5 ) )
4-dim CS 4-dim WZW
Bz v o AER (K E S > - 2 1 |
N duality?
LR (=ASDYM) R & %4li) TH b, catiots o various
WA RY—HEE L COHImEZE-> [14]. solvable models integrable systems

R split 3l & (++ ——) DB 2 DR
AE N=2 RO EOLO MR Z Gl U [17), R0 6 S £ X E LS
BAZ52 5 2 LS IT 5 (Ward F48)[18]. —77, 2017 48 Costello i & Witten
K &IIEHEA K, FIERD AR b L7 A=Y DfRZ R EEED 25 2 LT, 4100
F Y — v A ' AHEH (4dCS) NI EFIF AR (A VY RPAA FNEML L) %2
AR THEETHS 2 LR A L7 (3, 2. & 5122020 4EEHIC Costello DR % Z
I C Bittleston X & Skinner K236 XIuF ¥ — v ¥ A € ¥ A#E (6dCS) 2> 5 4dCS &
4AWZW B2 NZIGE) HAAD) ¥ 7> a Vil elon s T EZAHL (1] 2D
(6dCS = 4dCS/4dWZW) DA Z Z D3[R R DR —BEw TR A A ) e % D
WFEE D% 2 TE ) MAICTER AR R IN TS, £TDLIBY TV -7 7
47V = aryORPUSE W T 4dCS & 4dWZW O [ BB O RHIGEI (R 23K D 57
DI ERTFRINSG [7]. T BBDIRFIPHIC 72 2 AR & AR R DRI OARK D
HIGERE FE L TE D RZEEE .
YroARA(KACKNY Y - SVAARR) oV Y PRI nEF TR oD
BIDSHI S AT 7B, L 7 =281 X D KK S 172 Wronskian fi# [16] 2> 513 5415
U VIR [4] IREEEEOEE 2R, 2Ty - SV ABEROPHA T, 7 — PR
DT v D2 DEE, (EHEEDFEME TH D 3 Kookl LICRET 2 (KXt 1
D)1V P vyBEHIN[5]. ReTn VYt VBEOWGERIR 2 B OKP Y Y kv
EFRILZ Tnfilo 1 V) FrodifitEGbye) TH2 I LRI N, fiHDT
1L (phase-shift) bt I 7 [6]. T 9 L THEEEMER & OERMED L ~)LTHIO TH
ST 5703, I HIZA4AWZW BRI DO EHEEIC D WTH 26 DFOIR 2 5\ 038
SHICEN, RIEDKP Y Y by EHRILAESDTH S T EAh o7 (8], EHAEKP
VU v OaBIZRERAK T B IZ & 5 T positive Grassmannian D F 3 THFFICEH 2
S5NTED [11], ASDYM VY k¥ DOFHADEHIOGHDZEL T b. KP VY v
DYV 777 DHEALRIT TYFR, VY FrThHY, HUIIHD TR KD
MR TH 2 5 N HIBIRETH % L IFINTE %

C DWFFEIE R, Pr ek, W E SR M o B2 Z T TnE L7,
* bR B
TR RAABE S Tu R AT R
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Z DFHETIX, A RTCWIZIWEERID Y ) b U fiEZfEA L, 2V V) b VfED Large phase-
shift fifR (HLIGHGIR) 2 56w 9 % [10]. ZDFEHR, KPY U b v EE>T, 2200 Y FHY
) by DB S L IIEIREETIZ R, 20D VFREIY Y v OB - 7 LIRIRAE L 72 2
ZEWTHol (TH). 72 2L RWRF 5 D554 @ Large phase-shift iR Z2H( 5 &,
mKdV HRE7Z £ TR 6 41 % Double Pole FHIEIREEDSTH NS Z L3007z, T H
DIIGHRIIKP vV VU b v &8 ) REBIRZEG DS, ASDYM HfEA) & KuEIL TR
LN A TRATHRS N EIBHREFPTHZ. LB [10] TEwmI N5V Y b Ui
binary Darboux A CTHEEK X 4172 Grammian FIDETH 5. a—> —F¥Ic Xk 27 7
00— [12] L DBROBHS I I N T 3 [10]. RUHNUL, T 6 DBIRD N=25%
M I BT 2 RS E DOWIETT IR (4 XIG Chern-Simons B & 0 B 5# 52 ) 22 i
DY E) 12O T HEEHR L 72\ [7).

e .‘-ti
e
ﬁﬁ-ﬁ-ﬁ.ﬂi‘t‘ﬁ o
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Large BKP vs. B-Toda in Lax-Sato form
= K S ON TEUNYINE S S E 2T el

s MR, t = (t1,ta,---) A KO L T%,. KBKP (large BKP) /&% Jimbo-
Miwa[l], Kac-van de Leur[2] IC &k > THEAZI L, 7HE (s, t) ICXT 2 BERE R

j{zs_s/eg(t_t/’z)T(s —Lt— [z + 1, + [z_l])d—z,
2miz (%)
’ ’ dz 1 /
s'—s E(t'—t,z2) -1 o U DU & A ([ 1\5+s
+7§z e r(s+ Lt + (s — L8 - )5 — = (1 (—1) )

T\%%én%' - :VG‘[Z] = (2722/27"' 7Zk/k7"')7 f(t,Z) = t12+t222 + - kb)“))‘lgiﬁﬁ@ﬁﬂ
ExEHWTWA, Guan 5 [4] (XIETEEL

(s =1t =" L ewn g (5.4,2) = TEFLE ) PR
7(s,t) oYY 7(s,t)

REAL, BENIMAESL =af +af A +afA 2+ (A=e%) %

U,y (s, t,z)=

U,y (s,t,2) = S+zse§(t’z), U_(s,t,2) = Sz leE(t2)

KD LDO K I ITED T, (%) %2 ST 2R

SN () 15, (1) SEAIAS (@) = 0 3 (- ()N (@)

n=—oo

ICHZE L2, 22T I3ESEHROEANERZR T, 728 21 (a(s)A")* = A" a(s) =
a(s—n)A " £ D, Th 6 Sy ITRT B REIFERE O R (e TR ’@7 AMEIFE

Ly=5.AS., L_=S8"A"15"

W27y 7 2BARME NS (Wb BENAIEIEE ) .

Guan 513 2D 7 v 7 A% T Zabrodin 5 ® BBFHPEE (B-Toda hierarchy)
[5, 6] £ DAIGEIR b AL 7. B R HBERE 1 2 Koo H E@Qoow v 7 AMEMFE L =
wpA+up +ugA™ - L =GgA T F g agA - (FNEFNLL LSHIRTS) IR T

L'(A—AYH=(A-ANL

EVWIHI RS EBT I L IckoTROND, ZO0MiEE LTL, L OFEERBUIINT VY RE
Brug = uo 27y, 518, ZORMEMEZROTDIC, 2 RTTH HPEE D 2 25 DIRFHZ
Bt = (t1,ta,-), t = (f1, 2, ) DAL +t =00 LICHIRI N 5, IR I N7 IR [HEIZEL
t1,to,--- WICBAT 2 9 v 7 2R & AR

OL oL
A — = [A,, L
9t = [Ag, L], e [Ag, L],
oW OW - -
—— = AW —WAF, ——— = AW+ WATF
oty Ak T Oty Gl

FEATME B SIS (C)No. 24K06724
' Kac-van de Leur[2] 13 Z11%2 7 TILS A VI BKP B&8 L 'FA 7. KBKPRJE L) ARz Z g THIS T
W7- BKP Bid (WNBKP BB & IX5ld %7212 Orlov-Shiota-Takasaki[3] 12 & > THA I N7z,
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EWIHIBICR L, T2 TAL IR
Af(A—AH = —(A-A"NH4,

&0 R THEREESERE (kEAEXBR»0EE2) THE, WIWIEW =
wo + WA+ weA T2 4 W o= g + WA + WA - LI TBOESEHET, BT
BIRL = WAW L, L =WA WL 3R D 7o,

Z o BRIFHEEEOERE Guan 5 D ABKP BE Dl & Rt iu, LTz &23b
5, 132200 X[4, 5] 6atAHis, 23 BAFHHDO FHILTH 5.

1. WW ik Sy &
Sy =W@A—-AH2 5§ =(1-A2) 2>

L) BIfRTRiIZT» T
W*A-AHW =A - A~

LS A AT 2 DR L LTINS Y R wo(s)Bo(s — 1) = 1 25K D 32,
25 LRI 51T bk BKP B & BRI BRI S L T\ 2,

2. U =W W3y it

oU
—— = AFU + UA*
ot +

& AREIBEFR A
Us(A— A1) = (A— A HU (@)

ZWirc T, RISt =018 2UHIE Uy = U(0) 12 Z OREMBIRA 22 L, Uk

U= exp (Z tkAk> Ug exp (Z tkAk> (<>)
k=1

k=1
LY,

3002, Uf(A— A1) = (A— AV 27 THESEAZUICHLTUZ (O)Ick>T
EFONL, Ul (Q)%2il%T. 20U %

U=w"'w

V) XY)ICHF TS (F =B W - gW, W — gW ZFHL T, NI 2
2T T X)W, W 2BRERS), W, W IRz L, L=WAW ™,
L=WA "W aBRFHEEOMRE 5.2 5.
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SVllE:

KP Solitons and the Schottky Uniformization
Yuji Kodama (Ohio State University)*

Abstract

Real and regular soliton solutions of the KP hierarchy have been
classified in terms of the totally nonnegative (TNN) Grassmannians.
These solitons are referred to as KP solitons, and they are expressed
as singular (tropical) limits of shifted Riemann theta functions. In
this talk, for each element of the TNN Grassmannian, we construct
a Schottky group, which uniformizes the Riemann surface associated
with a real finite-gap solution. Then we show that the KP solitons
are obtained by degenerating these finite-gap solutions.

The talk is based on a collaborative work with Takashi Ichikawa
(Saga University) [11].

1. Introduction

It is known that solutions of the KP equation can be constructed from any al-
gebraic curves (Riemann surfaces) [19]. A solution from a smooth curve is a
quasi-pertodic solution, and some soliton solutions can be constructed by rational
(tropical) limits of the curve with only ordinary double points, i.e. a singular Rie-
mann surface with nodal singularities (see e.g. [21, 26, 2]). In particular, the cases
corresponding to the KdV and nonlinear Schodinger equations are well-studied, in
which the algebraic curves are given by the hyperelliptic curves (see e.g. [2, 21]).
Recently, there are several papers dealing with some non-hyperelliptic cases, e.g.
so-called (n, s)-curves, where the authors construct the Klein o-functions over
these curves (see e.g. [3, 18, 20, 22]). It seems, however, that almost no result
has been reported for the cases with more general algebraic curves. Because of the
difficulty in finding a canonical homological basis for the general algebraic curves,
it may be quite complicated to compute explicitly a rational limit of these curves
and the corresponding Riemann theta functions (see [22]). On the other hand, a
large number of real and regular soliton solutions of the KP hierarchy, referred
to as KP solitons, has been classified in terms of totally nonnegative (TNN)
Grassmannian Gr(N, M) (see e.g. [16, 15, 13]). We also mention that recently,
there are some progress on the study concerned with the connections between the
algebraic-geometric solutions and these soliton solutions [1, 23, 24, 17].

In this talk, we first give a brief review of the KP solitons with combinatorial
aspects of the TNN Grassmannians. In particular, we describe some details of the
so-called I-diagram, introduced by Postnikov [25], which provides a parametriza-
tion of the KP solitons. In [14], we identify singular Riemann surfaces for the KP
solitons, and introduce the M-theta function defined on the singular Riemann
surface. The M-theta function is obtained by singular (rational) limit of the
Riemann theta function, and it gives the 7-function of the KP soliton.

2010 Mathematics Subject Classification: 05A05, 30F10, 14H42, 35Q51.
Keywords: .
*e-mail: kodama@math.ohio-state.edu
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Then using the Schottky uniformization theory [9], we construct real smooth
Riemann surfaces associated with finite gap solutions of the KP equation. In
particular, we show that the I-diagram in the TNN Grassmanian theory is quite
useful for the construction. More precisely, the J-diagram can provide the infor-
mation about a canonical homological basis for the smooth Riemann surface.

2. The compact Riemann surface and the theta function
Let R, be a smooth compact Riemann surface of genus g. Let H,(Ry,Z) be the
homology group of R,, and a set {a1,...,a,,b1,...,b,} be a canonical basis in
H,(R,,7Z), that is, we have the intersection products,

ajoar =0, bjob, =0, ajoby=70;y.

It is well-known that any compact Riemann surface of genus ¢ is homeomorphic
to a sphere with g handles (see e.g. [5]). The left panel of the figure below shows a
Riemann surface of genus 2. Cutting the Riemann surface along the a-cycles, we

obtain the manifold CP' with 2¢ holes, as shown in the right panel of the figure.
This implies that the Riemann surface can be obtained by identifying each pair
of a- and a'-cycles. The identification can be expressed by a Schottky group [6]
as shown in Section 6, which is the main theme in the present note.

Given a set of canonical basis of Hy(Rg,Z), we have the holomorphic differ-
entials {w; : j = 1,..., ¢} normalized by the conditions,

a;

The integrals over the b-cycles given by

Q) = ]{ Wk, (1<j<k<yg) (2.1)
b

J

define the g x g period matrix 2 = (£2;), which is symmetric and Im(€2) > 0.
Then the Riemann theta function associated with R, is defined by

for z € C9, and m7” is the transpose of the column vector m € Z9.
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2.1. The Riemann theta function on a singular curve

In [21] (Chapter 5, p.3.243), Mumford considered the theta function on singular
curve. Let 759 be a singular Riemann surface of (arithmetic) genus g correspond-
ing to the curve C, and let S be the set of singular points, S = {p1,...,ps} C ﬁg.
Assume that the singularities of ﬁg are only ordinary double points pi,...,p,
and that ﬁg has normalization

7:CP' — 7%9 with 7 (ps) = {ou, Bi} (2.3)

That is, ﬁg is just CP! with g pairs of points {«;, 5;} identified. Figure below
shows the case with ¢ = 2. The singular Riemann surface R, is obtained by

b1 b2

pinching all a-cycles as shown in the figure.
By pinching a-cycles, the holomorphic differentials {wy : & = 1,..., g} take
the limits [12, 10] (see also Section 6.1),

o — wkzﬁ( ! ! ) (2.4)

274 z—ak_z—ﬁk

Then the period matrix in (2.1) becomes

~ a 1
Qj,k — Qj,k = / W = —— In Cj,k mod(Z), (25)
5 271

where C}, is given by the cross-ratio [a;, 8;; a, Bk,

(o — ) (By — B)
(o — Br)(B; — ow)

Note in particular that the diagonal parts of the period matrix €2 has the limits

Cin = |y, Bj; o, Be] := (2.6)

ImQ;;, — oo for 1<i<y, (2.7)
Then the limit of the J-function (2.2) is just 1, which corresponds to the choice
m” = (0,...,0). To obtain a nontrivial example, we consider the shifts
1 .
Z; — zi—§Qi7,~, for i=1,...,9,
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which then gives the Riemann theta function with shifted variable z € CY,

VUy(z; Q) = Z exp 27i (% Zi;mi(mi - 1), + ZmiijiJ + zg;mizi> )

mez9 i<j i=
(2.8)

Then the limit €2, ; — +ioo for all j =1,..., g leads to

g
0,(2;Q) — 0y(2;Q) = Z exp 2mi (ijmkﬁj,k—kZmnzn) (2.9)

me{0,1}9 i<k n=1
g
=1+ Z 627Tizn + Z Cj7k€2m(zj+zk) 4.+ (H Cj,k’) 6271'1' >y zn’
n=1 j<k Jj<k

Note that the infinite sum of exponential terms in the ¥-function (2.8) becomes
a finite sum of 29 exponential terms with m; € {0, 1}, if all Cj;, # 0 for j < k.
The function ¥, is referred to as the M-theta function [14].

Remark 2.1. When all the pairs {oy, Br} are real and o < By w.l.o.g., one
should note that the cross ratio Cjj in (2.6) takes the signs depending on the
orders of the pairs, i.e.

(i) ifozj<ﬁj<ozk<5k OTOéj<Oék<6k;<ﬁj; then Oj,k>07
(ii) if aj < ap < Bj < B, then Cj;, <0, and
(111) ’Lf = ay, Or/and ﬁj = ﬂk; then Cj,k = 0.

The case (ii) will be important when we discuss the reqularity of the soliton so-
lutions (see also [8]). Also note that the case (iii) implies that the off-diagonal
element 2 i, takes +ioco, in addition to the diagonal elements in the singular limit

(2.7).
3. The KP equation

In this section, we give a brief summary of the KP solitons for the purpose of
the present paper (see e.g. [13] for the details). The KP equation is a nonlinear
partial differential equation in the form,

O (—40yu + 6udyu + O2u) + 302u = 0, (3.1)

where OF := g—; for z = x,y,t. The solution of the KP equation is given in the

following form,
u(z,y,t) =20 In7(x,y,t), (3.2)

where 7(z,y,t) is called the 7-function of the KP equation.
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3.1. Soliton solutions

The soliton solutions are constructed as follows: Let {fi(z,y,t) : 1 <i < N} be
a set of linearly independent functions f;(z,y,t) satisfying the following system
of linear equations,

The Wronskian Wr(fy, ..., fy) with respect to the z-variable gives a T-function,
that is, the function u(x,y,t) in (3.2) is a solution of the KP equation,

T(x,y,t) = Wr(fi, fo, ..., f). (3.4)

(See, e.g. [13] for the details.)
As a fundamental set of the solutions of (3.3), we take the exponential func-
tions F;(z,y,t) for j=1,...,M (M > N), ie.

Ei(z,y,t) = e @Y  with &i(x,y,t) =Ko+ m?y + K,?t. (3.5)

where k;’s are arbitrary real constants. In this paper, we consider the regular
soliton solutions, for which we assume the ordering

Rl < Kg < -+ < K. (3.6)
For the soliton solutions, we consider f;(x,y,t) as a linear combination of the

exponential solutions,

M

filz,y,t) = Z a;; E;(z,y,t) for i=1,...,N. (3.7)

j=1

where A := (a;;) is an N x M constant matrix of full rank, rank(A) = N. Then
the 7-function (3.4) is expressed by

7(2,y,t) = [AE(z,y,1)" |, (3.8)

where E(x,y,t)T is the transpose of the N x M matrix E(z,y,t) defined by

E, E, e Ey
Blogy— | M0 b (3.9)
/iiv_.lEl I{év_.lEQ . lié\\;_.lEM
Note here that the set of exponential functions {Ej,..., Ey} gives a basis of

M-dimensional space of the null space of the operator Hij\il(ﬁx — K;), and we call
it a basia of the KP soliton. Then the set of functions {fi,..., fy} represents
an N-dimensional subspace of M-dimensional space spanned by the exponential
functions. This leads naturally to the structure of a finite real Grassmannian
Gr(N, M), the set of N-dimensional subspaces in R¥. Then the N x M matrix
A of full rank can be identified as a point of Gr(N, M), and throughout the paper
we assume A to be in the reduced row echelon form (RREF).
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Definition 3.1. An N x M matriz A in RREF is irreducible, if

(a) in each row, there is at least one nonzero element besides the pivot, and

(b) there is no zero column.

This implies that the first pivot is located at (1,1) entry, and the last pivot should
be at (N,in) with N <iy < M.

The 7-function in (3.8) can be expressed as the following formula using the
Binet-Cauchy lemma (see e.g. [13]),

7(z,9,t) Z A(A)E;(z,y,t), (3.10)
1e(5h)

where I = {i; < iy < --- <iyn}is an N element subset in [M]:= {1,2,..., M},
Aj(A) is the N x N minor with the column vectors indexed by I = {iy,... iy},
and Er(z,y,t) is the N x N determinant of the same set of the columns in (3.9),
which is given by

Er= H(Hil - K’ik) Ei1 e EiN = H(’%il - ’%ik) eXp (511 +-ot SZN> : (311>
k<l k<l

The minor A7(A) is also called the Pliicker coordinate, and the 7-function repre-
sents a point of Gr(N, M) in the sense of the Pliicker embedding, Gr(N, M) —
P(ANCM) : A s {Af(A) : T € (WD)}, Tt is then obvious that if all the minors
of A are nonnegative, the 7-function (3.10) is sign-definite, i.e. the solution u in
(3.2) is regular. The Gr(M, N) consisting of these elements is called the totally
nonnegative (TNN) Grassmannian, denoted by Gr(NN, M)>o. Then the following
theorem for the necessary condition of the regularity was proven in [16].

Theorem 3.2. The soliton solution generated by the T-function (3.10) is reqular
if and only if the matriz A is in Gr(N,M)s,.

4. Combinatorics for the TNIN Grassmannians

We here provide a brief summary of combinatorial description of the TNN Grass-
mannian Gr(N, M) (see also [13] for the details). Each element A € Gr(N, M)
is expressed as an N x M matrix in the reduced row echelon form. Let {iy,... iy}
be the pivot set of the matrix A. Then the Young diagram corresponding to the
pivot set is obtained as follows: Consider a lattice path starting from the top
right corner and ending at the bottom left corner with the label {1,..., M}, so
that the pivot indices appear at the vertical paths as shown in the diagram below.

M—N i 1
M—N-+1 ‘ ‘Z& |
: S : i1+ 1
M —N +n ‘ ‘zn

: S : in+1
MM-1 - iy+1
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We recall that the partitions A are in bijection with N-element subset I C [M],
i.e. we have Ay > Ay > -+ > Ay with

)\k:M—N—<Zk—kZ) for k’:l,,N

The irreducible element A € Gr(N, M)sq defines the irreducible Young diagram,
which has \y = M — N and Ay > 1.

4.1. The Le-diagram

In [25], Postnikov introduced the J-diagram (called Le-diagram), which gives a
unique parametrization of the element A € Gr(N, M)so.

Definition 4.1. A I-diagram is a decorated Young diagram with O in some
bozes, which satisfies the property (called I-property): If there is O, then all the
bozes either to its left or above it are all O. That is, there is no such O, which
has an empty box to its left and an empty box above it. We also say that a J-
diagram is irreducible, if each column and row has at least one empty box (i.e no
zero column or/and no zero row). See the left diagram in Ezample 4.3 below.

Then Postnikov proved the following theorem.

Theorem 4.2. There is a bijection between the set of irreducible I-diagram and
the set of derangements of the symmetric group Syy.

Here the derangement associated to the JI-diagram can be found by construct-
ing a pipedream on the diagram as follows (see [13] for the details): Starting from
a J-diagram, we replace a blank box with a box containing elbow-pipes connected
by a bridge and replace a box with O by a box containing crossing pipes as shown
below. Then we label the southeast (input) boundary of the JI-diagram from 1 to

- o= Ol- b

M starting from the top corner to the bottom corner of the boundary. We place
a pipe with the index of the input edge from the southeast (output) boundary
to the northwest boundary, and then label each northwest edge according to the
index of the pipe. Then the derangement ¢ with a pair (i,j) in (i) = j can be
found on the opposite sides of the boundary.

Example 4.3. Below shows a I-diagram and its pipedream, The derangement

2 ) 4
O|O]1 87 Dt
O O > 6 — 2
O|O] |4° s PPN
O 65 7 C\ 65
7 9 7 \e\7

corresponding to the pipedream is (8,6,2,5,4,7,9,1,3) in one-line notation.
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One can also show the following proposition from the J-diagram.

Proposition 4.1. Given an irreducible 1-diagram, the zero entries of A € Gr(N, M )>q
can be determined as follows: Consider a box at (ig,7) with O whose south-east
conner is a point of the boundary of the diagram, and recall the I-property. We
have two cases as shown in the figure below.

(a) The k-th row, say Ay, of the matriz A has the structure,
Ape = (...,0,1,...,%,0,0,...,0),

that is, the pivot “1” is at (k,i;) and the nonzero element marked by “«”
is at (k,j —1). The entries Ay, for j <1< M are all zero.

(b) The j-th column, say As;, of the matriz A has the structure,
(A ;)T =(0,0,...,0,%,...),

that is, the entries A;j =0 for 1 <1 <k are all zero.

Proof. Using Theorem 5.6 in [16] about the vanishing minors, one can show
(a) the minor Ai1,~~7ik717j7ik+1 7777 in (A) = 0, and
(b) the minor A

CATRPRORY 7 I YOS RO T K TR PO 5.4 (A) =0,

which imply the equations in the proposition. Note that there is a case 7 > 1341
in (a). This can can be also proven in the same way. 0

Example 4.4. Consider the ezample 4.3. The middle diagram in the figure below
shows the nonzero entries other than pivots in the matriz A, e.g. Asg # 0 and
As 5 # 0. Each empty box gives zero entry of A, e.g. A5 = Aszg = 0.

_ NG \D C\ 1 * | % 1 112 1
4 - 2 * | * * |2 314 5 |2
DD’ *Ja? 6 J¢
P e® * | % [6° 718 [6°

i \%\7 * | %7 9 (1017
9 8 9 8 9 8

FEach star in the middle diagram implies that there is a path [i,j] through the
pipedream from the pivot index i at the east boundary to the non-pivot index j at
the south boundary of the I-diagram.
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For A € Gr(N, M)s¢, we define the matroid,
M
M(A) = {] € ([N]) :A[(A)}. (4.1)

Let Iy be the lexicographically minimum element of M(A). Then we have the
decomposition,

M(A) = [ M.(4), (4.2)
where
M, (A) ={Je M(A):|JN | =N —n}.
Note that My(A) = Iy. We also define P;(A) as the set of pairs [i, j],
Pi(A) == {[i,j] i€ I\ J,j € J\ I for J € M;(A)} (4.3)

This implies that P;(A) is identified as the set of nonzero entries in A besides the
pivots, that is, [ix, ji] € P1(A) represents

(a) ik € Ip \ J is the k-th pivot of A, i.e. Ay, =1,

(b) i € J\ Iy is the nonzero element A ; in the k-th row.

One can define the order in P;(A): Let ¢ be a bijection satisfying the following
order,

(1) 0(li, k) < €([3,1)), if k > 1,

(2) £([i,0]) < £([4,0]), if i < j.

Then the elements of Pj(A) can be uniquely numbered from 1 to |P;(A)], i.e.
1< Ui, j]) < g, for [i,j] € Pi(A), (4.4)

where g = |P;(A)|. Note that (4.4) gives the ordering of the singular points in
the nomalization (2.3),

™ '(p) = {ki,k;} for 1 =4L([i,j]), and 1 <1 <g. (4.5)

As will be shown in the next section, the number g gives the genus of the Riemann
surface associated with the KP soliton. We remark that the ordering in (4.5) can
be obtained from the JI-diagram as shown in the right diagram in Example 4.4,
and we call the diagram OJI-diagram.

From the OJ-diagram, we can also show the following proposition on the sign
of the coefficient C,, ,.

Proposition 4.2. In the Od-diagram, consider a rectangular section whose con-
ner boxes are marked a,b,c and d with a < b < ¢ < d as shown in the figure
below. We also assign a pair of parameters (kp, k,) to each box according to the
boundary indices of the I-diagram. Then we have that
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—l a = (H’UHZ)
2 b] 1 b= (ki, ki)
&‘ . c = (K, K1)
T ’ d = (kj, k)
L £ k

(l) Ca,b = Ca’c = Ceg = Cb,d = 0, and Ca,d > 0, Cb,c < 0,

(ii) if one of the conner boxes is empty (no numbered) or the box is outside
of the Od-diagram, then either Cyq4 > 0 or Cy. > 0.

Proof. Note that in the J-diagram, the indices {7, j} are pivots, and {k, [}
are non-pivots. Also we have k; < k; < K < K. Then the proof is just the
computation of the coefficients given by the cross ratio (2.6). For example, the
coefficient C, 4 is calculated as

(ki — k) (K1 — k)

CEDICE N

C’a,b -

It is also easy to show that for the case where is outside the diagram, we have
Ch > 0 (in this case note that k; < ky < k; < k). O

Example 4.5. Consider Example 4.4. The following six coefficients are only
negative

Caz, Cor, Cog, Cuz, Cug, Cgg < 0.
All other coefficients for 1 <p < q <10 are Cp,, > 0 .

5. The 7-function as the M-theta function

The 7-function (3.10) can be expressed as

T(z,y,t) Z Z AJ VE;(z,y,1) (5.1)

n=0 JeMu(

J(AFE
:AIO(A>E]0 s y,t 1+Z Z A E
n=1 JEMn(A 1o To

Since the solution is given by the second derivative of In7, one can take the
T-function in the following form,

T(z,y,t —1+Z Z AJ (a:ytt)) (5.2)

n=1 JeMu(

where we have taken Aj (A) =1 for the pivot set I.
Then the following theorem is proven in [14].
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Theorem 5.1. Given irreducible A € Gr(N,M)so, the T-function (5.2) is the
M -theta function (2.9), i.e.

g g
T(x,y,t) = Vy(2; Q) = Z exp 27mi (Z mm; Qi+ Z ijj>
1

me{0,1} 1<j Jj=
g o~ ~ ~ ~
Y O 3 et g (H c> Tt
p=1 p<q p<q

where g = |P1(A)| and 2miz, = ép(m, y,t) = ¢p(x, vy, t)+¢2, and forp = ﬁ(ﬁk,jl(k)])
with the ordering ¢ in Py(A),

Oy =00 — & = (K00 — Ky )T + (0 — /7 )y + (K0 — K5t
m m Jm Jm
o [Lii iy — 5 400)

=a, (x
B ] La (i, — Kay)

. (Ki, — ki) (k.00 — K.)
Cp,q = exp (27‘(@ Qp,q) — (/{Zk — K:Zl )(]m — ]n' )
i = #50) (0 = 1

Here ¢ = (([i;, 5]), and a, o is the entry in A corresponding to the element
ik, jin’] € Pi(A).

As shown in [8], the sign of a, e is determined by the positivity of e?», that
is, it is the sign of the product in the equation.

5.1. Example

Consider the Od-diagram % Z . This implies g = 4, and the number in each box

of the diagram is assigned by [ = ¢([i, j]) for [i,j] € Pi(A) with A € Gr(2,4)>0,
le.

1=/(([1,4]), 2=1¢(1,3]), 3=4£(2,4]), 4=10(23]). (5.3)
In terms of the normalization (2.3), this ordering means 7~ '(p;) = {ay, 5;} for
[l =1,...,4, eg., 7 p2) = {K1,k3} (see (4.5)). Then the coefficients C; in
(2.6) are calculated as C1 o = C13 = Cyq = C54 =0, and

(K1 — F3)(Ka — Ka2)

The matrix A € Gr(2,4)>( corresponding to the diagram is given by

10 a3 aig
A= ’ .
(0 1 a2 3 a274
The signs of the entries a; ; are determined by the positivity of exp ¢?, i.e.

ed)? Ko — KR4 Ko — K3

(0]
= a4 > O, €¢2 = a3 > 0,
Ro — K1 Ro — K1
0 R1 — KR4 0 K1 — K3
e = agy 0, e’ = ag3 > 0,
R1 — R R1 — R2
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that is, using K1 < Ky < K3 < K4, we have a;4 < 0,a13 < 0,a24 > 0 and
a3 > 0. Notice here that these signs are not enough for the total nonnegativity
of A (the additional condition is determined by the regularity of the solution [16],
see below).

Then the M-theta function (i.e. the 7-function) in Theorem 5.1 is given by

=1+ 651 + €<Z~52 + 6(53 + 654 + 01,46514_54 + 02,3652—&-537 (5'4)

where the exponents are given by (E; = ¢y + ¢ with ¢ = &(x,y,t) — &(x,y, ) in
(3.5) for I = £([i,j]) = 1,...,4,

Pr=8—8, ¢2=8& =&, OP3=8 —&, G1=E&— &,

One should note here that we have a linear relation among the phase functions
¢Z‘7S, i.e.

D1+ s = o+ 03 = (§3+ &) — (&1 + &2).

Then the last two terms in the 7-function (5.4) becomes

0.1 40 01 40 K3 — K4
(Cl,4e¢’1+¢4 4 02736¢2+¢3> 919 = (a1 3004 — a1.4025) b1
1 — h2

This implies that for the regular soliton solution, we need to choose appropriate
constants ¢Y, ..., ¢ so that a; 3as4 — ajgasz > 0, i.e. A € Gr(2,4)s.

6. The Schottky uniformization

The main question in the present paper is to construct a smooth compact Rie-
mann surface R, associated with the KP soliton whose M-theta function 9, is
obtained by taking a tropical (singular) limit of R,. We answer to this question
using the Schottky uniformization theorem [6, 2]. A Schottky group is defined as
a finitely generated, discontinuous subgroup of SL,(C) which are free and purely
loxodromic [2]. In this paper, we consider a special case of the Schottky group,
which is generated by purely hyperbolic Mébius transformations in SLo(R). It
was shown in [6] that any compact Riemann surface R can be uniformized by the
Schottky group I', which can be represented as

R = QO)/T,

where Q(I") is the set of discontinuity of I' (see also [2]).
In order to define our Schottky group I'y for A € Gr(N, M)>, we start with
the following definition.

Definition 6.1. For each element i, j| € Pi(A), we define a pair of real numbers
{Kij, kji} with the order,

(a) Kk < Ko < K < Ko for all k <1 € [M], and

(b) Kkp < Kiq, when p > q and for k € [M].
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Let 7;,; be the hyperbolic Mébius transform on CP' having two fixed points
{Ki;, Kji}, which is defined by

"}/[i’ﬂ<2) — lii’j A AZ — /ﬁ)@j

Vid)(2) = kii T2 — Ry

(6.1)

where f; ; is the multiplier which is symmetric real constant with 0 < p; 5 < 1.
Then the fixed points &; ; and &;; are attractive and repulsive, respectively. Then
we define the Schottky group I'4 associated with A € Gr(N, M)s( as a Fuchsian
group given by

La = (g € PSLa(R) : [i, j] € Pi(A) ). (6.2)
where 75 in (6.1) is expressed as
1 Rij — MigRii  —HRijkji(1 — i
Vi) = ( i ~ M —(n, .j’_( | .M.’.J))> . (63)
(Kij = Kji)y/Paj Hij Rji = Hijhi,;

In Section 6.1 below, we directly construct vj; ;) as a deformation of the singular
curve (Riemann surface) associated with each element A € Gr(N, M)>o.
The isometric circle I(vj; ;1) of yp;,;) in (6.3) is then given by

(1= i)z — (Kij — pigrga)l = (Kji — Kig)y/Higs
whose center and radius are
I{‘._ .‘H.. . /{,‘_K‘.
Center = "3 — Hiilii, Radius = 2-—*4
L= pig L= pi

Vi (6.4)

Taking j1; ; small enough, one can assume that all the isometric circles are disjoint.
Note that 7;;) maps outside of the isometric circle (v, ;]) into the interior of
I(75,5)s see the figure below.

5 \g_J
o\

The (isometric) fundamental region, denoted by F(T'4), of I'4 is given by CP!
with 2¢g holes of isometric circles, i.e.

FCa)=Ext | |J Tnt (I(3y)) Ulnt (1@@9) , (6.5)
[i,5]€P1(A)

where Ext(D) means the set of exterior points of the set D, and Int(I(y)) repre-
sents the interior points of the isometric circle 1(7).

For each [i,j] € Pi(A), let wy ;) be the differentials on Q(I'4), the set of
discontinuity of I"4, defined by

dz 1 1
Wil = 5 Z ( - ) , (6.6)

verafte N7 1) 2T (Rs)
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where v runs through all representatives of the right coset classes of 'y by
its cyclic subgroup () generated by ;. Here Q(I'4) can be expressed as
QT4) = Uyer,v(F(Ly)). It is also known [6, 2] that the infinite sum in (6.6)
converges absolutely for sufficiently small y; ;. Then we have the lemma.

Lemma 6.1. The differentials wy; j are holomorphic on QI 4),

wiij)(2) = wij(v(2))  for any v €Ty

Proof. Let « be a differential given by

alz) = (z —1 A —1 B) iZ=7 —iizB— B)

Then for o € I'4, we have

o) —a(B)
a(o(z)) = (z— o YA))(z — o 1(B))

dz.

Then taking A = y(k; ;) and B = y(k;;), and then o~y € T'4/(7} ;). Summing
over all the element in I'4/(v;,;) gives a proof. [
Then we have the following proposition.

Proposition 6.1. The period integrals of the differentials are given by

w _ 17 Zf [Z7j] = [kal]a
wey VL0, [0 d)# R
1
]{ Wikt = 5 I [k, k567 (k) 7 (k)] (6.7)
[

0i.5) YEO D \T A/ (V1))

where [Kij, ki3 7 (kkg), Y(kik)] is the cross ratio given by

(kg — v(Fra)) (K50 — y(Kig))
(kig — v(Fig)) (K50 — v(Krp))

[/fi,j, Kjis V(Hk,l), V(Iﬂ,k)] =

9

which takes p; j when [i, j] = [k, 1] and v € (v} 4)-

Proof. The period integral over aj; j; are obvious, and this implies that wy; j
is normalized. The integral over by; ;) gives a period integral over b-cycle. For a
point a on the isometric circle I('y[;}}), i.e. vuj(a) € I(p,), the integral gives

1 2z — (ki)
/ Wik,i] = i Z In ———<

o Z — Rk
bi.g) YEL A/ (Vik,1)) V(i) “

V4, 4] (a)

1 Z I (7[1:,]:](‘1) -

YET A/ {(Vike,1))
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Here, if [i, j] = [k,(] and v € (v;,), then by (6.1),

(@) = v(me)) (@ — y(mek) _ (Vgi(@) — mij) (@ — K)
(Vg (@) = () (@ = y(kea))  (Vgi(a) = mja)a = ki)

(k1] or v & (V1)

(N

Since lim,,_,o ’Y[TZ-LJ](CL) = Kij, im0 7[;.;.‘](@) = K, if [4, ]
then

(Vi.q1(@) — v v (Kee)
(Vi (@) = (ki) (V1 (@) = ()
};[Z ((”Yﬁf]l( ) — (k) )

(Kij — Y(60)) (K50 — v(kik))
(kij — v(Frk)) (K50 —

I ((’Y[Lj](a) = Vg VB (@ = vy (K

neL

which completes the proof. 0
As the summary of these results, we now give the main theorem.

Theorem 6.2. Given irreducible A € Gr(N,M)sq, a real compact Riemann
surface Ry can be constructed by the Schottky group I's defined in (6.2) with
(6.3), i.e

Ry =Q(I'a)/Ty,
where g = |P1(A)] in (4.3) and QT 4) is the set of discontinuity of I'y. The
U-function defined on R, is given by (2.2) with the period matriz in (6.7).

6.1. From TNN Grassmannians to graphs

In this section, we explain how one can construct the Schottky group by deforming
a singular curve associated with an element A € Gr(N, M), for the KP soliton.

Let us first define an oriented graph A4(V, E) associated with the element
A € Gr(N, M), whose the set of vertices V' and the set of oriented edges E are
given as follows:

(a) V= {UOvvk (k € [M])}7
(b) E:={ex (k€ [M]), e ([i, 1] € P(A)},

where each edge e, is from vy to vy, and ef; j from v; to v;. Then the set of closed
paths e;-ef; j ~e;1 forms the fundamental group (A 4, vy) with the base point vy.
The homological group H;(A4;Z) is then given by abelianization of 7 and the
dimension is dimH;(A,Z) = |P,(A)|. Note that these closed paths are related to
the by j-cycles defined in the J-diagram (see Section 4).

We call algebraic curves defined over R real curves, and construct a singular
real curve C4 with dual graph A4 and a family of real curves R 4 as deformations
of C4. Denote by RP! the real projective line R U {oo} which is identified with
an oriented circle according to the increase of real numbers. Put P,, = RP! with
counter-clockwise orientation, and take points i (k € [M]) on P,, \ {oo} with
the ordering (3.6).
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For each vertex vy (k € [M]), put P,, = RP! with counter-clockwise orienta-
tion, and take points A\, € P,, \ {oo} and \g; € Py, \ {0} if [k, 1] € Pi(A) or
[l,k] € Pi(A) such that \y; < A\ and A\p; < Ags, for I > m. Then the singular
real curve C4 with dual graph A 4 is obtained as a union of P,, and P,, (k € [M])
by identifying

k=X (k€ [M]),  Aij= N ([i,5] € A(A)),

and hence the (arithmetic) genus of C4 is g = |Pi(A)|. For small positive param-
eters v, (k € [M]) and v; ; = v;; ([i,j] € Pi(A)), let R4 be a family of real curves
as deformations of C4 obtained by gluing

Ca \ {neighborhoods of singular points}

under the relations
(20 — ki) (2x — M) = — 1, (6.5)
and
(20 = Aig) (2 — Aja) = =i, (6.6)

where z; are the coordinates of P,,. By these relations, for [i,7] € Pi(A), if
z,w € P,, = RP! are related as

6.5 6.6 6.5
2 € Py, ( zi € Py, ( z; € Py, 2 W € Py,
then we have
v, avi(z — ki) — ViV,
w—K; = — =
J Zj — )‘j (ab + Vi’j)(z — I{Z‘) — bSi

where a = A\; — A;; and b = A\; — \;;. This gives the Mobius transform v : z —
w = 7(z) on P,, with v € PSLy(R),

1 CRj + av; —CRiR; — ViV — ARV — blijVZ'
[ Ay — )
ViVl c —ck; — by,

where ¢ = ab+ v; j. Then introducing the Schottky parameters {x; j, k;;, ft;;} in
terms of {av;,by;, c}, we have v = ;) defined in (6.3). We can also see

Ky — ke = O(v), Wi = @(Vi’/i,j’/j)a

where f = O(g) means that there exists positive constants ¢y, c3 satisfying ¢ |g| <
|f| < c2|g| asymptotically. Therefore, R 4 with sufficiently small vy, v; ; > 0 gives
a family of real curves which are Schottky uniformized by real Schottky groups
'y with free generators ;1 ([7,7] € Pi(A)). Furthermore, under v, v;; — 0,
Kij = ki, Kji — K and (ki) — v(k5:) — 0 for any v € (Da \ (vg))/ (i)
Thereore, the differentials wy; ;) given in (6.4) has the limit

. dz 1 1
Wi j Py - )
(] 2mi \ 2 — K 2 — K
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and by Proposition 6.1, the period matrix has the limit

. . 0 (i=korj=1),
S L e (i, s s k] (0 7 K and j 7 1),

Taking appropriate pairs {c;, 5;} in the normalization in Section 2.1, we recover
the limits in (2.4) and (2.5).

6.2. Quasi-periodic solutions

In this section, we just recall [2] that a quasi-periodic solution can be obtained by
the theta function (2.2) using the Schottky group. In [2] (Section 5.5 in p.160),
the solution u(z,y,t) of the KP equation is given by

u(z,y,t) =202 In 9,(Ulz + Uy + Ut + D; Q4) + 2C

where U* = (U[’f 0 1i,J] € Pa(A)) for k= 1,2,3 are g-dimensional vectors given
by

U[]:',j] = Z (v(kig)* = 7(ks0)") -
vl a/ (v, )

The period matrix €24 is given by (6.7), and D is an arbitrary constant vector.
The constant C' is computed as

o= Y ((ffm' - Hw%/@)é

[i.5]€ P (A) 1= piy

Now it is easy to confirm that the solution u(z,y,t) leads to the KP soliton in
the limit with Kij =7 Ki, Kji = Kj and Hij — 0.

Remark 6.3. In general, our construction of a real compact Riemann surface R
does not give the so-called M-curve [4], which requires that on R, the involution o
must have a mazimum number of orvals chosen from the homological basis. Here
the involution o acts on Hi(R;Z) = (aj,b;;j =1,...,9) by

a(aj):aj, O'(bj):—bj, for ]:1779

In the case that the Riemann surface is not an M-curve, the quasi-periodic solution
of the KP equation is not reqular [4] (Theorem in p.271). We will discuss in more
details in a forth-coming paper [11].

7. Examples
Here we give two examples, and show the fundamental domains F(I'4).

7.1. The cases of Gr(2,4)>¢

(a) The cases with g = 4: Consider the case with the OJ-diagram il)) 71- Then

we have
Pi(A) ={[1,4],[1,3],[2,4],[2,3]}, ie g=4.
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The element 7} ) in the Schottky group I'y are defined by (6.3), where
Kia < R13 < Kog < Koz < R3z2 < K31 < KRg2 < K41.

The fundamental domain F(I"4) is shown in the figure below, that is, F(I"4) is
the domain outside the isometric circles. In the figure, the dots on the real line are
ki, and the b-cycles show the actions of the group elements ~; ;) for [z, j] € Pi(A).

br1.4)
A=y, \/V)/\J

b2,4]

We consider the limit p;; — 0 but keep all xj; distinct. Then the limit
gives a 4-soliton solution of Hirota-type (see e.g. [7]), i.e. 4 line solitons without
resonance. However, this solution is not regular as one can see from the matrix

A obtained by the limit, i.e. A ¢ Gr(4,8)>0 [8],

1 CL[174]
e 1 a[173]
1 a[274]
1 a[273}

where ay; j are nonzero constants, and all other entries except pivots are zero.
The corresponding M-theta function can be computed by follwoing Section 5.
Then taking further limits x; ; — x; and K;; — K;, we obtain the regular solution

with
- 10 CLL3 CL174
A= (0 1 @23 CL2’4>

where a;3,a14 <0, ass,az4 > 0 and ajzas4 — azzar s > 0 for A € Gr(2,4)5

(b) A case with g = 3: Consider the OJ-diagram % 31 which gives

PI(A) = {[17 4]7 [274]7 [27 3]}
The Schottky parameters {x; ;; [i, j] € Pi(A)} are given by

K14 < Kog < Koz < K31 < K42 < HKqp1-

b[1,4
r</ b[2,4]/L/ \
b2,
A XN A
/ o/

N N —/
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The limit with p; ; — 0 (keeping &, ; distinct) gives the matrix

1 a4
A=1 1 afz,4)
L apg)

which gives a 3-soliton solution without resonance (i.e. Hirota-type), and it is
regular if ap 4 > 0, apg4 < 0 and apg > 0. The corresponding matrix A €

GI‘(2, 4)20 is
i 1 0 0 Q1.4
A= (0 1 @23 CL214>

where a1 4 < 0 and ag3,a24 > 0. We also note that the quasi-periodic solution is
regular, and the Riemann surface in this case is an M-curve of genus 3.

7.2. A case in Gr(5,9)>¢

Here we just illustrate the fundamental domain F(I'4) for Example 4.4 (see the
figure below). The quasi-periodic solution associated with the Riemann surface
uniformized by the Schottky group may not be regular.

1 2 3|4 |5 6 7 8 9

S /67333 S r\)‘\

S Nt NG 5 mu N N o N Nt Nt
Kiq Kag Kis Kg Kujjj Ky,

D
)
¢’
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