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EXTENDING HOLOMORPHIC FUNCTIONS FROM
ANALYTIC COMPLEMENTS OF COMPLETE KAHLER
DOMAINS

TAKEO OHSAWA

As a continuation of [Oh-1], it was shown in [Oh-2] that there exists
a locally pseudoconvex but holomorphically non-convex ramified Rie-
mann domain over C?, originally constructed by Fornaess [F], which
is holomorphically separable in the sense that any two points can be
separated by holomorphic functions. The purpose of the present note
is to clarify what is needed for constructing such holomorphic functions
by proving the following.

Theorem 1. Let M be a complex manifold of dimensionn and let X C
M be a closed complex analytic set whose complement has a complete
Kahler metric. Assume that there exist a holomorphic n-form w on
M which has no zeros in M \ X and a plurisubharmonic function ®
on M such that ®~}(—o0) = X, ® is C®° on M \ X and e ®w is
not locally square integrable on any open subset of M which intersects
with X. Then, for any ¢ € R and for any holomorphic function f on
O 1([—00,¢))) satisfying

i"z/ |fPw AW < oo,
d<c

there exists a holomorphic function f on M such that f]X = f.
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FECE VT, it 1) (—a)™7 &FF % ([1, Proposition 4.1]). ey, e 225
j j—
LT, ROZHEAZEZS.
g+1 o
f(e1,e2) = Z €5 e5{2Wag a1 + Vagro-ai(er + €2) },
i=0
fler,e2) = Z €15 {2Mg12-4i + Mag—si(er +e2)},
=0

fler,e2) = t72(er —a)?*' (ea — G)QHJ?(L’ : )

€1 —a e —a

Dk % n;; =N, i) T(el,eQ) = f(el,eg) + (61 — 62)2 ZZQJ 1nz]621 ! ] ! Zii7z S
*E?ﬁﬁ {nZ]}Z] 1 ﬁ’ﬁ&j_%) Q= (nijj)lgidgg tj_é (CL, 0) L)U’*T thEEUfci Vv J:@EEV
DR k1, BRCHET B,

(o) = (COm)s €' my)) D} = 20

1<i<gliTLT, K I EXRDBIZET S ([1, Lemma 4.13]).

r de
(z —a)9 2y’

REIE —on' = ([, ki), =2 = (f, mi) LEBRTD. & =L
(§5 b eRy, R={N(a) " reQla {m}’} vy s,

2

Ki = re Q[G, {Vm-}fiéz,x]

Definition 1. v = (vg,, V2g-2,...,v2) € CIITH L T,

}f@ﬁ:zsexp<%%ﬁﬂﬁlf40)0[§{‘«Zu) v,7), e€eC

!/

6//

Z?%.::T,H[]@mﬁﬁv—vy@%—ﬂ%ﬁf%é.

Proposition 2 ([1, Proposition 4.15]) my,my € Z9, v € CI IR LT, KDL D ILD.
H(v+2u'my + 2u"ms)/H(v)
_ (_1)2(t§/m17t§//m2)+tm1m2 eXp{t(QFLIml + QH//m2)<U + /lel + u”mg)}

Theorem 3 ([1, Theorem 4.12])) e 25 %< &%k, Hw)dv=0DEDTRD XS
WNERBEFATE S,

SE Xk
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Hardy spaces on bounded symmetric domains I

Characterizations

Shaolin CHEN (Guangxi Normal University)
Hidetaka HAMADA  (Kyushu Sangyo University)*!

This is an announcement of [2]. Let © C C" be a bounded symmetric domain with
origin and Bergman-Shilov boundary b. Denote by T'y the isotropy group of Aut(f2).
Q) is circular and star-shaped with respect to 0 and that b is circular. The group Ty is
transitive on b, and b has a unique normalized ['j-invariant measure o with o(b) = 1
([3]). The unit polydisk D", the unit ball B™ and the classical Cartan domains are
bounded symmetric domains with origin. Denote by LF(b) (p € (0,00)) the set of all
measurable functions F' of b into C with

|Fl = ( / worpda(o)’l’ < oo

For p € (0,00), the pluriharmonic Hardy space &7 (2) consists of all those pluri-
harmonic functions f : ©Q — C such that || f]|, := SUPre[o,l) M,(r, f) < oo, where

n=( [ireoran )

If p > 1, then || - ||, is a norm on Z#”({2). This is no longer true in the case
0 < p < 1, and in this case, | -[[? is subadditive and it induces the translation invariant
metric on P77 (2). For holomorphic Hardy space, Hahn and Mitchell [3] obtained
the completeness of #7(Q2) = 277 (Q) N H(Q,C) for p > 0.

Theorem A. ([3, Theorem 5]) For p € [1,00), SP(R2) is a complex Banach space with
respect to the norm || - ||,, and for p € (0,1), SP(Q) is a complete linear Hausdorff
space with respect to the metric d(y1, 1) = ||ty — ¥ol|b, where ¥y, ¥y € FP(CY).

Shapiro [8] generalized Theorem A to complex valued harmonic Hardy space on D.
In this talk, we extend Theorem A to Z27#7().
Pavlovi¢ obtained the following characterization of holomorphic Hardy space on D.

Theorem B. ([7, Theorem 1.1])Let p € (0,00), T = 0D and f be a holomorphic
function in D. Then the followings are equivalent:

(1) f € #7(D);
(2) 91f] € LA(T), where [f](C) = (f5<1 = rORdr)

(3) %.1f] € L(T), where L[1)(C) = (Jy (1= 1) supyeqo | (00 2dr)

1
() Gilf] € LA(T), where Zi{f1(C) = (502 1 (rQ))E re =1 — 2%,
Furthermore, for j € {1,2,3,4}, there are constants C; independent of f such that

1f = FO)lp < CollE e < Coll%fNl e < Csll%alf1llr < Cullf = F(O)p-
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In the case of several complex variables, Ahern and Bruna [1] obtained similar
characterizations of the holomorphic Hardy space on the Fuclidean unit ball B™ in C™.
Krantz and Li [6] also obtained similar characterizations of the holomorphic Hardy
space on some classes of pseudoconvex domains of finite type in C".

On the Euclidean unit ball B", the following result is known. Let f € H(B",C).
Then, there exists a positive constant C', depending only on p, such that

Slslp<irr+ [ @)y < sy O

oBn
for p € (0,00), where

(1)) = </01 IV IrOPA —T)df)é, ¢ € OB"

is the Littlewood-Paley type ¢-function (see [1, 6, 9]).

If we consider bounded symmetric domains 2 C C", the results in [1, 6] can not be
used except the case 2 = B", because if 2 # B”, then its boundary is not smooth. So,
it is natural to consider a generalization of Theorem B to bounded symmetric domains
Q). In this talk, we extend Theorem B to bounded symmetric domains €.

A classical result of Hardy and Littlewood asserts that if p € (0,00], a € (1,00)
and f is a holomorphic function in D, then (cf. [4, 5])

My(r, f') = O ((1 i r>a) as i — 1

M(r, f) = O ((%)a_l) as T — 17,

if and only if

1

In this talk, we also consider an extension of this result to bounded symmetric domains.
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Hardy spaces on bounded symmetric domains I1
Composition operators

Shaolin CHEN (Guangxi Normal University)
Hidetaka HAMADA (Kyushu Sangyo University)*!

This is an announcement of [2]. Let Q2 be a domain in C". For a given ¢ € H({2,D),
the composition operator C, : XA (D) - XA () is defined by Cy(f) = f o ¢,
where f € 2 (D). In 1987, Shapiro [4] gave a complete characterization of compact
composition operators on (D), with a number of interesting consequences for peak
sets, essential norm of composition operators, and so on.

A continuous non-decreasing and unbounded function w : [0,1) — (0, 00) is called
a weight. A weight w is called doubling if there is a constant C' > 1 such that

w(l—15/2) < Cw(l—13), s€(0,1].

w(t)=1/(1—t)* and w(t) = 1/(1 — t*)* with @ > 0 are doubling functions.

Let ©Q be a bounded symmetric domain in C" with origin. Then its Minkowski
function is a norm on C" and will be denoted by || - ||o. For a weight w, we use %,,(2)
to denote the pluriharmonic Bloch type space consisting of all f = fi + fo € Z#(Q)
with the norm

1/l () == [£(0)] +Sg£<@£(2) < o0,
where %/ (2) = A(2)/w(|z|) and
As(2) = sup{|Dfr(2)w| + [Dfo(2)w] : wlle =1}, 2z €.

Then %,(12) is a complex Banach space. Furthermore, let

[ fllza().s = sug%{(z) < o0
FAS

be the semi-norm. If f € %,(Q), then we call f a pluriharmonic Bloch type function.
Let D7({) denote the Koranyi approach domain defined by

DxQ) ={zeB": |1 (0l < F1—-IzP)}. (1)
Kwon [3] investigated some characterizations of composition operators of the Bloch
space on D to the holomorphic Hardy spaces on B" to be bounded or compact.
Theorem D. ([3, Theorems 5.1 and 5.10])Let p € (0,00), 1 < a < oo and w(t) =
1/(1—1t%) fort €0,1). If p € H(B™, D), then the followings are equivalent:

1 V(600 ) ar \? ny i .
fBB" ( 0 %%) do(¢) < 0o, where p,c € Aut(B") with p,¢(0) = r¢;

2
fa]Bn (fDn(C) ‘vl((bﬁ;z)fg))f a d“;(f)l“) ’ do(¢) < oo, where dV denotes the Lebesgue
volume measure of C", and ¢, € Aut(B") with ¢.(0) = z;
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(3) Cyp: #,(D)NH(D) — 5P(B") is a bounded operator;
(4) Cy: AB,(D)NH(D) — HP(B") is compact.

The characterizations of composition operators from harmonic Bloch type spaces
on D to pluriharmonic Hardy spaces on B™ by using doubling weight was given in [1].

Theorem E. Let p € (0,00), a € (1,00) and w be a doubling weight. If ¢ : B™ — D
s holomorphic, then the followings are equivalent:

(1) Cp: B,(D) = PIP(B") is a bounded operator;
2) Jyan (Ji IVOrOP(0(rON (L~ r)ar)* do(¢) < oot

3) S (Jopio 70 PRGN~ 2D dV (=) do(C) < oo
(4) Cy: B,(D) — PHAP(B") is compact.
In the case ¢ maps D into D, the following characterization was obtained in [1].

Theorem G. Let p € (0,00), 1 < o < 00, w be a doubling weight and ¢ : D — D be
a holomorphic function. Then the followings are equivalent:

(1) Cp: B,(D) — P#P(D) is a bounded operator;

iS]

o (s 19/ (re) P (l(re) (1 = r)dr) " 42 < oo
(1

D
2

0 (002 27216 (rie®) P (|6 (rie®))

¥ < oo, where 1, =1 —27F;
™

(fol — 7)) SUPy< pey (|¢ (pe’ )|2w2(|¢(/)6i9)|)) dr) 2 % =00
(fDl )|ng5 2) 2w 2(|¢(z)|)dA(z)>§ % < 00, where dA denotes the Lebesgue

area measure of C;
(6) Cy: B,(D) —» PH#P(D) is compact.

In this talk, by using doubling weight and a new characterization of pluriharmonic
Hardy space, we establish the characterizations of composition operators on harmonic
Bloch type spaces on D and pluriharmonic Hardy spaces on bounded symmetric do-
mains {2 to be bounded or compact, which extends Theorems D, E and G.
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10

Roper-Suffridge type extension operators for univalent
mappings revisited

Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babes-Bolyai University)
Mirela KOHR (Babeg-Bolyai University)

This is an announcement of [7]. Let £S, S, S* and K denote the family of all
normalized locally univalent, univalent, starlike and convex functions on the unit disc
D, respectively. The Roper-Suffridge extension operator is defined for f € LS by

(I)n(f)(z) = F(Z) = (f(zl)> V f/(zl)zl) , R = (21,2/) € Bna

where the branch of the square root is chosen such that /f'(0) = 1. Roper and
Suffridge [9] proved that if f € K then ®,(f) € K(B"), and in [5] it was shown that if
f € S* then ®,(f) € S*(B™). Graham, Kohr and Kohr [6] showed that if f € S, then
®,,(f) can be embedded as the initial element of a Loewner chain on B".

We choose the branches of the power functions such that

(f (21) > ¢
1 21=0
For a, f € R, f € S, Graham, Hamada, Kohr and Suffridge [4] considered the operators

BuasDE) = Fast) = (£, (L) (ry). cemn

21

=1 and (f'(2))”

21=0

When a =0, = 1/2 we obtain the Roper-Suffridge operator ®,,.
Let E={(a,8) e R*: 0 < a<1,0<3<1/2,a+ < 1}. It was shown in [4]
that the following extension results are valid for (o, 3) € FE.

(1) ®pap(f) can be embedded as the initial element of a Loewner chain for f € S.

(i) If f € S* then ®,,4(f) € S*(B").

(ili) fa>0and 8> 0 and n > 2, then @, , s(K) C K(B") iff (o, 8) = (0,1/2).
Elin [1] has introduced an approach to extension operators on Banach spaces based on
the semigroup theory. Let Y be a complex Banach space and let » > 1. Also, let

Q ={(z1,w) € Z=CxY : |z +|w|}y <1}.

Then, the Minkowski functional of €2, is a complete norm || - ||z on Z and €2, is the
unit ball of Z with respect to this norm. Let a € [0,1], 8 € [0,1/r], a+ 5 < 1 and let
O, p5:5 — S(€) be the Roper-Suffridge type extension operator given by

s = (1 (L) (). G eo.

21
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Graham, Hamada and Kohr [2] adopted Elin’s point of view in [1] and proved that
if f €S, then FF = ®,4(f) can be embedded as the initial element of a Loewner
chain on €, (in the case of g-Loewner chains, see [3]). Roper-Suffridge type extension
operator @, 3 and its variations have been recently studied by many mathematicians
(see the references in [1, 3, 7, 8]). Note that in these results, a € [0,1], 8 € [0,1/7]
and a4+ [ < 1, where r is a positive constant which depends on the domain on which
O, 5(f) is defined.

Let H be a complex Hilbert space with dimH > 2 and let B be the unit ball of H.
For a fixed unit vector e; € ‘H, we consider the Roper-Suffridge type extension operators
as follows. Let H; be the orthogonal complement of Ce;. In the case z = 217 +w
with w € H;, we use the notation z = (z;,w). For o, 8 € R, let ¥, 5: S — S(B) be
the Roper-Suffridge type extension operator given by

T repe). wes

21

Vs erw) = (£,

Until now, it is only known that for the pairs (o, 8) € E, ¥, g(f) can be embedded as
the initial element of a normal Loewner chain on B for any f € S (see e.g. [3]).

In this talk, we give a closed domain D in R? such that for (a, 8) € D, ¥, 5(f) can
be embedded as the initial element of a normal Loewner chain on B for any f € S.
Note that £ C D and D contains points (a, 3) € R? such that a < 0 and/or 8 < 0.
For the proof, we use a new method which is different from those used in [3, 4]. As
a corollary, we obtain that for («, 5) € D, U, s preserves starlikeness. We also show
that if (o, 8) € R?\ {(0,1/2)}, then the operator ¥, 5 does not preserve convexity.
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11

Koebe one-quarter theorem in infinite dimensions

Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babeg-Bolyai University)
Mirela KOHR (Babeg-Bolyai University)

This is an announcement of [10]. The famous Koebe one-quarter theorem gives a
sharp bound on the size of the image of univalent functions on the unit disc D locally.
In 1907, Koebe [13] discovered that the ranges of all functions in the family S of
normalized univalent functions on D contain a common disc {¢ : (| < p}, where p is
an absolute constant. The Koebe function shows that p < 1/4. In 1916, p = 1/4 was
established by Bieberbach [2].

For normalized biholomorphic mappings on the unit ball of C"*, n > 2, the Koebe
one-quarter theorem does not hold in general. Moreover, there is no constant p > 0
such that B, = pB lies in f(B) for every normalized biholomorphic mapping f in B,
where B is the unit ball of C™ with respect to a norm on C". For example, let

fm(2) = (21 — mvVm?2 — 1z§,z2, cesZn), z=1(z1,22,...,2,) € B", (1)

where m is a positive integer and B" is the Euclidean unit ball of C*. Then f,, is a
normalized biholomorphic mapping on B" and for a,, = (vVm? — 1/m,1/m,0,...,0) €
OB"™, we have f,,(a,) = (0,1/m,0,...,0). Therefore, there is no constant p > 0 such
that B lies in f,,(B") for every positive integer m. Moreover, f,,(2,t) = fm(e'2),
z € B", t >0, where f,, is as in (1), is a Loewner chain such that there is no constant
p > 0 such that B lies in f,,,(B",0) for every positive integer m. Therefore, in several
complex variables, we should add some assumptions on biholomorphic mappings f
(respectively Loewner chains f(z,t)) so that the Koebe one-quarter theorem holds for
f (respectively for the first elements f(-,0)).

For normalized biholomorphic mappings on the unit ball of C”, the following es-
timate for the first elements f of normal Loewner chains was given by Kohr [14] and
Graham, Hamada and Kohr [5].

&l
(1= 1lzl)*

In the case of finite dimensions, the estimate from below in (2) readily implies the
Koebe one-quarter theorem (cf. [1] in the case of starlike mappings).

Let B be the unit ball of a complex Banach space X. In the case of infinite dimen-
sions, Zhang and Liu [16] and Liu and Liu [15] stated Koebe one-quarter type covering
theorems for several subclasses of normalized starlike mappings on B. However, they
did not give a proof for the covering theorem. Hamada and Kohr [8, Corollary 3.6]
proved the estimate (2) for the first elements of normal Loewner chains on the unit
ball of a reflexive complex Banach space. In 2002, Hamada and Kohr [7] proved the
1/2-theorem for normalized convex mappings on B. By using a similar method of proof,

Izl pe < . eB. @
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the Koebe one-quarter theorem for normalized starlike mappings on B can be proved.
Since f € S if and only if f is the first element of a normal Loewner chain on the unit
disc D, it is interesting to consider the Koebe one-quarter theorem for the first elements
of normal Loewner chains on B. However, it is still unknown. Also, the method used
in the proof in [7] cannot be applied to the first elements of normal Loewner chains.

For the Bloch constant in higher dimensions, see [3, 6, 12| and the references therein.

In the first part of this talk, we obtain a covering theorem for biholomorphic map-
pings on bounded domains in a complex Banach space X. Next, as an application of
this result, we obtain the Koebe one-quarter theorem for normal Loewner chains on
the unit ball B of X. We give several applications of this result. Finally, as another
application of the above covering theorem, we give a covering theorem for nonlinear
resolvents on B (cf. [4]).
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#E7s Kahler 28K X &, 20 LOZELFTHEIE ¢ 2E 2 %, EANZF Bergman
ZERNE H2(X, @) = {f : X LOIEAI (n,0)-form | [, |f|?e % < oo} TEHSN D, &
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1. Taylor DfER: X = C" 2D e~ %0 DBSRAAESTH S & & H?(C™, ¢; +log(1 + |2[?))

(%) 2729,

2. Fornaess—Wu DffiR: Taylor DFfERZXD X S ICHE L7z, £3. Guan-Zhou @
R EEE VT e ORIFAESEOREEZRD RV, X51Zn=1 0Dk X
1% extra weight log(1 + [2|?) ZEUDER 22 TEZ e BR L7z, D D EFEFMH C
(%) 2723,

3. Zhou-Li OfEiR: X % Stein ZHK, U ZIEDREM % D OZEHLFAMBEE L T 5,
ZDr E, ATEOZELHFHMBEBDOEENIG] o; — ¢ LT HA(X, ¢; + V) & (%) &
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CR Pancitz fEF R & DA AP REM:
TN AR CGRIERY)*

B! =

CR Paneitz fEFZRIE CR 2K D AARRENE, CR LA DRI, Szegd #
OXBRF RN Y, CRBRMCBI 2 HERLFEME L BRICEBLTHWS. —
T, ZOEARIFEMMAE TR L, ZOMNIME X — RPN Em>» 51X
HITLUDHHS TRV, SHEOETIE, CR Paneitz fEFROMRHMEE
CR ZHADHEDIAARRENE & DBIRICOWTHN T 5.

ARETIE 3 XoriEE™ CR ZHEKICB1T 2 DAAAHEN: ¥ CR Paneitz fEFHZE DR
FHIHE © OBRICOWTIES T 5. BTl CR 2B X U2 0 IAAREMIC
B9 2 H ARSI L, BTl CR Paneitz fEFIE DO EFE L HANME, FiczoD
ARY MVEREFENT 5. BRETITEDIAARBERG S & HDAARAIRERIGE & ML
L2 CR Paneitz fEHZEDIRZ #H V2 EE L, RERICSROFEL U TRMEREEZ IR

N3,
1 CR Z#iF

CR ZRARIER SRR O FHETRCRTTHUC L 72 2 RAIFZAINRTH 5. 2T CR MK
ROERZEANTZICHD, FTERSHKECHET 2EARNFHEZEE TS, X Z2n
TIUERZMRIRE LT, (Usz) ZIERIEFIEZEL $5. 20 & U LOBERENRZ FPAVH

TYU = Spang{0/0z1,...,0/0z,}

WEZS. FATEEOZIEED PRI TH 2 205, ZOXRY FLVKRIXFEATEE
DD HIKS S, X LDOF 27 n OBHELAIRZ PARTOX CTXQCE2ED 5.
ZDORYZ MAKRIIRD ZODEM R

TYXNTWX =0, [O(T°X), (T X)] € T(TH°X).

TR INGDEM M TEBLINI PVEBPEZ 6N, X ITIF—ENICEE
HEREE 5. b E%% Newlander-Nirenberg OEMTH 5.
COEMEHEFE AT CRZMREZRD LS ITERT 5.
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%% 1.1: CR & - CR 2%k
M %% (2n + 1) KEOZRHK, TYOM % TM © C O > 7 n OEEBHI~
N TE, TVWM B CRIBETHD LIE, RO_ODEHGEEHERETIEEND .

TYM NTYOM =0, [C(T° M), T(TY°M)] c T(TM).

ZOYEM (M, TY°M) % CR Z#&iEr 5.

CR ZHAEQ AR ¢ U TERZREANOREEm2 ZE T oM s, X & (n+ 1) XTd
HEZRIK, M %2 X NOR@EHEE 32, Z0&E MIX

TYM = (T X)|y N (TM @ C)

W2k > THAZ CR g% .
(M, T*°M) % CR 28k 32%. fc C®°M)» CREABEHTHZ X, TED
ZeTOMIZHLTZf=0M®DiIoZ20S. ZHFTOM =TWOM 2 LT

By: C(M) = (T MY); f = (df)lroans

YEDBE, fHRACRIEHIBEKTHZZLIZ0,f =0 LRMETH 3. ERIEEICHT 2
RAMEDOFEIED &, FAEKARZHRE O IERIBEBIIER L »FE LW, —J5T CR IEH]
BIECN L TR ARMED R DS —fBACIZE D 32723, FAZMRIATH - THIEEMAZR CR
FRIBEDFEL S 5. FEB, M 23 C WoFEdEhmEo v &, C*H Lo ERIBE%E M
WCHIR L7723 D32 T CR ERIBMTH 5. %72 uec C°(M,R) 23 CR ZEFFMEHT
HB Y%, FFENC CR IERIBOET Y LTREINBZ 225, CR ZEAMERS
RDZEfi% 2 TRT.

(M, T'OM) % CRZHEL T 3. LIRTIZO(TOM) =0 Zi/=3TE5F 0 Tldaw
E1IHRODPFEETIZILZNETS. 2O = TYM Ed Hermite JTERRTH % Levi

230 Lo % o
Lo(Z, W) = —/=1d68(Z, V)

WCEoTEDD.

EE 1.2: @i

(M, TOM) 2388 TH % 21X, LeviBR Ly DIEEMTH 2 & 57 0 HEET
5Z8TH5D. ZOLXOIIM LOEMEATHS. 20K 5K 0 IXEDREKSG
FIRWC—EICIRE 2.

s CR 28K fl e LT, C W@, £4 RS, kR HA0
VI RENRETOND.
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2 B CR ZHFDIRDIAHFTEEM

CR ZRRIADEDIABIZ DOV TIARN B H{IZ, HEZRERDOEGE ORR 2 HEICEE 5
5. BRZIREOHDIABIZE L TERD ZODOFRMN L CHHNTNS !

e Hodge ZARIKIIER G ZRNCIEANSHE DAL Z 2N TE 5. (UNFEDHIAH)
e Stein ZAEARIZEE Fuclid 2EfICIEANCEHDAT Z N TE 5.

—HTERAMEDFMD 5, BAREZHEA L EHE Buclid ZZMNICIEANCHE DAL Z 21X T
VAQIAN

CR ZHIEDEHEICD, HDIAADWRE L THEZ Euclid 22/ %2E X 2 DNHATH
%, BARRNCIERD XS5 ICERT .

E# 2.1: CRIBOHIAH « 1BDHAHFTHE

(M, T*"M) % (2n+1) XJt CR 28k T 5. 2R LTOMEDAB F: M —
CN B CRIBHIAHTH 221X, F(TYOM)C THCN 232205, i
CR ZEIE (M, TYOM) 233BDIAAHBIEETH 5 L 1E, CREDIAA F: M — CN 23
BETZIEZWVS.

FOB5% fi,....fn e Lzt E, F2ACREDALTHS L% f; 75 CR IFHIE
BThHs v ZAMETH 2. BESHKIZEBATEENGEET 2729, FmE0EE
53 Buclid ZEEA O ERIZZ RO AABBEIFEET 5. 2 LT CR ZEED
BalE, KB DIAATZ T Tz L RFTR DA ARTREVE D JEEHAZETH 5.
SR CR ZAA DM DA A ABEMEIC O W T, ZHEDRITIC & o> THEEN K X
CEZZ. £33 XuoMmil™ CR 2RI I RIS B A B A AT RE 72 Bl HIFEALE
THZePHILNTWS., (BEFIZOWTIEERT 2.) X 512 Nirenberg [Nir74] 73
RN b DA ARATREZ: 3 Xt CR W& Ol 2 MR L7z, —77 T Boutet de
Monvel [BAM75] 1& 5 Xt b BsR#EE™Y CR 20063 KIBINICHEDIABATRET H
32 EAALE. 2RRFHDAARICONTIE, 9 XU EOSEE BT [Kurs2) 23,
T RICDGE & R [Aka8T] BZENENMRL TW5S. 5 RITITHBT 2 RATHDIAZAHE
MHIZBETHRBRTH S, DlbExE T2 il CR ZRADMDIABATREMEICD
WTIETORD L S22 5 ¢

JRFTH (—RoitE)  KIEE BAZERIA2K)
3 XIT X X
5 Rt ? v
7 Xk 4 v

RIZ 3 RICIT BT B REINTIH DAL AT i b FEAR I 2 BN OWTHA T 5. C°
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N 3 RTTERME S® 2ERZ 5. HEXRT PG L %

9
0z

L=w

-9
Z@w

LEDD L,
THS? = (TH°C?)|gs N (TS* ® C) = CL

MDD, 0 < |t] < 112X LT Rossi Bkm (S, 71053 %
(S7,TH08}) = (8%, C(L +tL))

TEHT 5. ZHUIEEL" CR ZHKTH 5. 7 Rossi BRI L CR ERAIBIEIZ LS
BRI%OC 722 [CS01]. S Z &2 Rossi BRENIEEDAARATRETH 2 2 L B L7
5. ZoBlo—ite LT, C° 7V AHTo/hE W ¢ € C(S?) 1ot L™ CR %
BIR (S3,C(L+¢L) 3EZ2ZeMNTES. ZOrE NEFLAYETOD] ¢ LT,
(S3,C(L + ¢L)) 3HEDAARARETH 2 Z L HARIN TV S [BEIO].

S BN CR 2RI TG & L TS 2 & 02, HOIAKATRERILG AT
(& Z OEEAREEE Stein fillable L WS HEHZ DB, ZAUTHEOERA RHIFIAD LD Z
L HHIHNTWD [Cei08]. RHTIE Y A ¥ OIS I3 DAL AT HE R Y CR HHE %
FFELRW.

PLED X512 3 XD BEICIEZ% < ORRENY CR ZRIKITHDIALRAEETH 5.
Z ZC 3 RnoEEY CR ZERIAHIDIALAIREIC R 2 562 & 2 2 DIFEA»OHE
BREETH . ZOFKMEELERT 272012, (M, TM) Lo 0 2 —oEE s
5. ZOrE Levi B Ly 12k D (T M)* LD Hermite GtEDEE 2. 72 0 AdO I
M Loz ED 2 DT, 0, DFRMECHE I, : T(TO'M)*) — C>(M) HEH
T%%. Zh%EMAWT Kohn Laplacian O, = 8,0, A% 5. “Laplacian” &\ 5 %#5
TREH 22, ZOERRIZERMETT SRV, ERHAZRATH > T Ker O, IZFER
RICZHDIG5. (M, TH°M) OMDAAATREMEIE O, OEFTHIEE TR TE 3.

| 2.2: B < KERHETRE [Bur79, Kohso] |

(M, T* M) % 3 RO RN CR 28k 35, (M, T"OM) 23 AAARE
THHIPLETIEMET O PHAEEED O, TOBE 0280, DARY bL
Specd, DI B ZETH 5.

3 CR Paneitz fEBZE

CR BB 2 BRI 2o EREZ L LT, BifiTEA L7 Kohn Laplacian O, 23
H5. LhrLZFOENMMEX CR ILLDRES Szegd DO MERFEME Y Wo 7z CR %
iz BT 2 RV RATE - FRATHIRTE 2 3463 L S EZEINSHE DOV T WS DI Tl
W, AFROFETH % CR Paneitz fEFHZRIZ O, 22 SR NS 4 BEOHLTBEARE LMD
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ERETH D, ThHOMEZHE—CIRR 2MlAZ 52 5. —/AHTIOEHARRZAE
BHNCIFFEMEIT D 272, Z DFERIIIEE OBEARIZE S TR L.

(M, T*'M) % 3 XouoMsaiEt™ CR 28k LT, M Loz o ZEET 5.
ZDt = CR Paneitz {EFZE P: C°(M) — C*(M) &

P =0,0, + (KR DIH)

CWVWOTEOMIERMOERRZRL LTEREINS. T2 TEBOIEOEH X 0 12T 2 H
H « Webster #5#5t% FIWTEARANCE IR TE 20, U N TRABEMNIEHFE LR VWDOTHI
3 5. CR Paneitz TEHHZROEARWLMEE L LTURBETONS .

P i3 4 QAN H ORI R EHRTH 5.

0 =eT0 L \WSHBEHICH LT P = e 2T P 2105 Bl Z 72,
P FUERFALIC IR,

Ker P I3EIRATCIC2 5 2 e 03B 5.

BHZ P OZHAIR S, C(M,R) oK
P:C*(M,R) - R; ul—>/ u(Pu) @ A do
M

FEMEXOIRD TIc Lo, ZORBEBMNEICIFAETHZ L E, PRIFEEETDH
W00, P>0eEHL 2T 5. ZOWEEK (M, TYM) OEDAARTRENE & % < B
BLTVWBZ LTV S.

| 32 3.1: Scal > 0 & P > 0 — HEoHRBAREM [CCY12)

(M, T"M) % 3 ZotDFAssfE™ CR 284K, 0 2 M Loz 35, 0 05
EF % HHF - Webster #6tD R 5 7 —BH# Scaly 231ET CR Paneitz fEFZE P 233E
ESEIETHAUS, (M, TOM) IZEDABKARETH 3.

J

iz P OIFEEMME L CR ILEDOMEY ORICOWTIRR S, RT3 XTD
BB S. (M, T'°M) Eo#AIER 0 (R U CILEE

_ JyScalg0 A db
U onan)”

EEZL. ZORBEBIIMIERTHD, ZD R

£(0)

Y (M, T*°M) = i%fé}(e)

ZHEBT 2EMIER T CR WDEFEMAZ E FERZ 2125 5. Jerison & Lee I2X D, HIiC
Y(M, TOM) < Y(S3, TH08%) R h 1o 2 ¥, X 52 Y (M, TYOM) < Y (5%, TH05%)
F 0 (M, TYOM) = (53,7053 o5& I CR ILEEBMEALNTFEET 2 Z & 2R
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X7z [JL87,JL8S, JL89|. -k Y (M, T'OM) = Y(S3,T"0S3) &ifi/=¥
(M, T™OM) %5 (S3, T083) LAMCIFET 252 1 LWHRWTH 3. Zhud CR %M
BUAFEREMEBZICEBRLTVS. P>0 L WOSRED FTIE, 20X 5% CR
ZRERIE (53, THOS3) KR HN D Z e RIS T WS,

| ®E 3.2: P>0 — CRUDBMFROEE (CMY17]

(M, T*°M) % CR Paneitz fEFHZR P DA EMETDH 2 & 572 3 Kond AN
CR ZkfRE T 5. YV(M,T'OM) = Y(S3,TH0S3) 23 b 3L TIE, (M, T"°M) i%
(S3,T108%) L MTH 5. Kz P AIFEEETH 5 & 57 (M, T'OM) 13 CR (L
WEME Rz O,

—J5C Rossi BKifi (S, T1°53) £® CR Pancitz fEFRIFADEAEL O/, Lido
EMOBREE 7 LTwiwn, FEE, (52, T1083) Ficid CR LM XA TFE LR wy
Z e DR R S ke [CMY23).

B1212 CR Paneitz fEHZR & Szegd £ & OBRIZOWTIHENS. Q % 2 RITHEERZH
RN DI & H 72355 00 % b O HEE e LT, 00 LoEMEX 0 2EET 5. Q b
DIERIBIF DR EY UL THEBTE % 00 Lo L? RO ZE M % Hardy ZE/ & W00,
Hp(Q)) TFT. ZAUIFHLEM Hilbert ZEHTH D, WIS 2 FHAER Sy % Szegd &\
5. p& QDOERBBE T 2L, Sy DX Sy(z,Z) &

So(2,%) = dop™" + Vg log(—p).

YWOBREEBE S D, TI T & Yy 1 Q LS REBTH S, FRHT oo TE
BEEBRWT CR Q-B1E Qp & —H T 2 Z A H 6 T3 [Hird3, FHO3]. X 5128
AR OILIEZEH 6 = T 12t LT, CR Q-#i%IZ

e’'Q; = Qo+ PY

EWVWS BRI 3. L7230 T Szegd O MR EME 2 HF S 2 LT3 CR Paneitz
TERZ DT IMEEIIAE N R EH 2 R 3. CR Q-HZ2MESEINIC 0 127 % HfilE
¥ L C, # Einstein ML W5 18590 Einstein S:F % /2 THREME N0 H ST
W3, i Einstein SMIERIZ—RD5@EEN CR ZERICIZFE LR WA, C* Ao
HIZXN LTI THEIET B2 e oTW05.

4 CR Paneitz fEBED AR FIL

(M, TY°M) % (&3 L DHEDIAAREE & 1XR & 72 w) 3 KockAsEki CR 2K, 0 %
M bFo#EmERe 3. 2oL 2 TARRZ X512, CR Paneitz fEFZE P 13N
HOHRIEHAZETH S, L LRDS Laplacian O X 5 RFEMAWEHZR 3R D, L
22T 2 K5 R AR METE ZHHTIE RV
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o P L*(M) LoIFEFYEAZR L THOHRKILREZ S 05 ?
e PDANRY M)V Spec PlZE¥D LSk don?
o P DOIEIEHEII Y DIEEDIERIMEZ b OH ?

TH o DOREICH LT, FIILTORRZE.

| % 4.1: CR Paneitz fFBEDZXY kL [Tak24] |

(M, T*°M) E® CR Paneitz fEFiE P 3AEMNHCHKKRTH 2, Thbb RN
HOHRILEE D, ZDAXRY FL Spec P @ 0 DA D FIZE TN L TV
5. IHIMEED N € Spec P\ {0} LT, Ker(P — \) & C®(M) DERX
TCERITZEETH 5.

FEEDFEHET 023 Spec P DL TH B0 D DI 0o ThRWw., 722 Lk s 2
X502, (M, TYOM) 5 BaA B TEET H BHEIiE, 0 bANLETHS 2 L ARINT
W5,

AR D T EHZ DWW TEIH S 2 FiC, FHBIDEGEICE T 2 EHER 2k 2 I E Y
T5. AZHZHRE LD kBEBHAEHEL 5. 2oL %

AB ~ BA~1

TS —k FEOEMATERZR BB FET 5. 22T A~ Blid A— B2 smoothing 1E
HETHZ L 2RT. ZOHEEDPDS A DRKBHGRIZACHRTH 2 Z e LS.
EHWIBPELIIZAEIEEZZEE AT MEHARTHEZ D6, ART ML
DEERES X CEEBEBO A E»N S, ZOHEITIE 0 D Spec A DINZHETH
D, Ker AZ C™®(M) OBERRITERDZEME 72 5.

ZTHTIEH 4.1 DAEHDTTEFIZOWTEHMT 5. AidD B D, CR Paneitz /EFHR
Pzt LT Ker PIZERROTICR 25850 H 5 7=, HBHABDIBED X 5% B M
JRE 2 ZEETERN. 22T M FoOEMNGZ KL 2B IFHEOHRTD 5
Heisenberg iz HW2. ZOMHAIZE D, ROFEMA 273 0 FED Heisenberg i
W EHZR T & —4 FED Heisenberg M EHE G 2N T2 B TE 5

GP+1I~PG+I~1, I ~ 112 ~ 11, IIP ~ PII ~ 0.

12 GuikzhzitKer P ADERERE P ® Green fEFZRICXTIGT % Heisenberg e
DERZETHZ. ThoZ2HVWE 2T, PORKMILESHCHKRTH 2 Z LR
N3. X5 E % PIcHBET 3 MEOMHEE LT, 1> 01 LT, = B((—pu ) &
EDLH. TDEE Pr, ¥ smoothing fEHZRTH 5 Z & 23975 %. Spec Prr, = Spec PN
[—p, ) THZZ e, av 7 MEHZEOARY MVICHET 2 —Gax g5 Z 2T,

EM 41D L7035,
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5 BHIAAHBIEERIZE®D CR Paneitz fEA:

(M, TYOM) ZHDAAARER 3 KITHsRE™ CR 241K, 0 2 M Loty ¥
5. ZOLEHIFOII & LT, IF=1122 Pl =0%ii/23 bDEEINIENTEES.
FiicRanll C Ker P TH2Z &b

m Il = 1lm, =11
MDD, R=GP+11—1 EDSE R smoothing [EFHZRTH D,
E([—p, 1) \ {0}) = Ty — To = (GP+1I— R)(Wu — o) = GPm, — R(”u — o)

5. ZZTHIIE LA(M) 6 C°(M) NOHERBIEIERZLZEDTED, Fica
YR MERFETH S, Ko THERHNE E([—u, u] \ {0}) IZBERBEERAZTHS. Lk
Do T SpecPN[—e,e]l ={0} £72% e > 0D0FHETD. 2DZHhH0H SpecP D
MR THY, PIIEERE D Z D 0h 5. £z Ker P NOERFFE mo 530 FED
Heisenberg S0 EHRTHE2 I L b RT ZENTE, KT 7o & C°(M) & C(M)
I250F. MED#EmC LD, Hsiao 12 X 2 ROMEROBIFEADE NS,

| EH 5.1: BHAHEREARIBED CR Paneitz {EARK 1 [Hsil)] |
(M, TYOM) HHEDAATRETH 5 LRET 5. DL X Spec P 1d R OBERLER Y
BAETHS. FEED N € Spec P\ {0} LT, Ker(P— )& C®(M)D
BRXTTH T ZEETH 2. EHICKer PNC™®(M) 13 Ker P IZBWTHZETH 5.

FIFHDIAATRERIGEITIE Spec P DRI DOWVWTE HIZFELWHED 77D - T
W3,

,_[ EIE 5.2: IBHAHFIRELRIBED CR Paneitz fEAE II [Tak20] ‘

(M, TYOM) SHEDABLARETH 2 LARET 2. ZD ¥ Z CR Paneitz fFHZHR P &
IFEEMETHY, SpecP C [0,00) THB. £/ Ker PNC®(M)1d Z@Clz—
By 5.

ZOEMDEEHZ Siu [Siu80] & Sampson [Sam86] 1 X 2 FHFERICEE 3 % #Eim
RES OB EOPMBEBICEHAT 2 e TELNS. (M, TM) DA
AARETH S ERETS. ok IERRERMNEiim X Ao #Em Q ©
BoT, (M,TYOM) % (00, T00Q) LM L 75 b D2 EET 3 [Lem9s|. MUFT
& (M, THOM) & (0Q,TH000Q) ZR—M3 2. £ Q DK Kihler it & w, THo
T, R TEBMNMERICHENLT 202N T25 LN TE 2.

FRERIE v € C°(00) ITH LT, v Z2HEfEL T 2FMBAK 0« 2& 2 5. (w; 1ITH
3 % Laplacian [3REFACTEILT 272D 2D & 5 RILROFEIXHHTIX WD, SHED
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REWBOVTIE [EMMI] TAEHXATWS.) 2O & QNOFZAIIBWNT
dd°t A dd°i < 0
DD LD, ZTHEFEST LT Stokes DEMEZEH T2 &

0> / dd°u N dd“u = / d(d“a N dd°a) = / d“a A dd“u
Q Q

o0

WEBNS. T OHEDE H - Webster % VTR L CRIET 5 ¥ — [ u(Pu) OA
dOT—HTHIeBanb. ZOZeho PIIIFEEMETHS. £/ Pu=00DL X,
Q 1T ddvii = 0 B D o7, @ 1d Q LOSERMEKTH 5. v 3SERAEHO
HIFMETH 5729, 00 Lo CR S ERMEMCTH .

P OIFEEIENE A EH 3.1 REH 3.2 LilAAbYES I LT FOREEE 3.

—| 2 5.3: CR Paneitz {EAR LIEHRAHAREN

(M, T""M) % Y(M, T"°M) > 0 %#7=3 3 ZouOHE N CR 2k 5 5.
(M, TYOM) 238 DIABATHET & % FE+5751F1% CR Paneitz fEFZR P 23FAE
fHEBZETH5.

—| I 5.4: BHAHAE — CR \LDEMEROEE
(M, T"OM) 2SHLDABTTRE 3 JOTHIMIEY CR ZBHA 51, (M, TOM) 13
CR ILEDEAMIY R % b .

F7 Ker PNC(M) 25 CR ZHFFAMBIBDZERNC—H T 5 2 h 5, Szegd KON
R L TROFERDE SN S.

| I 5.5: Szegd MONMBIFRMY .

O 232 TOTHEBZARRN ORI EIN T, Z D8R 00 13 Einstein it %
bor T 5. 00 EOEMIER 0 12 LT ylag = 0 ¥ 2 RBE+55MFIE 0 2
i Einstein #fERXTH 222 TH 3. X519y = O(p3) 72 2B 05
00 HIRFTHNC (83, 171083 v AR5 Z 2 TH 5.

Z OEHEOFTEEIE, 00 A transverse symmetry % b DEEIC O W T [Hir93]
WX o TRUCREHE N T WD, BB 5.2 12 K> T—RDGEICHIIRT 52 Z L ST E 7.
0 %55 E D Einstein #ERE LT, 0 =70 2 RT. ZOLEQy=Qy =0T
HBHZehs PT =00KHiID. XoTTY X CRZERMELTHD, 0 HED#H
Einstein #7225, S 51FH - /MR - Wi [HKN93] IZ X 28R ZH W2 Z 2T
BHORRD LD D.
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6 Rossi BRE_L®D CR Paneitz {fEB%

Rossi BRIANIFEFENT D D D HHDIAANARE R i b AR ZHl e L TH s Tw»
%. B CIZHEDIAARBERIGEICEBIT 5 CR Panecitz fTEHEOWEZEMN LD, &
o DFERDPHDIABNARERIGAICE ZETHILT 02OV TIE, —ficiZize A
b o TWiaW. AEITIE Rossi BkEI 2 & UTHD B, HOIAANARERIGEIC
CR Paneitz fERHZOMWEIE D X5 WCELT 202 ERRNCEZRE L, ZD#EETHL »
o720 O DBREENT 5.

k € Zso WA LT, Ik OIKAEFFBEK D% % SH, TRT. DL X

L*(S%) = B st

kE€Zs0
EVOEREMDEIEONE. | €Zy BIU 1< j<IITHMNLT
v](»l) = L2j’2(22171) € SHo_1
viEnz. zors oW ir—xsicHy,
VO = Spanc{vgl), . ,vl(l)} C SHoa
' Rossi BRI (57, T10S?) 1 CR Paneitz fEfZE B ICX o TARETH 5. TOEEIC

LT

Y = Blvo

DITHIR R ZEZ D L, £DITHIAD
det Pt(l) <0

YRBZIEBghL. INEDROEENELNS.

EI2 6.1: Rossi BkEI_E®D CR Paneitz {fEAZE ]
Rossi BRI (57, T1083) - CR Paneitz fEHZE P, IZADEEEZ ERMFE S O.

Rossi BRIEID S5 X — &2t =0 ZRAT 2L, ZHEERZ CR BRI T 3.
DSBS DIAARRETH 372, WiH$ 2 CR Paneitz fEFZE Py IXIEAEMHETH
5. Lo TLEILOEMIZ, T X—XEDHITHIZENTIZTT, ADMEHEEHHELRE
HhZZe2EKRLTWS.

7 S%EDFE

EF 5.1 BXOEM 5.2 D OIAARARERIGEICE T ETH D LoD 2 WS BEIX
BREDL ZAFL Ao TWVERW., BIZkD X5 REEIBIT5N 5.
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fRE 7.1: CR Paneitz {fEFZ DG )

HDIAAARAHER CR ZRKICEBWT, CR Paneitz fEFZE P IXHEBE b OH ?
SWEZ %Y 01% Spec P DI 72 %5 ?

fRE 7.2: CR Paneitz fEAZED#
HHAARAEER CR ZRRIKICBWT, £ ® C1Z Ker P NOFZER 722 T H
B

AT IC DWW T Rossi BRIAIDGEITOWT HIKIR L U TR TH 5. Rossi BRIHAI_ED
CR Paneitz fEFIZADEHELZEBED O Z 21350 > TWE 2, ZDOHERIITHIR
DEIRICEDSCDDTH D, ADBEFEMHEDFMRIMICTONTIIHRAL LTHL2TIE
V. —HTHECOWTE, (S2,TH0S3) % {£1} THl- 722 RAD DA AR HE
BRBHZEDD, BENBREADEONS Z PRI T NS,

CR Z A DIAA R HEZ 55 121E CR Paneitz fEFRIZIEAEMETH D, Kz 01
SpecP D N TH 5. —J5T Rossi B2 5705 & 512, HDIAARARERIGE I
CR Paneitz TEAHRIZADEEGEEZ O, ZOART PAEIENNCERTH 2 L5 H
BHED Y ZARIHTH 5.

fIRE 7.3: CR Paneitz fEAZOERM ]
HHIAARABER: CR 28181238\, CR Paneitz fEHZIE RICERTH 20 ?

% 72 CR Paneitz fEFH 21X Rossi BKETIX B DEHEZ HIRE D 023, Z OMHE D
IAAARAEEZ CR 2RI —RICILFET 2D DTH 205 03, HIEOL ZA0h -
TV,

78 7.4: CR Paneitz {(FRZOADEH(E |

HWHIAAARAEER CR 2RI B W T, CR Paneitz fEFZR DB DEIHEIZL T
[RIETH 2 02 ?

M EofEE, CR Paneitz fEFZR & W5 FFEMEAR OB 28 L T, CR ZKIED
HDAAAREMEZ B L K5 L T 2AD—HERTDDTHS. SROMEITL ST
& OERBE DAL Z eI 5.
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