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M5l FlgomEfMIrReLbAlinz X, L EFE, Bl g DAY —~<
HDOXAIas—2M% T, tEHL. UTFidg>2TEZXS. Hilhm X, 054582
MCG, £ &EL. XA b I a7 —22MI3EH g DEGERMN ZPAY —< VHOZEEZEMTH D,
IO ZIE LTHRIZAX A b I 2 7 —ZMIEHT 2. 24 b3 2F—2HEL
4327 —MERRC & D EHERZEMTHD R C LFAMEE RS, 512, =X
a vy MLEMIIN S 69 — 6 XITOAK & R a2 > %7 Mk b o, BEHREROF
AEH =R brar sy MUZiiiREn s, =X+ ray o7 MeoBEFUISHZ R
FEAT = RIARE D 22 PML = PML(E,) TH 5.

McCarchy k& Papadopoulos i, & [1] i2BWT, BEARFERH OO N1%E%R % H

WT62D7 7R LENS DMEEZFANR. Masur [2] 13N FAAKIZONWT
TV, FEICHNDE 6 0D7 FADSHD 3DIE7 74 Y HEICE T 3 FIFRERN
JEL, 2 DAV D LR WHEAMEAMOE S ZEE T 2 L W ERTANNREFTH
5. ZZTIERD 1200 sufficiently large & PRI 2 IEFIEIERISXTIG S 2 B0 BRI NIG
$5. TZTMCG, DEDEE G, FIERORR2 20087 /Y 7EEE2ELL &
sufficiently large LM%, ZOKR G N7 /¥ 7 BB DEIE RO RIARDEAT A %
G DIBFRES ¥ FER ([1, p.147). 2L T ZAg = {[N\] € PML | I[u] € Ag,i(\, p) =0},
Qg =PML\ ZAg £ 5. sufficiently large & G < MCG, 1& Q¢ ICE A Hf
WAER$ % ([1, Theorem 6.16)).
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[1] J. McCarthy and A. Papadopoulos, Dynamics on Thurston’s sphere of projective mea-
sured foliations, Comment. Math. Helv. 64 (1989), 133-166.

[2] H. Masur, Measured foliations and handlebodies, Ergodic Theory Dynam. Systems 1
(1986), 99-116.

[3] H. Miyachi, Function theory, Dynamics and Ergodic theory via Thurston theory,
arXiv:2507.20912 [math.CV] (2024).
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bolic motions, Riemann surfaces and related topics: Proceedings of the 1978 Stony Brook
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465—496, Princeton Univ. Press, Princeton, N.J.



Hyperbolic derivative via composition operators

M s
R E—

Let D be the open unit disk in the complex plane and JD its boundary. We denote by S(ID)
the set of all analytic self-maps of D. Let H(ID) be the space of all analytic functions on D.
For ¢ € S(D), we define the composition operator C,, by C,,f = f oy for f € H(DD). Then
¢ is called an analytic symbol of C,,. In general, a main theme in the study of composition
operators is to characterize the operator theoretic properties of composition operators by the
function theoretic properties of the analytic symbols.

We here pose a new problem:

Could the compactness of a composition operator C,, imply the compactness of C,,,
for any ¢ € S(D)?

We will consider this problem in the casee of Bloch and little Bloch spaces.
We recall that the Bloch space B consists of all f € H(D) such that

1f]l = i‘;g(l —12)|F(2)] < oo.

Then || - || is a complete semi-norm on B and is Mdbius invariant. Let the little Bloch space
B, denote the subspace of 3 consisting of functions f with

lim (1 — |z]*)f/(z) = 0.

|z|]—1

Then B is a Banach space under the norm

£z = 1O+ 1]

and that I3, is a closed subspace of 3. In particular, B, is the closure in B3 of the polynomials.
As a classical function class in geometric function theory, the Bloch space is unique in many
different ways. For example, the universal Teichmiiller space 7°(1) can be regarded as the
interior of S in B, where S = {log ¢’ : ¢ is conformal in D}.

Let H* = H>(DD) be the space of all bounded analytic functions on . Then H is the
Banach algebra with the supremum norm

[flloe = sup [£(2)].
zeD

Note that H> C B and that || f|| < || f]|« if f € H*®. For p € S(D), ||¢] < [|¢|lo < 1.

For w € D, let o, be the Mobius transformation of D defined by v, (2) = (w—z2)/(1—wz)
. For w and z in D, the pseudo-hyperbolic distance p(w, z) between z and w is given by
p(w, z) = |ay,(2)|. For any ¢ € S(D), we define that

) = T e

2020 Mathematics Subject Classification. 30H30, 47B33, 30HO5.
¥ — 7 — I angular derivative, hyperbolic derivative, composition operator, Bloch space, little Bloch space.




Then o7 is the hyperbolic derivative of ¢ in the sense that

b — 1 PP ()
o7 (2)] = lim )

We remark that the Schwarz-Pick lemma implies that |¢#(2)| < 1 for any ¢ € S(D) and
any z € . Moreover C, is always bounded on B. On the other hand, C,, is not necessarily
bounded on B, It is known that C,, is bounded on B, if and only if ¢ € B,.

[Madigan and Matheson (1995)] For ¢ € S(ID), the following hold.
(i) C, is compact on B if and only if |¢#(z)| — 0 whenever |p(2)| — 1.
(ii) C,, is bounded on B, if and only if ¢ € B,.
(iii) C, is compact on B, if and only if ¢ € B, and |¢*(z)| — 0 whenever |z| — 1.
We here define some kinds of classes related to the hyperbolic derivative.
[Definition]
(i) Denote that S, = S(D) N B,.
(ii) Denote by S™ the set of all ¢ € S(D) such that ¢ (z) — 0 whenever |p(z)| — 1.
(iii) Denote by S" the set of all p € S(D) such that ¢*(z) — 0 whenever |z| — 1.

It is known that any function in H> N B,=COP is constant on each Gleason part in the
maximal ideal space of H*° other than D. We will use this property to prove the following.

[Boundedness on 3,] Let ¢ € S(ID). The following conditions are equivalent:
(i) C,, is bounded on B,.
(i) C,x is bounded on B, for some positive integer .

(iii) C,x is bounded on B, for any positive integer .

We will study analytic self-maps of the unit disk such that each does not belong to S*
(respectively, S"), but their product is in S" (respectively, S*). We also provide explicit
and new examples of such analytic self-maps of D satisfying (or not) the conditions in our
results.
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BEECEH C NOHENMIRE D = {|2| < 1} L TERZINZ 2 DOERIBEE f,9 2
F0)=g(0) =0 2T LT3, ZOLE, [ g CHLTHELTVWS L, D Lo
ECERIBES w T w(0) = 0 A

f(z) =g(w(z)  (2€D)

RWETOORFEET LI 20D, X512, Ho(D) = {f : D — D HE|f(0) =
0, f(0) =1} 2ED, | ZEBXMBNOXME T2 & te] TRIX—XIFbhb
Ho(D) NOHIERIELDIE {fi}ier DIV TF—HHTH B 1F s <t ZifilcT2TD s, t el
LT, fo 2 i TRLTRIBLTWAZTHI L ERTS. L7 FH—HIZ Ho(D) N
D HEBOFREEHIICE T 2 U=y NFTHE (F - 7502 0EH) OffIcH
WHAL, Z DI S RAFERTEREGEGR OIS B W T EEREE ZH-> Tw5. ([1, 2])

WE, NIRRT EHREGEHROL 7F—HEER L, BRI NZL 7 F—FICBWT
HREKDL 7 F —BEHOEM L 2 25 RARBEICE I NS Z L 2R LE(8]) 22T,
{fher DEBHBEGROL T F—HTH2L13, [, D »5 C NOFEEELDH 2H
WO OEADOEBHEESRT £,0) =0, f/(0) >0 2L, Do s <t ZiflEILT
Ds,t €T WTNLT, f 3 LITRHLTIBELTWAZETHDILERTD. koL T
F—8HTIE (D) DEERE 72553, TEHEEBRDOL 7F—HTIE QO 13— HE
FERIR Y 2 2 UICBWTIRIR SN2 e o TV 5.

REHHTIE, WIEBEROAEHCTEEHEGERDOL 75 —$HOB {fihie ZHRT 5.
FOBIC, L7 F—ICNBET 24 (f), f = %, evolution family {ws,}s<;, Herglotz
family {P(-,t) }er) ITBELTHFE R LW,

BE X

[1] K. Léwner, Untersuchungen iiber schlichte konforme Abbildungen des Einheitskreises. I,
Mathematische Annalen 89 (1923), no. 1, 103-121.

2] Ch. Pommerenke, Uber die Subordination analytischer Funktionen, J. Reine Angew.
Math. 218 (1965), 159-173.

[3] H. Yanagihara, Loewner theory on analytic universal covering maps, arXiv: 1907.11987,
2025.
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Tz & 2 8GR =ABED 08 [5] 1SHi VT, BERIIEAFFO T EEZ ZER T 5,
BRI 7 v 7 ABELBWATRERR 7 v 7 ABHIEGRINT D %, FRSEGRT 7 v 7 ABED1E
BOARRER T HE D BRI 7 v 7 ZABETIR 5. TTPNC & D BERHI =AFHE T H S ATV T,
FRZMR D DR 2 %7 b TR WEGRI = MAHFE (2,3,00) & (2,4,00) & (2,6,00) D
ATH? 6], 22 TINd 3OO =AHDIEEERIBIHTDH 2 UAHEE 755
LD ZDFFEDFEMBETH 2, MANCEDEY 25 —8F (2,3, 00) DIEEHRH
HTH LA ETIEERWTI(7, 8], Z DM TIX (2,4,0) & (2,6,00) DIEEAE
[RESDEETH 2 VU2 R TKRD 2, R V87 b TIRBRWEGRIIL AR DWW T,
[ i2BVTBRCHEI T WS,

1. MTADHFE
RD Singerman DFEHRZEHANWT, ZAHT OB N O TH 2 UAED, ZH T,

iRl 1. [2]
(m17m27"' >mr73)@®%1@7977\ﬁ

F:<x1>"‘,l’r,p1,“',ps‘H:Uj pk:$m]:1>
j=1 k=1

i)i\ (nl,b s Mgy s e, My S,) ﬂ@*ﬁ;ﬁ]\[ OD%Bﬁj\ﬁ Fl %@U%:@@L[Z‘g
AL GRES

1. T25{1,2,--- N} DEHRE Sy NDHERT ) : T — Sy BFEAEL T, 6(I) DIEH
BHERRHITH D, 0(x;) ERE mj/nj, - mj/n;,, D p; EDOKEIEL DD 5 72
D, O(pe) 23 6(pr) TEDKEIBEIOFE TR SNSRI, ROFEXZHZT,

s = Z 6 (pr)
k=1

2. WHHTEFEIZBE LT vol(H?/T,) = N - vol(H?/T) %7z 3%

ZDLETDIEMN OFSHELED, ={geT |0(g)(1) =1} e LTHELNS,
RIZT DERRZERD 5,
ol 2. /3]

BEGOERRE (A |jeJ L. BEGOMOEE HICH T 2 ERKEEKG/H D5
2RERE (B |kc K} T3, ZOr &

A;By, = B,Cy

*L e-mail: s0422106_edu@ruri.waseda. jp
*2e-mail: k.soma@akane.waseda. jp
*3 e-mail: ykomori@waseda. jp
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HICPUAREOREE SR DR Z 23T ODERR B, By, Bs, B, 20T, D
B2 Poincaré DEHZ W2 23, XD Lehner DAERDEITLDO,

e 3. [1]
B, DIEIERZ w; (1 =1,2,3,4) & L. 73 = Bs(wy), 7o = Ba(13) £ 35 & X, (wy, w3, T3, Wy, To, w1 )
DI A 6 ATE DTERMIC 72 %72 5. By, By, By, By (ZVIABEOEHRAER AR TH 5,

2. 1761

(2,4, 00) BID=AFET = (A}, Ay, A3 | A2 = A3 = A1 Ay A3 = 1) DIEEN = 3 DH T
th@@Agﬂﬂwm%ﬁ%ﬁ®f&éomﬁlwxﬁ%ﬁtﬁﬁﬂﬂelh+&
W& 5T OEBITTOBRIE

(A1) = (2,3), 0(A2) = (1.2), 6(As3) = (1,2,3)

Y15, FRCT/T, DEERFRE LT, A3, DN DT, m@E2 &0 Ty DERK
T LT
By = A2, By=A,, By= A;2A;'A2 B, = A3?

7\7731;/\‘( .B2 32 Bél = BlBngB4 =1 %?ﬁf:j—o (11)4,11)3,7'3,11)2, Tg,wl) 75%&&5&@
6 AILDTEMIZRZ Z e, M3 & D (2,2,4, 00) BIDVUARED (2,4, 00) D=1
B DR i nite LTELN 5,

BEER
[1] J. Lehner, On polygon groups, Lecture Notes Math., vol 899, Springer (1980), 315-324.

[2] D. Singerman, Subgroups of Fuchsian groups and finite permutation groups. Bull. Lon-
don Math. Soc., 20 (1970), 319-323.

[3] W. Magnus, A. Karras and D.Solitar, Combinatorial group theory, Dover (1966).

[4] T. Nakanishi, M. Nadtanen and G. Rosenberger, Arithmetic Fuchsian Groups of Signa-
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269-277.
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[6] K. Takeuchi, Commensurability classes of arithmetic triangle groups. Journal of the
Faculty of Science, the University of Tokyo. Sect. 1 A, (1977), 201-212.
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Self-affinity, Mobius geometry and
Schwarzian-pre-Schwarzian derivative

AN SN VAVENIE Ve Jhe
PR fEF (UMK R - 747 - £ X R b VRS

1. [FL®IC

STEREEMES (LAC) 3 T¥EERREHHHC B 3 kR 0B 25, FHHS (1]
CHREX NS 2 X TERML XN Y S A Th 3. ZHEMEREs L
(Es+m)7= (a#0)
&t (a=0),
IEIEE (o = D)2 a YV 4 K (a=-1)IXREXN2hEr o722, ZOIHETD
BEIORATA—ZXac RAFERFHEE L Jidn 3.

HE 1 (SHOBST 71 V(2 3]) iy ICHL, B3EEFERy(w) RS Ca

Ja €R, Vw,e €R, (k5w +¢),s,(w+e)) = (e k" (w), e*s,(w)), (1)

FOL—2 Yy FHIED £E(s) = £ncR THRENZ HDT,

AT elE, ZODBIRFEE D LACTH S Z L ICFAETH 5.

7 08 [4] 1Z LAC 2B (V —#£ Sim(2) = COT(2) x RZ D2 7 4 V3%fil) 12k
I AR ETEDOAEMIRT, =27V vy RBNCEIT 244 7 —OiEffR D R B
ELTHEDI OGNS Z e R L. AEETIILACZRHEO 28T 71 Y %
A 2% (V) —#E Mob(C) = PSL(2,C) D7 7 4 ) 1281 % BifR O XHFRE
LTHERMELAZZEZOWTHE TS, ZZ TR LACHHIME L B L TA T
DHERTH-> T, WRFBE I L CEBE ROV DOBELATVS.

2. XEJ R

HifR c(w) = (c1 )T : R 2 i REI L det(cy, c) # 0 ZIRET 5. ZHITHL,

Md = (c, ¢) € GL(2,C) DIEFRLE X := detd~z, A = (X ckoTED, 2

DRAETZAREIM ;= ((cA), cA) =PA € SL(2,C) T3, 2Dk =71 x8RK

ey = OMEM =M (% f), wM=-28 (0—2> R (—(02/01>w) + (—(Cg/cl)“’)z
v w0 b &1 02/01 w c2/01 ’

DD H, ZOHLTAETZAME M ] := co/c; DAY R[AEEH L ——IG

T5. BVHAZ 5, SR [c(w)] : R — CP @ PSL(2,C)-FfEHIZ > 2 VLY

7 Syule] & —X—H 5 F 5. AR, AePSL(2,C)IZk 3 ][] e CP'DIB% [Ac] & D K.

fiE 2 FElDIREDD &, BEEIR [c(w)] : R — CPHIZRL,

JA(e) : R — PSL(2,C), Vw,e € R, [c(w+¢e)] = [A(e)c(w)], (2)

ABFFEIX JIST CREST GRER S JPMJICR1911), BHFE FRERS 25K21661) DB Z 21} 7-.
*le-mail: s—-kumagai@hi-tech.ac.jp / shun.kumagai.p5@alumni.tohoku.ac.jp

*2e-mail: kaji@imi.kyushu-u.ac.jp



DD VD EDST 2 VNI Sl BEBETH 2 Z L ICFAETHS. ZDL
w (k=0)

DI D LD,
eVRv (K #£0)

% PSL(2,C) DR EE L LT [c(w)] = {
3. EER

EA - IBELRER v (w) : R <5 CIIH L oy (w) == (Yo (@), Yow(w))T EBL e RS
C? I3kt 2 A7 L, ZOHEET N ¢ | E TV 29 VYT Py i= Yow/Yw
TREIND. BwlilHL, ¢ (w) Z XK TED 2.

L) = 1/Sw 0 Yaw _ 'Vw/sw _ ’Yw/sw
7( ) ‘ (_Sww/sgu 1/Sw> ('wa) <('Vw/3w)w> <\/__1’7w/‘fE> ' <3)

EIE 3 iy DPEBERy(w) 2 b o THET 74 Y1) 2ARLTROIR, mAcFER
E2BRE s, = e, k¥ = e T, 2% B e PSL2,R)IZHL [¢]] = [Be, | THB.

1 _ f)/w(w +8> e 0 ’Yw/sw
[ (w+e)] = [—%j(w) ( 0 6_5> ( /__1,yw/€E>
DD ILD. TDEE [ch(w)] = V-1V THoT, & IBRFE D LACD
HE7 7 4 Y (1) & A7 TEEFRy(w) 12 LTS, Py = (a — 1)2 25 H 32D.
EH3 & D LACIE S, Py DIFEERE 72 2R R y(w) Z b DMy D7 7 RITET 5.
TRDOHNTRT L2122y 2 RITLAC KD EITKE L, £/, ZDO0EL
IR EE OO LACYIE T 27 FRARED Lk BFET 5.
, B — o 2y/-1
Bl A Ry (w) = w + V1w X Py = R
EHE 0 = wlt) = 1o, k€ REBLTHONBRR (1) = 1o + V- T5e™ 13
Ak/—1eFt + k2
2v/—1ekt + k
Bl B FEUZHE (o = 1 DLAC) DFRy(w) = e VD3 S, Py =02 AT, 1B,
Z ZClde, DHEMIESRAE A7 3T, M2 IZEREH XAk,

= [A(e)ey (w)],  (4)

%Rﬂzo%&t?.—ﬁ,

Py = , SiPy =k &2 A77.

flC 7uY 4 F(a=-1DLAC) DFRRv(w / VI & Sy Py = 0% B 725

SE X
(1] FEHEAE, ZRIZ, ZILAEE, “HfroEAEEE BT 74 oM, 7Y A4 VTR, Vol.42, No.3,
pp-33-40, 1995.
[2] =HE LS, “ELVHRO R 207 7 1 VM7, WET#EREE, 72 (7) 857-861, 2006.
[3] S. Kumagai, K. Kajiwara, “Self-affinities of planar curves: towards unified description of aes-
thetic curves”, Japan Journal of Industrial and Applied Mathematics, 2025.

[4] J. Inoguchi, Y. Jikumaru, K. Kajiwara, K. T. Miura, and W. K. Schief, “Log-aesthetic curves:
Similarity geometry, integrable discretization and variational principles”, Computer Aided Geo-
metric Design, vol. 105, p. 102233, 2023.

[5] H AlE—, difge Y VU b > (B2 080 4), IBEE, 2010.
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1 (FCHIC

P MAEIENEN ENEZMNZRRICHRDOZAETH S, HAHEZONEBICEEN
LZHEMNEZ SN L E, ZNEOHICFEFHCNERS KUNET 2 L =AEMEET %7
HORKENEME d? =1 —2r TH D, Chapple DA FE 7213 Chapple-Euler D F
ELTHIENT WS, 72720, r BNEEEE. d BEED SNEMOHFLE TOREEETH
%o TDONIUE Chapple (1746 [2]) & Euler (1765) MWHNACHRA LIz SN T3 (i
HUZDWTRHIZE [20) Z22H), £/, FRRICHENMMHE ZONEBICETENSHNEZ S
Nz &, NS5 OMICFEIFIC NS K CHEET 3 WO TEDMEES 5 T D4 E A
DEME 22 (1 4+ d?) = (1 — d*)? THY Fuss DR [10] EFHEN TV S,

<N AN
9

1 JE: UL =AAIE (Chapple ORI d? =1 — 2r AR DILD)
Fir BDPUATE (Fuss OEH 2r2(1 + d?) = (1 — d?)? KD I7D)

—J7. 2 DD L TAHLZMIEMMAET B L & TD XD EAOLZAHICIZIRBICAE
19 % T &M Poncelet OFER [17] GEHICDOWTIEFIZ IR [4] ) MHIRaEE N5,

EI 1.1 (Poncelet OFEE (f8A/N\—23Y)) 2DD/M E, & B, IKxfL T, Fy I
N$z URIRFIC By Z29M%S % n AIENEET UL, B EOMEEDORICR LT, 2OM%z
THRICEH By I LFRIREC By 299 % n MIEDMFEES %,

AT T, Blaschke B RFOREM22NEMEEZFIA LT, MICHET 22 AIPICH
I BaEZRD .

* T239-8686 #hA%) [[WEARZARTIEK 1-10-20 B KA BOFBE =
e-mail: masayo@nda.ac. jp
AW O—ERISRHFE (FEES:25K07039) DK ZZ 726 DTH 5,
2010 Mathematics Subject Classification: 30J10, 30C20
F—7—F ! Complex analysis, Blaschke product, Algebraic curve
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2 Blaschke EH5EF S AR
DUF., #E&EFm EoOREMNZ D £EL,

EFE 2.1 XDz Uiz d XAHEHR%Z d X (AMR) Blaschke £ & -5

0=0MmD B(0)=0D&E, B ZiEHE Blaschke fE& 5,

N 55 X 5 7% Blaschke FEOMRICEI I 5 [EIX. #2H4E Blaschke DAz A
FEt+0THhiTEehbNBDT, 5%l B LT

2 —ag
B(z) = zg = ar € D.
DIEDFEHE Blaschke FOAZ S o
Blaschke f#id D &2 H& D LICE S IERIBIT, D LMK THS, £z, 2 € OD
WX LT B'(2) #0 ZH7z9 (FIZIE [14, Lemma 3.1])s L72AW>T, A € dD @ B I
X351 0D LOWRESD d M DR 21, 29, , 29 MOKB T EDNDOMN B, TOMNEZ
ML T 2 MEHOMRZEANT 5,

21 PR

E# 2.2 d X Blaschke #8 BICH LT, N€0D O BILKBWR%ZE 21,20, ,24 £
. . —1

X CHD d O S REAT S 2 SR % ROEIN D75 BB () L5

o TOEE, HIE L = {0\ }rep DAEMZ B ONFHIFR LT 15 £EL,

P!
9 NI Ok R 30, 2, —1 41 ICBERFD 3 RE
# Blaschke FOWNHHIHR (L&)
Z—Q

2.3 2K Blaschke B B(2) = s £ A€ DISHLT, BICkD A IS5 2 1
— az

ERESEMOTERBHEDN S, 2 —a=\Z—a) £E TS, Lizh>7T. NEBHERIZ 1

m{a} TH%,

3 X Blaschke FEDONEBHIFRIIFEMICEZ S Z LMW, ROEHN S DD B,

—12—



EIE 2.4 (Daepp, Gorkin, and Mortini [3, Theorem 1]) B 7% 0,a,b ICE{RZHD
3:5(*?@ Blaschke f'ﬁfaj‘%o A€ 0D sz‘d‘bf\ 21,29, 23 ZZ# BIlcXD A 6&5%1‘5%73
%3RET D, TDEE, 2,2 ZIESEUIKEM E

E: |z—a|l+]z—b=|1—ab| (2)

KT %, Fh, W E O&EIE. B(G) = B(() RS BAIE LOMEAS 2 545
(1, Gy s RERROB L 75> TV B,

ER 2.4 0 (2) TEXAHM E FHEAMNICANET 2 =AF Azizzs IKAELTWS
(K 3 ) DT, Poncelet DEFICEF ZNAIOKEMICEZ>TWVWD, Tie. TOBH E
& a,b ZIEEMICEDH BT ORI L BENH S EMHSNTWVS [12], Poncelet
DOEH EBIKDOBIRIC DOV TIEFI AL [11], [15] &K EZ K DN THON TN S,

ERE 2.4 ICBHE LT, Frantz [5] ICK D RARENT VS,

EH 2.5 (Frantz [5, Proposition 3])  HfiFIC#ES 5 =AIBICNET SEHE. 3
X Blaschke FiN B/ ENEEDICRS, T74bbH, fEH E I LT, REFAHETH 5,

o HifiifJICNIEL T F 29 Ed 2 =AEIMFET %,
¢« % a,beDICHLT, EW|z—a|+|z—b =|1—ab| hBEXBHEMNITHS,

EH 2.5 &, Chapple DARIT BT B HALDONEBDO ] ZFE N kR Uz 2 5 2
TW5, Tld. 4 X Blaschke #E%x#& Z 2551 Fuss DN ZIET B ENTEB
A2 RIZORERHS

5l 2.6 —fD 4 XX Blaschke FEDONEPHIFRITEZTIERXD 6 AXDOREHIFRTH %, C
DOWEBIIERZ RS 6 Xk, TDOT7 T AT 7 MCEHIFTERWL 50 DY A1 XD
ICix%h, BRI Blaschke fi% 5 2 (U5 LB HATIC R D . S AIRET H
%, X 41&, LUFD 3 DD Blaschke i

z—1i -2 z+§i

Bi(z) ==z 2 3

) 2. 2 2,
1+§zz z— 3%z 1—§zz
z—1 z—(3+30)z z—(3— %)z
By(z) =2 11, 1 _(1_1; 1— (L35
5% (2 2@)2 (5 + 52)2
1 1, 1,
B(z): 9 Z+§ .Z—<§+§Z)
+ 52 (2 51)2

DNERHIERZ 2 3 D (lA&HR & AREHhRR) O ETHE L7z D TH S, By DWNERHIKR
T (2 1) ICRA B, FUd. By &

1 —2+1

z— 3 z— ==t

bl(z) =z 2 > bQ(Z) =z _232'
-1 - 2+,

—13—



Lzl ZE, By=byob, £EIFB, LIieh> T, By ONERREFRIE by ONERIFRTH 5
1 BB S {1} ZEATOS,

X 4 4 X Blaschke BOWNIHIEROH): oS ZNZFN By, By, B3 IKH LT3
FE 2.7 —RIC, Blaschke fif B W< DH D Blaschke FEDEK b, 0by,_10-+-0b; T
FHFB L E. B ONEHIERE by ONEHIFRZ ZEC L ERMRICIHS N TH %,

LoflD B, OWNEHIFEHEHAZZE X SICHA 2D, ERICKEHTH S 2 LR SE
s,

% 2.8 ([6, Lemma 4]) 29@2%Bbmmﬂéh@%:zf_a,@@%:xf_b
— 0z

DEWZ B=byob B EE, B ONERHRR I 13
Ig i |z—a|(lz— fil + |z = fo| =7) =0
T—Iiﬁ.%;\h%o foCL/\ fl,fg CiQLj—\'ﬁ*EmEiﬁ t2—(a—ab)t—b:0 @ﬁﬁf%b\ r Cilj—\'

TEXAMETH 5,
- |12+ | fo]> — 2
- 1 .
r=lht '\/ PIRE -1

THIC, REDO B,

EHE 2.9 ([6, Theorem 2]) HNIFICNEES BUMATZICNET 2RI, 2 DD 2 X
Blaschke FED G E UTEIT 5 4 X Blaschke M SRKEINEEDICES, 35D bH,
FE EiCx LT, RIEFEETH %,

o HMICNIEEL T E 29T 2UMAIEMFIET %,
« 5% a,beDISHLT, E W[z —a|+|z—b| = |ab— 1|/ 052 oz s
HEHTH 5,
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EFE 2.9 1% Fuss ORIUTET 5 HAIONERO M Z/EFICHRE LR 2 52 %0 &
2.9 OFERIE. &IC Gorkin and Wagner [13] ICX D 2T FAXRL—Z 05 OERN T
MENTWVS, £z, Aksoy B [1] IZFBWT 2" X Blaschke FHED G EARND 77 i A]
AEVES K U BUIHDMEIIC 72 B S DO T DS ZTT> T %0

i, Blaschke b 53E & 2 HALMIMR DM O HiFRZE A9 %,

2.2 H\EBHhHR

E#& 2.10 d X Blaschke i BIZXH LT, N€ 0D @ BICKX5WMG7% 2,20, ,2q &
BLo Ly 72 21, ,zqg CHAIMICEET % d RO SRAEE LT 5, N DFAIFJE
Lz LE] Ly DEDF 2 ERDOLZ RO Z B ONERHFRE W Fp &<,

5 SVRHRHROMERGE

z—a z—2D>

ffl 211 B(z) =z - —a 1.3 DL E, MWEHER Ep 3B(E U 2 Xh#R TH
— — bz

D, ROTERTHABNS,

abz? — (|ab]* — la +b]* +1)2Z + abz® —2(@+b)z — 2(a +b)Z+4 = 0. (3)

X5IC, (3) & (Ja+ b — 1)% < |ab]? D& =R (Ja +b| — 1) > |ab]? D & ZHEM,
(Ja+b| — 1)% = |ab]? D & XHIROFTRK L 755,

=
.
7,
,, /,/////////
2

/c

_
T

M6 fa=2b=bidi da=l-dib= bty fa=anb=—b+}i
722U, ap~0.668 1 a* —4a® —6a®> +4a+1=0 OFO—D LT3

—fRELD Blaschke FEICBH L TERDMEEMEB NS,

EIE 2.12 ([7, Theorem 2]) B % d JAFHE Blaschke Fi& 9% & &, SRR Ep &

—15—



wAR d—1 XROREBEFRTH %
E 5T, MBI & AVERIIFR ORI 13 B B DO RED B 5 T L D5,

EH 2.13 ([8, Theorem 5]) B % d XIFHE Blaschke K& L. Ejf %2 B OV
DETEDIFHIRE T B, TDL &, MBI

TEABNG, L. wh(z)=0& By D7 74 Vi OEHRITRTH 5,

213 Z2f5 T & T, A ELRZ SRR D S FLE AR R RR 72 M B
CENATREICE B

3 Blaschke S EX 5 ZHA

3.1 Blaschke ZA¥
DUR, ZABIMNZALOATEL, BHZAREEDTEZIS T LICT 5,

EE 3.1 2DO0M E, & B, IS LT, By ICHBELRERHC B, #9459 % n AlE%R
Poncelet n f1E & M,

bRz X 91, Poncelet DEMIZANFICIEZ STz 2 DOFEHICH LT, Poncelet
n AIEN—DFET UL, 1-/3F A—2 D Poncelet n AEDN SR HENMFAET ST &7
REEL TV, T Poncelet n MIEDIBICH LT, [ n MEOHLONSERZESITE
DEIFIVICTZZMN? | &S Ri#% Shestakov (1814) W& A, FIHEERN S TAHZ L
ZTzo TORBEIX, #1200 F5£D 2016 FICLLTD X S ISR E iz (BRICDOWTIE,
(18] Z&),

EHE 3.2 (Schwartz and Tabachnikov [18, Theoreml]) FE, & E, ZfH& L. E,
X B ONFRICEZENTWE LTS, £, TNHE5DOFEMICH LT, Poncelet n D
1NT A =REMAET B & E n MIEOTHRO RO L EEEBLT n AIEOH
HELNLELERE. TNTh B EHUGHEHNEZE 1 S EE586L %5,

COREIZ, $IEEH 2175 2T By 3HNMTH S L LTE—REZELEDEY, £
Tz, EHL 24 & 2.5 5 Poncelet =L, 3 X Blaschke 5 E % % =M &L
WO T ENDLND, THI, —RIED Blaschke BN SEX 2 ZAILEEZ T2,

E2 3.3 d XX Blaschke & BIZHW LT, A€ dD O BIC X3 xEHE LTS d AF
% Blaschke d f4TF & "L,

AE 3.4 CCTlE. TDH Blaschke ZAEDIELEDONEEHLD FH 25 DT, Blaschke
Z MR MEZAIGICIRE L < THMER RV,

—16—



Blaschke & B ® Blaschke £ D501, B ONERIFRICHET S L0 S HE 2§
Do LML, B OXRED 4 R EOEGE. NEHFREATAO®E © HEEIRE D, %
NICEBED 5T, RBKNLT %,

e 3.5 B & d XIEHE Blashcke &9 %, A€ 0D &35 & & NITHILNT % Blaschke
d AFEDOTEROEEFOHN B AESIEMHE L 1 S ESESETH S,
FE 3.6 Blaschke ZAFEOEREHE LA LKA ESIE 2 RIGFRIC R 5 R W0,

ZRIC, Blaschke ZHEZEMICNET 2 ZARICHEET A E2E ATV, TDT2H,
HAT P C1ERIZ: Blaschke BZ2E M2 IR > I X FEADHEHOMEE TER I NS E
BELUTHET A E2EZ 5,

3.2 Blaschke-like Zf&H, (Joukowski ZHlc K 3)
RO DEBZ ., Joukowski (XKykosckuit ) 2541 & LS,

1 1
2 —) O<t<l).
1+t2< w+w, 0<t<1)

COFEHIF w P EOBAIHINRZ 2 i EORIR E, ONERICE T E[GHRTH %,

}, },\\ L/\ E ”

TEEZMEMINTH B, TEOBELE e (0<e< 1) ITHLT, IFEL t BEXNL o IC
X o THNFIARIIEELED e OFMHOERZFFOMHEIICE S T &N TE S,
fZH4E Blaschke i B ICx LT, B, = ¢ 0 Boy; ' &8,

z=p(w) =

ot

w
O = ©®
]D) i’ ]D) U)Q w3
Ot \ \ 2N Pi ‘ \ Yt
— Z9 3
C\E, C\E
BCPt ¢ g) B<Pt N\M

7 Blashcke-like G4 B, = ¢ 0 Bop;

T T Ty o(1/(2w)) = @(w) BRDVIDDT, ¢ : {1/2 < jw| < o0} — C\
E, (onto, conformal) D ¢, : D — C\E; (onto, conformal) hbnz, Lizhio
T, % 2eC\E, ITHLT. ¢ '(2) DK w T |w| < 1 Zililzd & D121
T, TOLE, B, EHEMKOIMIC\E, ZEEIC onto 159,

& 3.7 FRlDOXSICHK LTz B, Z B & ¢ ICBI9 % Blaschke-like 55§ &5,

17—



Joukowski 24 2 = ¢ (w) & D LOMEREBKTH O, HAME oD LTk

t*w+w
ZIQOt(’w)Zw, w € JD
EE TS, LIzh->7T, 0K, TR,
_ z—t%2
w = ¢; (w) = R z € O,

L%, ThERAVIE. X e B, IZif LT, B, OMig%#2 % & T, Blaschke %
CIERRIC TNERHAR ). THMHERR ). [Blaschke-like 2] ZERTE %,

WEBIIFRICEE LTI, 3 X Blaschke B B & ¢ B9 % Blaschke-like B4 B, ICD
AN/ CANE IS g

EE 3.8 ([9, Theorem 4]) 3 X Blaschke f B & ¢, ICB9 % Blaschke-like H {4
B,, ONIHIFRIHEMITH 2, THIT, F2DDMEM IE, (0 <t < 1) & By IKHLT,
OE, \CNE LFEIFFIC Ey, 29\ %9 % Poncelet —fAIEMNFIET H DX, B, D5 3 X
Blaschke # B @ Blaschke-like % B, ONESHIFRICR2 & IR 5,

Blascke-like Z Ik L TiX. Poncelet ZAEDOIEETH S EH 3.2 EHLIOKER
MEENSB,

EHE 3.9 ([9, Proposition 7]) B, % d X Blashcke #&& ¢, ICBI9 % Blaschke-like
HgETh, A€ OB, LTHLE ND B, ICLBWGERELNETS d AIEOEMSDT
Hoh 55 HE G OE, EHLEUEEMNE 2 1 i 5 A585I1CE 5,

CDOEMTIE Joukowski ZHa/h SR E 117z Blashcke-like BARZFIH L7=hY. FH#
SRR OEICEAICETEHIIMICENVANWADH S, TlE. HloZHEERIH L
TG EEIRBIEAIM? I OMEEEZ S,

3.3 Blaschke-like Z#; (Jacobi {5FIREIC K B)

AT P 72 S FIMR D NERIC A I B 2 iE, Bl A Schwarz [19] IC K% Jacobi /5
MBI MY 5L DONHSN TS, LU TIE T OZHZFIH L T Blaschke-like 44
ZRERS % (cf. [16, ChapterVI]),

v dw
k)= [ ,
R A [Ty

! dw
K =
=) Va— w1 - R
2 dw
K’ = .
) /1 \/(w2 — 1)(1 — k?w?)

—1
u(w) = u = Z——l—l’ v(u) =v=c-sn H(u, k),

—18—



z(v) =2 =

72120, k& cldlog /22 = K, 75‘3 log 1+p =cK (k) ZPHTcd XHITHES, X

1-p

To. HEZRDE S ICHB L,

D, = {|lw| <1, Im(w) >0}, D, = {Re(u) <0, Im(u) >0},

1
Dv:{—logw/# < Re(v) <0, 0 <Im(v) <7},
- P
1
D,={1<|z| < ,/#, Im(z) > 0},
-p

DZ:{|Z— /1—p2|+|2+‘/1_p2| < 2, Im(z)>0}

CDEE u,v,x, 2. TNEND,, D, D,, D, D, ZRXRRETE[EIRTH %,
INHDOEKRERZ v LB,

z=7(w)=zoxovou(w).

v & B D, 5 BRI D, "OEMBETH % DT, Schwarz OFERD FHEED
5D & & ={lz—V1-p+]|z+1—-p? <2} DLICETERGHET DMHET B,
COLE, G B;=50Boy k¢, kD Blaschke like BRICTR %,

3 JEEHE Blaschke % B(z) = 2 - f__aaz 12 _5 ICHLT, M8 & pr0.67T DX
OE, DB MDWIGEH 5 T X BEEHEEIVZ LD TH %, WEHIE B: ONTHIEE 5

ABM, EM 3.9 D B, DEHLERRLZD, INS5RBVINEHEHICES R,

BATEHEABMICK 5T, Blaschke-like BARICHIE T 28 MM EIEH B2 5 D,
HHETNIEDISHZEDEASH? TOREICONTIX, SHBOPETH 5,

BE XK
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EXTENDING HOLOMORPHIC FUNCTIONS FROM
ANALYTIC COMPLEMENTS OF COMPLETE KAHLER
DOMAINS

TAKEO OHSAWA

As a continuation of [Oh-1], it was shown in [Oh-2] that there exists
a locally pseudoconvex but holomorphically non-convex ramified Rie-
mann domain over C?, originally constructed by Fornaess [F], which
is holomorphically separable in the sense that any two points can be
separated by holomorphic functions. The purpose of the present note
is to clarify what is needed for constructing such holomorphic functions
by proving the following.

Theorem 1. Let M be a complex manifold of dimensionn and let X C
M be a closed complex analytic set whose complement has a complete
Kahler metric. Assume that there exist a holomorphic n-form w on
M which has no zeros in M \ X and a plurisubharmonic function ®
on M such that ®~}(—o0) = X, ® is C®° on M \ X and e ®w is
not locally square integrable on any open subset of M which intersects
with X. Then, for any ¢ € R and for any holomorphic function f on
O 1([—00,¢))) satisfying

i"z/ |fPw AW < oo,
d<c

there exists a holomorphic function f on M such that f]X = f.
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PR 723 2 D Dj@Erg AR I BE S % > 7~ BEEX

wE EH| (BRI R IR
Victor M. Buchstaber (Steklov Mathematical Institute)

AR MY =< VHIHMNEET 57— BRI, R KT o Y - BERIIKEFET 24
A 72 BB CTH 5. F. Klein 1, 7 —XBIEZFHEL C, EHEREn Y —FEDH
D JICHRAF U R WHERIHA R BB e &) WO REZ R Lz, Z O,
Korotkin, Shramchenko, Nakayashiki iZ& D, —fx@® 3> %7 Y —< YHEHIIH L THE
rEnf=. —7, Buchstaber, Enolski, Leykin &, MREHHERD BRI ER GEANE
ZBNTGEL, 7T XBEMEHFBE LT, FHRIZBIT 2 X ZEIEM ORI ER T
DIRED B0 LRENTF T 5 K 5 RAEEIR 2 BB 2T £ v EZ R
L7z, ZoO&MZml S E S 7F~Be WS . HIREAD 1 DO@EEHIHE, (n,s)
HifR, 7L 2avy ZiifR, 74 > a2 b7 MRS L TiE, BE ORENFIRXS
7z —77, HERESD 2 Do@EM iR, KEthiiz EE T 2 REOTEXX e WS EIRT
X, 2o DREHRICIZE ENTVRY. ARFERTIE, HERELSD 2 D DB EIRIC
LU THREDOMEZ MRS 5.

HAK g LT, N(@)=vp2?" +102® + o 4 vy 00 + v4gia, v, €C, g #0
FEMREHZRNE TS, V&2 — N(z) TERSN M g OB Y 5 5.
V EQEMBATHR 1 = Sde, 1 <i < g&REZD. = "(w,...,1y) 8T 5.
(0,6}, 2 V FoEEREa Y — R 55, FEBTHE 2 = (faj M) o =
(fbjm), T= (W)W L EETS. Na)=0t%%acC%L%. N)% N(z) =
v —a) [ (@ —a;), a; € C e EL. st#0, s271 /€ = N'(a) 2ili7z=F s,t € C%
v 5. M(X) =[] (X - ) YF3. CkY?= MX) TERSNZEH g O
EFEHIRRE 5 5. CL@EW@ ﬁfwﬁzmﬁﬂw,lgigg%%ié.&%
M():&J%H+MX%+MX%1+~4%@X+Xwg%ﬁk?@$ﬁtbfﬁ%?
5. C LOB2BIHR 0= — 5% S0 1 (k+1— g)hagraian2 X dX, 1 <i<yg
2EZ5H. Vo CADOREG

(: Vo0, (w,y)H(XvY):( : v )

r—a (r—a)t!

DPEFTES. gx g DIEANTHI D % 1((*(w1),..., (" (wy)) = Dp TERT 5. ZIT,
Cw) Fw DCREBFIERLTHS. 1<i,j<glcRNLT, DD (i,5) o3&, 2H
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. i1 - .
FECE VT, it 1) (—a)™7 &FF % ([1, Proposition 4.1]). ey, e 225
j j—
LT, ROZHEAZEZS.
g+1 o
f(e1,e2) = Z €5 e5{2Wag a1 + Vagro-ai(er + €2) },
i=0
fler,e2) = Z €15 {2Mg12-4i + Mag—si(er +e2)},
=0

fler,e2) = t72(er —a)?*' (ea — G)QHJ?(L’ : )

€1 —a e —a

Dk % n;; =N, i) T(el,eQ) = f(el,eg) + (61 — 62)2 ZZQJ 1nz]621 ! ] ! Zii7z S
*E?ﬁﬁ {nZ]}Z] 1 ﬁ’ﬁ&j_%) Q= (nijj)lgidgg tj_é (CL, 0) L)U’*T thEEUfci Vv J:@EEV
DR k1, BRCHET B,

(o) = (COm)s €' my)) D} = 20

1<i<gliTLT, K I EXRDBIZET S ([1, Lemma 4.13]).

r de
(z —a)9 2y’

REIE —on' = ([, ki), =2 = (f, mi) LEBRTD. & =L
(§5 b eRy, R={N(a) " reQla {m}’} vy s,

2

Ki = re Q[G, {Vm-}fiéz,x]

Definition 1. v = (vg,, V2g-2,...,v2) € CIITH L T,

}f@ﬁ:zsexp<%%ﬁﬂﬁlf40)0[§{‘«Zu) v,7), e€eC

!/

6//

Z?%.::T,H[]@mﬁﬁv—vy@%—ﬂ%ﬁf%é.

Proposition 2 ([1, Proposition 4.15]) my,my € Z9, v € CI IR LT, KDL D ILD.
H(v+2u'my + 2u"ms)/H(v)
_ (_1)2(t§/m17t§//m2)+tm1m2 eXp{t(QFLIml + QH//m2)<U + /lel + u”mg)}

Theorem 3 ([1, Theorem 4.12])) e 25 %< &%k, Hw)dv=0DEDTRD XS
WNERBEFATE S,

SE Xk

[1] T. Ayano, V. M. Buchstaber, Sigma function associated with a hyperelliptic curve with
two points at infinity, accepted to Regular and Chaotic Dynamics.
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Hardy spaces on bounded symmetric domains I

Characterizations

Shaolin CHEN (Guangxi Normal University)
Hidetaka HAMADA  (Kyushu Sangyo University)*!

This is an announcement of [2]. Let © C C" be a bounded symmetric domain with
origin and Bergman-Shilov boundary b. Denote by T'y the isotropy group of Aut(f2).
Q) is circular and star-shaped with respect to 0 and that b is circular. The group Ty is
transitive on b, and b has a unique normalized ['j-invariant measure o with o(b) = 1
([3]). The unit polydisk D", the unit ball B™ and the classical Cartan domains are
bounded symmetric domains with origin. Denote by LF(b) (p € (0,00)) the set of all
measurable functions F' of b into C with

|Fl = ( / worpda(o)’l’ < oo

For p € (0,00), the pluriharmonic Hardy space &7 (2) consists of all those pluri-
harmonic functions f : ©Q — C such that || f]|, := SUPre[o,l) M,(r, f) < oo, where

n=( [ireoran )

If p > 1, then || - ||, is a norm on Z#”({2). This is no longer true in the case
0 < p < 1, and in this case, | -[[? is subadditive and it induces the translation invariant
metric on P77 (2). For holomorphic Hardy space, Hahn and Mitchell [3] obtained
the completeness of #7(Q2) = 277 (Q) N H(Q,C) for p > 0.

Theorem A. ([3, Theorem 5]) For p € [1,00), SP(R2) is a complex Banach space with
respect to the norm || - ||,, and for p € (0,1), SP(Q) is a complete linear Hausdorff
space with respect to the metric d(y1, 1) = ||ty — ¥ol|b, where ¥y, ¥y € FP(CY).

Shapiro [8] generalized Theorem A to complex valued harmonic Hardy space on D.
In this talk, we extend Theorem A to Z27#7().
Pavlovi¢ obtained the following characterization of holomorphic Hardy space on D.

Theorem B. ([7, Theorem 1.1])Let p € (0,00), T = 0D and f be a holomorphic
function in D. Then the followings are equivalent:

(1) f € #7(D);
(2) 91f] € LA(T), where [f](C) = (f5<1 = rORdr)

(3) %.1f] € L(T), where L[1)(C) = (Jy (1= 1) supyeqo | (00 2dr)

1
() Gilf] € LA(T), where Zi{f1(C) = (502 1 (rQ))E re =1 — 2%,
Furthermore, for j € {1,2,3,4}, there are constants C; independent of f such that

1f = FO)lp < CollE e < Coll%fNl e < Csll%alf1llr < Cullf = F(O)p-
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In the case of several complex variables, Ahern and Bruna [1] obtained similar
characterizations of the holomorphic Hardy space on the Fuclidean unit ball B™ in C™.
Krantz and Li [6] also obtained similar characterizations of the holomorphic Hardy
space on some classes of pseudoconvex domains of finite type in C".

On the Euclidean unit ball B", the following result is known. Let f € H(B",C).
Then, there exists a positive constant C', depending only on p, such that

Slslp<irr+ [ @)y < sy O

oBn
for p € (0,00), where

(1)) = </01 IV IrOPA —T)df)é, ¢ € OB"

is the Littlewood-Paley type ¢-function (see [1, 6, 9]).

If we consider bounded symmetric domains 2 C C", the results in [1, 6] can not be
used except the case 2 = B", because if 2 # B”, then its boundary is not smooth. So,
it is natural to consider a generalization of Theorem B to bounded symmetric domains
Q). In this talk, we extend Theorem B to bounded symmetric domains €.

A classical result of Hardy and Littlewood asserts that if p € (0,00], a € (1,00)
and f is a holomorphic function in D, then (cf. [4, 5])

My(r, f') = O ((1 i r>a) as i — 1

M(r, f) = O ((%)a_l) as T — 17,

if and only if

1

In this talk, we also consider an extension of this result to bounded symmetric domains.
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Hardy spaces on bounded symmetric domains I1
Composition operators

Shaolin CHEN (Guangxi Normal University)
Hidetaka HAMADA (Kyushu Sangyo University)*!

This is an announcement of [2]. Let Q2 be a domain in C". For a given ¢ € H({2,D),
the composition operator C, : XA (D) - XA () is defined by Cy(f) = f o ¢,
where f € 2 (D). In 1987, Shapiro [4] gave a complete characterization of compact
composition operators on (D), with a number of interesting consequences for peak
sets, essential norm of composition operators, and so on.

A continuous non-decreasing and unbounded function w : [0,1) — (0, 00) is called
a weight. A weight w is called doubling if there is a constant C' > 1 such that

w(l—15/2) < Cw(l—13), s€(0,1].

w(t)=1/(1—t)* and w(t) = 1/(1 — t*)* with @ > 0 are doubling functions.

Let ©Q be a bounded symmetric domain in C" with origin. Then its Minkowski
function is a norm on C" and will be denoted by || - ||o. For a weight w, we use %,,(2)
to denote the pluriharmonic Bloch type space consisting of all f = fi + fo € Z#(Q)
with the norm

1/l () == [£(0)] +Sg£<@£(2) < o0,
where %/ (2) = A(2)/w(|z|) and
As(2) = sup{|Dfr(2)w| + [Dfo(2)w] : wlle =1}, 2z €.

Then %,(12) is a complex Banach space. Furthermore, let

[ fllza().s = sug%{(z) < o0
FAS

be the semi-norm. If f € %,(Q), then we call f a pluriharmonic Bloch type function.
Let D7({) denote the Koranyi approach domain defined by

DxQ) ={zeB": |1 (0l < F1—-IzP)}. (1)
Kwon [3] investigated some characterizations of composition operators of the Bloch
space on D to the holomorphic Hardy spaces on B" to be bounded or compact.
Theorem D. ([3, Theorems 5.1 and 5.10])Let p € (0,00), 1 < a < oo and w(t) =
1/(1—1t%) fort €0,1). If p € H(B™, D), then the followings are equivalent:

1 V(600 ) ar \? ny i .
fBB" ( 0 %%) do(¢) < 0o, where p,c € Aut(B") with p,¢(0) = r¢;

2
fa]Bn (fDn(C) ‘vl((bﬁ;z)fg))f a d“;(f)l“) ’ do(¢) < oo, where dV denotes the Lebesgue
volume measure of C", and ¢, € Aut(B") with ¢.(0) = z;
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(3) Cyp: #,(D)NH(D) — 5P(B") is a bounded operator;
(4) Cy: AB,(D)NH(D) — HP(B") is compact.

The characterizations of composition operators from harmonic Bloch type spaces
on D to pluriharmonic Hardy spaces on B™ by using doubling weight was given in [1].

Theorem E. Let p € (0,00), a € (1,00) and w be a doubling weight. If ¢ : B™ — D
s holomorphic, then the followings are equivalent:

(1) Cp: B,(D) = PIP(B") is a bounded operator;
2) Jyan (Ji IVOrOP(0(rON (L~ r)ar)* do(¢) < oot

3) S (Jopio 70 PRGN~ 2D dV (=) do(C) < oo
(4) Cy: B,(D) — PHAP(B") is compact.
In the case ¢ maps D into D, the following characterization was obtained in [1].

Theorem G. Let p € (0,00), 1 < o < 00, w be a doubling weight and ¢ : D — D be
a holomorphic function. Then the followings are equivalent:

(1) Cp: B,(D) — P#P(D) is a bounded operator;

iS]

o (s 19/ (re) P (l(re) (1 = r)dr) " 42 < oo
(1

D
2

0 (002 27216 (rie®) P (|6 (rie®))

¥ < oo, where 1, =1 —27F;
™

(fol — 7)) SUPy< pey (|¢ (pe’ )|2w2(|¢(/)6i9)|)) dr) 2 % =00
(fDl )|ng5 2) 2w 2(|¢(z)|)dA(z)>§ % < 00, where dA denotes the Lebesgue

area measure of C;
(6) Cy: B,(D) —» PH#P(D) is compact.

In this talk, by using doubling weight and a new characterization of pluriharmonic
Hardy space, we establish the characterizations of composition operators on harmonic
Bloch type spaces on D and pluriharmonic Hardy spaces on bounded symmetric do-
mains {2 to be bounded or compact, which extends Theorems D, E and G.
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10

Roper-Suffridge type extension operators for univalent
mappings revisited

Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babes-Bolyai University)
Mirela KOHR (Babeg-Bolyai University)

This is an announcement of [7]. Let £S, S, S* and K denote the family of all
normalized locally univalent, univalent, starlike and convex functions on the unit disc
D, respectively. The Roper-Suffridge extension operator is defined for f € LS by

(I)n(f)(z) = F(Z) = (f(zl)> V f/(zl)zl) , R = (21,2/) € Bna

where the branch of the square root is chosen such that /f'(0) = 1. Roper and
Suffridge [9] proved that if f € K then ®,(f) € K(B"), and in [5] it was shown that if
f € S* then ®,(f) € S*(B™). Graham, Kohr and Kohr [6] showed that if f € S, then
®,,(f) can be embedded as the initial element of a Loewner chain on B".

We choose the branches of the power functions such that

(f (21) > ¢
1 21=0
For a, f € R, f € S, Graham, Hamada, Kohr and Suffridge [4] considered the operators

BuasDE) = Fast) = (£, (L) (ry). cemn

21

=1 and (f'(2))”

21=0

When a =0, = 1/2 we obtain the Roper-Suffridge operator ®,,.
Let E={(a,8) e R*: 0 < a<1,0<3<1/2,a+ < 1}. It was shown in [4]
that the following extension results are valid for (o, 3) € FE.

(1) ®pap(f) can be embedded as the initial element of a Loewner chain for f € S.

(i) If f € S* then ®,,4(f) € S*(B").

(ili) fa>0and 8> 0 and n > 2, then @, , s(K) C K(B") iff (o, 8) = (0,1/2).
Elin [1] has introduced an approach to extension operators on Banach spaces based on
the semigroup theory. Let Y be a complex Banach space and let » > 1. Also, let

Q ={(z1,w) € Z=CxY : |z +|w|}y <1}.

Then, the Minkowski functional of €2, is a complete norm || - ||z on Z and €2, is the
unit ball of Z with respect to this norm. Let a € [0,1], 8 € [0,1/r], a+ 5 < 1 and let
O, p5:5 — S(€) be the Roper-Suffridge type extension operator given by

s = (1 (L) (). G eo.

21
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Graham, Hamada and Kohr [2] adopted Elin’s point of view in [1] and proved that
if f €S, then FF = ®,4(f) can be embedded as the initial element of a Loewner
chain on €, (in the case of g-Loewner chains, see [3]). Roper-Suffridge type extension
operator @, 3 and its variations have been recently studied by many mathematicians
(see the references in [1, 3, 7, 8]). Note that in these results, a € [0,1], 8 € [0,1/7]
and a4+ [ < 1, where r is a positive constant which depends on the domain on which
O, 5(f) is defined.

Let H be a complex Hilbert space with dimH > 2 and let B be the unit ball of H.
For a fixed unit vector e; € ‘H, we consider the Roper-Suffridge type extension operators
as follows. Let H; be the orthogonal complement of Ce;. In the case z = 217 +w
with w € H;, we use the notation z = (z;,w). For o, 8 € R, let ¥, 5: S — S(B) be
the Roper-Suffridge type extension operator given by

T repe). wes

21

Vs erw) = (£,

Until now, it is only known that for the pairs (o, 8) € E, ¥, g(f) can be embedded as
the initial element of a normal Loewner chain on B for any f € S (see e.g. [3]).

In this talk, we give a closed domain D in R? such that for (a, 8) € D, ¥, 5(f) can
be embedded as the initial element of a normal Loewner chain on B for any f € S.
Note that £ C D and D contains points (a, 3) € R? such that a < 0 and/or 8 < 0.
For the proof, we use a new method which is different from those used in [3, 4]. As
a corollary, we obtain that for («, 5) € D, U, s preserves starlikeness. We also show
that if (o, 8) € R?\ {(0,1/2)}, then the operator ¥, 5 does not preserve convexity.
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Koebe one-quarter theorem in infinite dimensions

Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babeg-Bolyai University)
Mirela KOHR (Babeg-Bolyai University)

This is an announcement of [10]. The famous Koebe one-quarter theorem gives a
sharp bound on the size of the image of univalent functions on the unit disc D locally.
In 1907, Koebe [13] discovered that the ranges of all functions in the family S of
normalized univalent functions on D contain a common disc {¢ : (| < p}, where p is
an absolute constant. The Koebe function shows that p < 1/4. In 1916, p = 1/4 was
established by Bieberbach [2].

For normalized biholomorphic mappings on the unit ball of C"*, n > 2, the Koebe
one-quarter theorem does not hold in general. Moreover, there is no constant p > 0
such that B, = pB lies in f(B) for every normalized biholomorphic mapping f in B,
where B is the unit ball of C™ with respect to a norm on C". For example, let

fm(2) = (21 — mvVm?2 — 1z§,z2, cesZn), z=1(z1,22,...,2,) € B", (1)

where m is a positive integer and B" is the Euclidean unit ball of C*. Then f,, is a
normalized biholomorphic mapping on B" and for a,, = (vVm? — 1/m,1/m,0,...,0) €
OB"™, we have f,,(a,) = (0,1/m,0,...,0). Therefore, there is no constant p > 0 such
that B lies in f,,(B") for every positive integer m. Moreover, f,,(2,t) = fm(e'2),
z € B", t >0, where f,, is as in (1), is a Loewner chain such that there is no constant
p > 0 such that B lies in f,,,(B",0) for every positive integer m. Therefore, in several
complex variables, we should add some assumptions on biholomorphic mappings f
(respectively Loewner chains f(z,t)) so that the Koebe one-quarter theorem holds for
f (respectively for the first elements f(-,0)).

For normalized biholomorphic mappings on the unit ball of C”, the following es-
timate for the first elements f of normal Loewner chains was given by Kohr [14] and
Graham, Hamada and Kohr [5].

&l
(1= 1lzl)*

In the case of finite dimensions, the estimate from below in (2) readily implies the
Koebe one-quarter theorem (cf. [1] in the case of starlike mappings).

Let B be the unit ball of a complex Banach space X. In the case of infinite dimen-
sions, Zhang and Liu [16] and Liu and Liu [15] stated Koebe one-quarter type covering
theorems for several subclasses of normalized starlike mappings on B. However, they
did not give a proof for the covering theorem. Hamada and Kohr [8, Corollary 3.6]
proved the estimate (2) for the first elements of normal Loewner chains on the unit
ball of a reflexive complex Banach space. In 2002, Hamada and Kohr [7] proved the
1/2-theorem for normalized convex mappings on B. By using a similar method of proof,

Izl pe < . eB. @

(1 +I=1])
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the Koebe one-quarter theorem for normalized starlike mappings on B can be proved.
Since f € S if and only if f is the first element of a normal Loewner chain on the unit
disc D, it is interesting to consider the Koebe one-quarter theorem for the first elements
of normal Loewner chains on B. However, it is still unknown. Also, the method used
in the proof in [7] cannot be applied to the first elements of normal Loewner chains.

For the Bloch constant in higher dimensions, see [3, 6, 12| and the references therein.

In the first part of this talk, we obtain a covering theorem for biholomorphic map-
pings on bounded domains in a complex Banach space X. Next, as an application of
this result, we obtain the Koebe one-quarter theorem for normal Loewner chains on
the unit ball B of X. We give several applications of this result. Finally, as another
application of the above covering theorem, we give a covering theorem for nonlinear
resolvents on B (cf. [4]).

References

[1] R. W. Barnard, C.H. FitzGerald, S. Gong, The growth and 1/4-theorems for starlike
mappings in C", Pacific J. Math. 150 (1991), no. 1, 13-22.

2] L. Bieberbach, Uber die Koeffizienten derjenigen Potenzreihen, welche eine schlichte Ab-
bildung des Einheitskreises vermitteln, S.-B. Preuss. Akad. Wiss.: (1916), 940-955.

[3] C.H. Chu, H. Hamada, T. Honda, G. Kohr, Distortion of locally biholomorphic Bloch
mappings on bounded symmetric domains, J. Math. Anal. Appl. 441 (2016), 830-843.

[4] M. Elin, Non-linear resolvents of holomorphically accretive mappings, Anal. Math. Phys.
15 (2025), Paper No. 77, 20 pp.

[5] I. Graham, H. Hamada, G. Kohr, Parametric representation of univalent mappings in
several complex variables, Canad. J. Math. 54(2) (2002), 324-351.

[6] H. Hamada, A distortion theorem and the Bloch constant for Bloch mappings in C", J.
Anal. Math. 137 (2019), 663-677.

[7] H. Hamada, G. Kohr, ®-like and convex mappings in infinite dimensional spaces, Rev.
Roumaine Math. Pures Appl. 47 (2002), 315-328.

[8] H. Hamada, G. Kohr, Loewner chains and the Loewner differential equation in reflexive
complex Banach spaces, Rev. Roumaine Math. Pures Appl. 49 (2004), 247-264.

[9] H. Hamada, G. Kohr, Loewner PDE, inverse Loewner chains and nonlinear resolvents of
the Carathéodory family in infinite dimensions, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5),
Vol. XXIV (2023), 2431-2475.

[10] H. Hamada, G. Kohr, M. Kohr, Koebe one-quarter theorem in infinite dimensions, J.
Funct. Anal., 290, no. 2 (2026), 111237.

[11] H. Hamada, G. Kohr, M. Kohr, Subordination chains and solutions to the Loewner PDE
in infinite dimensions, submitted.

[12] H. Hamada, G. Kohr, M. Kohr, Bieberbach conjecture, Bohr radius, Bloch constant and
Alexander’s theorem in infinite dimensions, submitted.

[13] P. Koebe, Uber die Uniformisierung beliebiger analytischer Kurven, Nachr. Akad. Wiss.
Gottingen, Math-Physics. Kl., 1907, 191-210.

[14] G. Kohr, Using the method of Léwner chains to introduce some subclasses of biholo-
morphic mappings in C"”, Rev. Roumaine Math. Pures Appl. 46 (2001), no. 6, 743-760.

[15] T. Liu, X. Liu, On the precise growth, covering, and distortion theorems for normalized
biholomorphic mappings, J. Math. Anal. Appl. 295 (2004), 404-417.

[16] W. Zhang, T. Liu, On growth and covering theorems of quasi-convex mappings in the
unit ball of a complex Banach space, Sci. China Ser. A 45 (2002), no. 12, 1538-1547.

—32—



12

HANMN = L2 T EEIC DO W T
EA BRI (RO A)*

T
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BEEL ¢ IR T 2 L IRET 2, A#EHTIZ. 2O ZDOHEAN Z Bergman 22
H*(X,¢n) ={f € OX) | [ |fIPe™?" < oo} DEEMICOWTHL D, Tb
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DEDTAYTE L0 E2EET 2, ZOELMEICIEEZZ2XEZO0lE2H %,
D EDRERZRIE X OFORMANFZMETHD . 5V DRBEADII {p,} Z
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TP = (VD) fA] THD, RBETIIROEANE L2 SEMIERLS: L&
FAFNBIR DA {p;} DERICR o, — ¢ Zii/z 3 & X,

(x)  UH(X,9:) C H (X, p) #FEmTH %

DML T B Tz DS,

TEOZELFAMBEEDOEMI 0, — o KRLT (x) BT 22, TX & (x) &
7231 LB 2T 5, ZOREZ Taylor[1], Fornsess—Wu [2].[3], Zhou-Li [4] iZ
Ko THZINTED, WINLd Hormander O L? FHEEHNFEEETH S, ¥
7z Guan-Zhou 12 & 2 BEHMEER: (U, Z(¢:) = Z(p) D EERKHZRT, 22
Z(p) 13 p DEDDIEEA T 7 NVETH S, (oL A Z OB IETRE M T8 0 Kk

1. Taylor DfER: X = C" 2D e~ %0 DBSRAAESTH S & & H?(C™, ¢; +log(1 + |2[?))

(%) 2729,

2. Fornaess—Wu DffiR: Taylor DFfERZXD X S ICHE L7z, £3. Guan-Zhou @
R EEE VT e ORIFAESEOREEZRD RV, X51Zn=1 0Dk X
1% extra weight log(1 + [2|?) ZEUDER 22 TEZ e BR L7z, D D EFEFMH C
(%) 2723,

3. Zhou-Li OfEiR: X % Stein ZHK, U ZIEDREM % D OZEHLFAMBEE L T 5,
ZDr E, ATEOZELHFHMBEBDOEENIG] o; — ¢ LT HA(X, ¢; + V) & (%) &
7R, EHIAERMXIZHE VT, hyperconvex RERZHEA X 13 (x) &7z
T HAHE N, 2D 3 OFEIE. Z D F £k Kahler ZRANILRTE %,

* . E-mail: takakura-masakazu@ed.tmu.ac.jp
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1. FER
X T ROERMAHIFRTD %,

Theorem A. BV —~ VH X BEZRFHEHAD proper RIEAIEH ®: X - C %%
DY E. X 0% (v) BT

Z DEMIT Fornsess-Wu OFER 2 2, X D —ZBIHRY) —< Y HANLRT 52 6 D
THb, Tz iEHAGED RS DFE L IIARERNCEL 5, Fornaess-Wu O fi%lE, C Lk
DL FMBEAEIHT T % Riesz B fEEH ¥ Hormander @ L2 FHECHEHEZHAGDE S
bDTHoTze ZAUTKH ULAREHDGHATIE, log(|®|? + 1) % 3 1ZBI1} 3 extra weight
U e LTHWSREDPFTH S, 7. Theorem A CHER 3 ZHEL TARZV, ZIZT
W5 ALY — = YHIZIE, ARLZEARMBEBDFEL LV E WS REYRH 5, —
J7. 3 TEH L7z hyperconvex ZHEKIZZ DT, HFRLFENMLFAFMBEBOEFEEIC L -
TERSIND, LHELID 20075 RADEMKE, —RAMBITH D enis, MIEE
TORZF|ODRVEWVWIBERTHEL TV, KICEA ¢; ICHTIHEREENT 2,

Theorem B. X Z#i'M7% Kahler 28K 32, ZELFMBEKDEMI 0, — ¢
DRD (a),(b) WIFNhEHRT L &, HA(X, @) & (%) ZififzF,

(a) ¢ D ERITHEHRTH 3,
(b) »2IEDER N HFEL T, EREBOEKRT

dd°p; > Add°y
WIS %,

2,3 OFFFA T EHEA VS AT W=, AEHE O TI3mEt el 2z £ - 72
VAW, LA, (a),(b) DR LTHEBNERENEIN S, Lizd>T, ZOME
IR EHE DO RIEEEZ 52 TW\WA Z 2 Ik b,

SE X0

[1] Taylor,B. A. “On the weighted polynomial approximation of entire functions,”
Pac. J. Math. 36 (1971), 523 - 539.

[2] Fornaess, J. E. andWu, J.J “A global approximation result by Bert Alan Taylor
and strong openness conjecture in C" 7 J. Geom. Anal 28 (2018), 1-12.

[3] Fornaess, J. E. andWu, J.J “Weighted approximation in C. Math. Z. 294(3 - 4),
1051 - 1064 (2020) ” J. Geom. Anal 294 (2020), 1051 - 1064

[4] Zhou,X.Y, Li,Z “Weighted L2 approximation of analytic sections.(English sum-
mary)” J. Geom. Anal 32 (2022), no. 2, Paper No. 44, 17 pp.

—34—



SVllE:

CR Pancitz fEF R & DA AP REM:
TN AR CGRIERY)*

B! =

CR Paneitz fEFZRIE CR 2K D AARRENE, CR LA DRI, Szegd #
OXBRF RN Y, CRBRMCBI 2 HERLFEME L BRICEBLTHWS. —
T, ZOEARIFEMMAE TR L, ZOMNIME X — RPN Em>» 51X
HITLUDHHS TRV, SHEOETIE, CR Paneitz fEFROMRHMEE
CR ZHADHEDIAARRENE & DBIRICOWTHN T 5.

ARETIE 3 XoriEE™ CR ZHEKICB1T 2 DAAAHEN: ¥ CR Paneitz fEFHZE DR
FHIHE © OBRICOWTIES T 5. BTl CR 2B X U2 0 IAAREMIC
B9 2 H ARSI L, BTl CR Paneitz fEFIE DO EFE L HANME, FiczoD
ARY MVEREFENT 5. BRETITEDIAARBERG S & HDAARAIRERIGE & ML
L2 CR Paneitz fEHZEDIRZ #H V2 EE L, RERICSROFEL U TRMEREEZ IR

N3,
1 CR Z#iF

CR ZRARIER SRR O FHETRCRTTHUC L 72 2 RAIFZAINRTH 5. 2T CR MK
ROERZEANTZICHD, FTERSHKECHET 2EARNFHEZEE TS, X Z2n
TIUERZMRIRE LT, (Usz) ZIERIEFIEZEL $5. 20 & U LOBERENRZ FPAVH

TYU = Spang{0/0z1,...,0/0z,}

WEZS. FATEEOZIEED PRI TH 2 205, ZOXRY FLVKRIXFEATEE
DD HIKS S, X LDOF 27 n OBHELAIRZ PARTOX CTXQCE2ED 5.
ZDORYZ MAKRIIRD ZODEM R

TYXNTWX =0, [O(T°X), (T X)] € T(TH°X).

TR INGDEM M TEBLINI PVEBPEZ 6N, X ITIF—ENICEE
HEREE 5. b E%% Newlander-Nirenberg OEMTH 5.
COEMEHEFE AT CRZMREZRD LS ITERT 5.

*T305-8571 ZKIR D IXHRESR 1-1-1 FRKKYE BEEWHER 2R
e-mail: ytakeuchi@math.tsukuba.ac.jp,yuya.takeuchi.math@gmail.com
web: https://sites.google.com/view/yuya-takeuchi-japanese/
AWFLIRIAE (FREES:JP21K13792, JP25K17247) OB E%I /b DTH 5.
2020 Mathematics Subject Classification: 32V20, 58J50
F¥—7—F ! CR Paneitz fEHZ, HDAALTEEN:, Heisenberg fi#HT
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%% 1.1: CR & - CR 2%k
M %% (2n + 1) KEOZRHK, TYOM % TM © C O > 7 n OEEBHI~
N TE, TVWM B CRIBETHD LIE, RO_ODEHGEEHERETIEEND .

TYM NTYOM =0, [C(T° M), T(TY°M)] c T(TM).

ZOYEM (M, TY°M) % CR Z#&iEr 5.

CR ZHAEQ AR ¢ U TERZREANOREEm2 ZE T oM s, X & (n+ 1) XTd
HEZRIK, M %2 X NOR@EHEE 32, Z0&E MIX

TYM = (T X)|y N (TM @ C)

W2k > THAZ CR g% .
(M, T*°M) % CR 28k 32%. fc C®°M)» CREABEHTHZ X, TED
ZeTOMIZHLTZf=0M®DiIoZ20S. ZHFTOM =TWOM 2 LT

By: C(M) = (T MY); f = (df)lroans

YEDBE, fHRACRIEHIBEKTHZZLIZ0,f =0 LRMETH 3. ERIEEICHT 2
RAMEDOFEIED &, FAEKARZHRE O IERIBEBIIER L »FE LW, —J5T CR IEH]
BIECN L TR ARMED R DS —fBACIZE D 32723, FAZMRIATH - THIEEMAZR CR
FRIBEDFEL S 5. FEB, M 23 C WoFEdEhmEo v &, C*H Lo ERIBE%E M
WCHIR L7723 D32 T CR ERIBMTH 5. %72 uec C°(M,R) 23 CR ZEFFMEHT
HB Y%, FFENC CR IERIBOET Y LTREINBZ 225, CR ZEAMERS
RDZEfi% 2 TRT.

(M, T'OM) % CRZHEL T 3. LIRTIZO(TOM) =0 Zi/=3TE5F 0 Tldaw
E1IHRODPFEETIZILZNETS. 2O = TYM Ed Hermite JTERRTH % Levi

230 Lo % o
Lo(Z, W) = —/=1d68(Z, V)

WCEoTEDD.

EE 1.2: @i

(M, TOM) 2388 TH % 21X, LeviBR Ly DIEEMTH 2 & 57 0 HEET
5Z8TH5D. ZOLXOIIM LOEMEATHS. 20K 5K 0 IXEDREKSG
FIRWC—EICIRE 2.

s CR 28K fl e LT, C W@, £4 RS, kR HA0
VI RENRETOND.
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2 B CR ZHFDIRDIAHFTEEM

CR ZRRIADEDIABIZ DOV TIARN B H{IZ, HEZRERDOEGE ORR 2 HEICEE 5
5. BRZIREOHDIABIZE L TERD ZODOFRMN L CHHNTNS !

e Hodge ZARIKIIER G ZRNCIEANSHE DAL Z 2N TE 5. (UNFEDHIAH)
e Stein ZAEARIZEE Fuclid 2EfICIEANCEHDAT Z N TE 5.

—HTERAMEDFMD 5, BAREZHEA L EHE Buclid ZZMNICIEANCHE DAL Z 21X T
VAQIAN

CR ZHIEDEHEICD, HDIAADWRE L THEZ Euclid 22/ %2E X 2 DNHATH
%, BARRNCIERD XS5 ICERT .

E# 2.1: CRIBOHIAH « 1BDHAHFTHE

(M, T*"M) % (2n+1) XJt CR 28k T 5. 2R LTOMEDAB F: M —
CN B CRIBHIAHTH 221X, F(TYOM)C THCN 232205, i
CR ZEIE (M, TYOM) 233BDIAAHBIEETH 5 L 1E, CREDIAA F: M — CN 23
BETZIEZWVS.

FOB5% fi,....fn e Lzt E, F2ACREDALTHS L% f; 75 CR IFHIE
BThHs v ZAMETH 2. BESHKIZEBATEENGEET 2729, FmE0EE
53 Buclid ZEEA O ERIZZ RO AABBEIFEET 5. 2 LT CR ZEED
BalE, KB DIAATZ T Tz L RFTR DA ARTREVE D JEEHAZETH 5.
SR CR ZAA DM DA A ABEMEIC O W T, ZHEDRITIC & o> THEEN K X
CEZZ. £33 XuoMmil™ CR 2RI I RIS B A B A AT RE 72 Bl HIFEALE
THZePHILNTWS., (BEFIZOWTIEERT 2.) X 512 Nirenberg [Nir74] 73
RN b DA ARATREZ: 3 Xt CR W& Ol 2 MR L7z, —77 T Boutet de
Monvel [BAM75] 1& 5 Xt b BsR#EE™Y CR 20063 KIBINICHEDIABATRET H
32 EAALE. 2RRFHDAARICONTIE, 9 XU EOSEE BT [Kurs2) 23,
T RICDGE & R [Aka8T] BZENENMRL TW5S. 5 RITITHBT 2 RATHDIAZAHE
MHIZBETHRBRTH S, DlbExE T2 il CR ZRADMDIABATREMEICD
WTIETORD L S22 5 ¢

JRFTH (—RoitE)  KIEE BAZERIA2K)
3 XIT X X
5 Rt ? v
7 Xk 4 v

RIZ 3 RICIT BT B REINTIH DAL AT i b FEAR I 2 BN OWTHA T 5. C°
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N 3 RTTERME S® 2ERZ 5. HEXRT PG L %

9
0z

L=w

-9
Z@w

LEDD L,
THS? = (TH°C?)|gs N (TS* ® C) = CL

MDD, 0 < |t] < 112X LT Rossi Bkm (S, 71053 %
(S7,TH08}) = (8%, C(L +tL))

TEHT 5. ZHUIEEL" CR ZHKTH 5. 7 Rossi BRI L CR ERAIBIEIZ LS
BRI%OC 722 [CS01]. S Z &2 Rossi BRENIEEDAARATRETH 2 2 L B L7
5. ZoBlo—ite LT, C° 7V AHTo/hE W ¢ € C(S?) 1ot L™ CR %
BIR (S3,C(L+¢L) 3EZ2ZeMNTES. ZOrE NEFLAYETOD] ¢ LT,
(S3,C(L + ¢L)) 3HEDAARARETH 2 Z L HARIN TV S [BEIO].

S BN CR 2RI TG & L TS 2 & 02, HOIAKATRERILG AT
(& Z OEEAREEE Stein fillable L WS HEHZ DB, ZAUTHEOERA RHIFIAD LD Z
L HHIHNTWD [Cei08]. RHTIE Y A ¥ OIS I3 DAL AT HE R Y CR HHE %
FFELRW.

PLED X512 3 XD BEICIEZ% < ORRENY CR ZRIKITHDIALRAEETH 5.
Z ZC 3 RnoEEY CR ZERIAHIDIALAIREIC R 2 562 & 2 2 DIFEA»OHE
BREETH . ZOFKMEELERT 272012, (M, TM) Lo 0 2 —oEE s
5. ZOrE Levi B Ly 12k D (T M)* LD Hermite GtEDEE 2. 72 0 AdO I
M Loz ED 2 DT, 0, DFRMECHE I, : T(TO'M)*) — C>(M) HEH
T%%. Zh%EMAWT Kohn Laplacian O, = 8,0, A% 5. “Laplacian” &\ 5 %#5
TREH 22, ZOERRIZERMETT SRV, ERHAZRATH > T Ker O, IZFER
RICZHDIG5. (M, TH°M) OMDAAATREMEIE O, OEFTHIEE TR TE 3.

| 2.2: B < KERHETRE [Bur79, Kohso] |

(M, T* M) % 3 RO RN CR 28k 35, (M, T"OM) 23 AAARE
THHIPLETIEMET O PHAEEED O, TOBE 0280, DARY bL
Specd, DI B ZETH 5.

3 CR Paneitz fEBZE

CR BB 2 BRI 2o EREZ L LT, BifiTEA L7 Kohn Laplacian O, 23
H5. LhrLZFOENMMEX CR ILLDRES Szegd DO MERFEME Y Wo 7z CR %
iz BT 2 RV RATE - FRATHIRTE 2 3463 L S EZEINSHE DOV T WS DI Tl
W, AFROFETH % CR Paneitz fEFHZRIZ O, 22 SR NS 4 BEOHLTBEARE LMD
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ERETH D, ThHOMEZHE—CIRR 2MlAZ 52 5. —/AHTIOEHARRZAE
BHNCIFFEMEIT D 272, Z DFERIIIEE OBEARIZE S TR L.

(M, T*'M) % 3 XouoMsaiEt™ CR 28k LT, M Loz o ZEET 5.
ZDt = CR Paneitz {EFZE P: C°(M) — C*(M) &

P =0,0, + (KR DIH)

CWVWOTEOMIERMOERRZRL LTEREINS. T2 TEBOIEOEH X 0 12T 2 H
H « Webster #5#5t% FIWTEARANCE IR TE 20, U N TRABEMNIEHFE LR VWDOTHI
3 5. CR Paneitz TEHHZROEARWLMEE L LTURBETONS .

P i3 4 QAN H ORI R EHRTH 5.

0 =eT0 L \WSHBEHICH LT P = e 2T P 2105 Bl Z 72,
P FUERFALIC IR,

Ker P I3EIRATCIC2 5 2 e 03B 5.

BHZ P OZHAIR S, C(M,R) oK
P:C*(M,R) - R; ul—>/ u(Pu) @ A do
M

FEMEXOIRD TIc Lo, ZORBEBMNEICIFAETHZ L E, PRIFEEETDH
W00, P>0eEHL 2T 5. ZOWEEK (M, TYM) OEDAARTRENE & % < B
BLTVWBZ LTV S.

| 32 3.1: Scal > 0 & P > 0 — HEoHRBAREM [CCY12)

(M, T"M) % 3 ZotDFAssfE™ CR 284K, 0 2 M Loz 35, 0 05
EF % HHF - Webster #6tD R 5 7 —BH# Scaly 231ET CR Paneitz fEFZE P 233E
ESEIETHAUS, (M, TOM) IZEDABKARETH 3.

J

iz P OIFEEMME L CR ILEDOMEY ORICOWTIRR S, RT3 XTD
BB S. (M, T'°M) Eo#AIER 0 (R U CILEE

_ JyScalg0 A db
U onan)”

EEZL. ZORBEBIIMIERTHD, ZD R

£(0)

Y (M, T*°M) = i%fé}(e)

ZHEBT 2EMIER T CR WDEFEMAZ E FERZ 2125 5. Jerison & Lee I2X D, HIiC
Y(M, TOM) < Y(S3, TH08%) R h 1o 2 ¥, X 52 Y (M, TYOM) < Y (5%, TH05%)
F 0 (M, TYOM) = (53,7053 o5& I CR ILEEBMEALNTFEET 2 Z & 2R
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X7z [JL87,JL8S, JL89|. -k Y (M, T'OM) = Y(S3,T"0S3) &ifi/=¥
(M, T™OM) %5 (S3, T083) LAMCIFET 252 1 LWHRWTH 3. Zhud CR %M
BUAFEREMEBZICEBRLTVS. P>0 L WOSRED FTIE, 20X 5% CR
ZRERIE (53, THOS3) KR HN D Z e RIS T WS,

| ®E 3.2: P>0 — CRUDBMFROEE (CMY17]

(M, T*°M) % CR Paneitz fEFHZR P DA EMETDH 2 & 572 3 Kond AN
CR ZkfRE T 5. YV(M,T'OM) = Y(S3,TH0S3) 23 b 3L TIE, (M, T"°M) i%
(S3,T108%) L MTH 5. Kz P AIFEEETH 5 & 57 (M, T'OM) 13 CR (L
WEME Rz O,

—J5C Rossi BKifi (S, T1°53) £® CR Pancitz fEFRIFADEAEL O/, Lido
EMOBREE 7 LTwiwn, FEE, (52, T1083) Ficid CR LM XA TFE LR wy
Z e DR R S ke [CMY23).

B1212 CR Paneitz fEHZR & Szegd £ & OBRIZOWTIHENS. Q % 2 RITHEERZH
RN DI & H 72355 00 % b O HEE e LT, 00 LoEMEX 0 2EET 5. Q b
DIERIBIF DR EY UL THEBTE % 00 Lo L? RO ZE M % Hardy ZE/ & W00,
Hp(Q)) TFT. ZAUIFHLEM Hilbert ZEHTH D, WIS 2 FHAER Sy % Szegd &\
5. p& QDOERBBE T 2L, Sy DX Sy(z,Z) &

So(2,%) = dop™" + Vg log(—p).

YWOBREEBE S D, TI T & Yy 1 Q LS REBTH S, FRHT oo TE
BEEBRWT CR Q-B1E Qp & —H T 2 Z A H 6 T3 [Hird3, FHO3]. X 5128
AR OILIEZEH 6 = T 12t LT, CR Q-#i%IZ

e’'Q; = Qo+ PY

EWVWS BRI 3. L7230 T Szegd O MR EME 2 HF S 2 LT3 CR Paneitz
TERZ DT IMEEIIAE N R EH 2 R 3. CR Q-HZ2MESEINIC 0 127 % HfilE
¥ L C, # Einstein ML W5 18590 Einstein S:F % /2 THREME N0 H ST
W3, i Einstein SMIERIZ—RD5@EEN CR ZERICIZFE LR WA, C* Ao
HIZXN LTI THEIET B2 e oTW05.

4 CR Paneitz fEBED AR FIL

(M, TY°M) % (&3 L DHEDIAAREE & 1XR & 72 w) 3 KockAsEki CR 2K, 0 %
M bFo#EmERe 3. 2oL 2 TARRZ X512, CR Paneitz fEFZE P 13N
HOHRIEHAZETH S, L LRDS Laplacian O X 5 RFEMAWEHZR 3R D, L
22T 2 K5 R AR METE ZHHTIE RV
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o P L*(M) LoIFEFYEAZR L THOHRKILREZ S 05 ?
e PDANRY M)V Spec PlZE¥D LSk don?
o P DOIEIEHEII Y DIEEDIERIMEZ b OH ?

TH o DOREICH LT, FIILTORRZE.

| % 4.1: CR Paneitz fFBEDZXY kL [Tak24] |

(M, T*°M) E® CR Paneitz fEFiE P 3AEMNHCHKKRTH 2, Thbb RN
HOHRILEE D, ZDAXRY FL Spec P @ 0 DA D FIZE TN L TV
5. IHIMEED N € Spec P\ {0} LT, Ker(P — \) & C®(M) DERX
TCERITZEETH 5.

FEEDFEHET 023 Spec P DL TH B0 D DI 0o ThRWw., 722 Lk s 2
X502, (M, TYOM) 5 BaA B TEET H BHEIiE, 0 bANLETHS 2 L ARINT
W5,

AR D T EHZ DWW TEIH S 2 FiC, FHBIDEGEICE T 2 EHER 2k 2 I E Y
T5. AZHZHRE LD kBEBHAEHEL 5. 2oL %

AB ~ BA~1

TS —k FEOEMATERZR BB FET 5. 22T A~ Blid A— B2 smoothing 1E
HETHZ L 2RT. ZOHEEDPDS A DRKBHGRIZACHRTH 2 Z e LS.
EHWIBPELIIZAEIEEZZEE AT MEHARTHEZ D6, ART ML
DEERES X CEEBEBO A E»N S, ZOHEITIE 0 D Spec A DINZHETH
D, Ker AZ C™®(M) OBERRITERDZEME 72 5.

ZTHTIEH 4.1 DAEHDTTEFIZOWTEHMT 5. AidD B D, CR Paneitz /EFHR
Pzt LT Ker PIZERROTICR 25850 H 5 7=, HBHABDIBED X 5% B M
JRE 2 ZEETERN. 22T M FoOEMNGZ KL 2B IFHEOHRTD 5
Heisenberg iz HW2. ZOMHAIZE D, ROFEMA 273 0 FED Heisenberg i
W EHZR T & —4 FED Heisenberg M EHE G 2N T2 B TE 5

GP+1I~PG+I~1, I ~ 112 ~ 11, IIP ~ PII ~ 0.

12 GuikzhzitKer P ADERERE P ® Green fEFZRICXTIGT % Heisenberg e
DERZETHZ. ThoZ2HVWE 2T, PORKMILESHCHKRTH 2 Z LR
N3. X5 E % PIcHBET 3 MEOMHEE LT, 1> 01 LT, = B((—pu ) &
EDLH. TDEE Pr, ¥ smoothing fEHZRTH 5 Z & 23975 %. Spec Prr, = Spec PN
[—p, ) THZZ e, av 7 MEHZEOARY MVICHET 2 —Gax g5 Z 2T,

EM 41D L7035,
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5 BHIAAHBIEERIZE®D CR Paneitz fEA:

(M, TYOM) ZHDAAARER 3 KITHsRE™ CR 241K, 0 2 M Loty ¥
5. ZOLEHIFOII & LT, IF=1122 Pl =0%ii/23 bDEEINIENTEES.
FiicRanll C Ker P TH2Z &b

m Il = 1lm, =11
MDD, R=GP+11—1 EDSE R smoothing [EFHZRTH D,
E([—p, 1) \ {0}) = Ty — To = (GP+1I— R)(Wu — o) = GPm, — R(”u — o)

5. ZZTHIIE LA(M) 6 C°(M) NOHERBIEIERZLZEDTED, Fica
YR MERFETH S, Ko THERHNE E([—u, u] \ {0}) IZBERBEERAZTHS. Lk
Do T SpecPN[—e,e]l ={0} £72% e > 0D0FHETD. 2DZHhH0H SpecP D
MR THY, PIIEERE D Z D 0h 5. £z Ker P NOERFFE mo 530 FED
Heisenberg S0 EHRTHE2 I L b RT ZENTE, KT 7o & C°(M) & C(M)
I250F. MED#EmC LD, Hsiao 12 X 2 ROMEROBIFEADE NS,

| EH 5.1: BHAHEREARIBED CR Paneitz {EARK 1 [Hsil)] |
(M, TYOM) HHEDAATRETH 5 LRET 5. DL X Spec P 1d R OBERLER Y
BAETHS. FEED N € Spec P\ {0} LT, Ker(P— )& C®(M)D
BRXTTH T ZEETH 2. EHICKer PNC™®(M) 13 Ker P IZBWTHZETH 5.

FIFHDIAATRERIGEITIE Spec P DRI DOWVWTE HIZFELWHED 77D - T
W3,

,_[ EIE 5.2: IBHAHFIRELRIBED CR Paneitz fEAE II [Tak20] ‘

(M, TYOM) SHEDABLARETH 2 LARET 2. ZD ¥ Z CR Paneitz fFHZHR P &
IFEEMETHY, SpecP C [0,00) THB. £/ Ker PNC®(M)1d Z@Clz—
By 5.

ZOEMDEEHZ Siu [Siu80] & Sampson [Sam86] 1 X 2 FHFERICEE 3 % #Eim
RES OB EOPMBEBICEHAT 2 e TELNS. (M, TM) DA
AARETH S ERETS. ok IERRERMNEiim X Ao #Em Q ©
BoT, (M,TYOM) % (00, T00Q) LM L 75 b D2 EET 3 [Lem9s|. MUFT
& (M, THOM) & (0Q,TH000Q) ZR—M3 2. £ Q DK Kihler it & w, THo
T, R TEBMNMERICHENLT 202N T25 LN TE 2.

FRERIE v € C°(00) ITH LT, v Z2HEfEL T 2FMBAK 0« 2& 2 5. (w; 1ITH
3 % Laplacian [3REFACTEILT 272D 2D & 5 RILROFEIXHHTIX WD, SHED
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REWBOVTIE [EMMI] TAEHXATWS.) 2O & QNOFZAIIBWNT
dd°t A dd°i < 0
DD LD, ZTHEFEST LT Stokes DEMEZEH T2 &

0> / dd°u N dd“u = / d(d“a N dd°a) = / d“a A dd“u
Q Q

o0

WEBNS. T OHEDE H - Webster % VTR L CRIET 5 ¥ — [ u(Pu) OA
dOT—HTHIeBanb. ZOZeho PIIIFEEMETHS. £/ Pu=00DL X,
Q 1T ddvii = 0 B D o7, @ 1d Q LOSERMEKTH 5. v 3SERAEHO
HIFMETH 5729, 00 Lo CR S ERMEMCTH .

P OIFEEIENE A EH 3.1 REH 3.2 LilAAbYES I LT FOREEE 3.

—| 2 5.3: CR Paneitz {EAR LIEHRAHAREN

(M, T""M) % Y(M, T"°M) > 0 %#7=3 3 ZouOHE N CR 2k 5 5.
(M, TYOM) 238 DIABATHET & % FE+5751F1% CR Paneitz fEFZR P 23FAE
fHEBZETH5.

—| I 5.4: BHAHAE — CR \LDEMEROEE
(M, T"OM) 2SHLDABTTRE 3 JOTHIMIEY CR ZBHA 51, (M, TOM) 13
CR ILEDEAMIY R % b .

F7 Ker PNC(M) 25 CR ZHFFAMBIBDZERNC—H T 5 2 h 5, Szegd KON
R L TROFERDE SN S.

| I 5.5: Szegd MONMBIFRMY .

O 232 TOTHEBZARRN ORI EIN T, Z D8R 00 13 Einstein it %
bor T 5. 00 EOEMIER 0 12 LT ylag = 0 ¥ 2 RBE+55MFIE 0 2
i Einstein #fERXTH 222 TH 3. X519y = O(p3) 72 2B 05
00 HIRFTHNC (83, 171083 v AR5 Z 2 TH 5.

Z OEHEOFTEEIE, 00 A transverse symmetry % b DEEIC O W T [Hir93]
WX o TRUCREHE N T WD, BB 5.2 12 K> T—RDGEICHIIRT 52 Z L ST E 7.
0 %55 E D Einstein #ERE LT, 0 =70 2 RT. ZOLEQy=Qy =0T
HBHZehs PT =00KHiID. XoTTY X CRZERMELTHD, 0 HED#H
Einstein #7225, S 51FH - /MR - Wi [HKN93] IZ X 28R ZH W2 Z 2T
BHORRD LD D.
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6 Rossi BRE_L®D CR Paneitz {fEB%

Rossi BRIANIFEFENT D D D HHDIAANARE R i b AR ZHl e L TH s Tw»
%. B CIZHEDIAARBERIGEICEBIT 5 CR Panecitz fTEHEOWEZEMN LD, &
o DFERDPHDIABNARERIGAICE ZETHILT 02OV TIE, —ficiZize A
b o TWiaW. AEITIE Rossi BkEI 2 & UTHD B, HOIAANARERIGEIC
CR Paneitz fERHZOMWEIE D X5 WCELT 202 ERRNCEZRE L, ZD#EETHL »
o720 O DBREENT 5.

k € Zso WA LT, Ik OIKAEFFBEK D% % SH, TRT. DL X

L*(S%) = B st

kE€Zs0
EVOEREMDEIEONE. | €Zy BIU 1< j<IITHMNLT
v](»l) = L2j’2(22171) € SHo_1
viEnz. zors oW ir—xsicHy,
VO = Spanc{vgl), . ,vl(l)} C SHoa
' Rossi BRI (57, T10S?) 1 CR Paneitz fEfZE B ICX o TARETH 5. TOEEIC

LT

Y = Blvo

DITHIR R ZEZ D L, £DITHIAD
det Pt(l) <0

YRBZIEBghL. INEDROEENELNS.

EI2 6.1: Rossi BkEI_E®D CR Paneitz {fEAZE ]
Rossi BRI (57, T1083) - CR Paneitz fEHZE P, IZADEEEZ ERMFE S O.

Rossi BRIEID S5 X — &2t =0 ZRAT 2L, ZHEERZ CR BRI T 3.
DSBS DIAARRETH 372, WiH$ 2 CR Paneitz fEFZE Py IXIEAEMHETH
5. Lo TLEILOEMIZ, T X—XEDHITHIZENTIZTT, ADMEHEEHHELRE
HhZZe2EKRLTWS.

7 S%EDFE

EF 5.1 BXOEM 5.2 D OIAARARERIGEICE T ETH D LoD 2 WS BEIX
BREDL ZAFL Ao TWVERW., BIZkD X5 REEIBIT5N 5.
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fRE 7.1: CR Paneitz {fEFZ DG )

HDIAAARAHER CR ZRKICEBWT, CR Paneitz fEFZE P IXHEBE b OH ?
SWEZ %Y 01% Spec P DI 72 %5 ?

fRE 7.2: CR Paneitz fEAZED#
HHAARAEER CR ZRRIKICBWT, £ ® C1Z Ker P NOFZER 722 T H
B

AT IC DWW T Rossi BRIAIDGEITOWT HIKIR L U TR TH 5. Rossi BRIHAI_ED
CR Paneitz fEFIZADEHELZEBED O Z 21350 > TWE 2, ZDOHERIITHIR
DEIRICEDSCDDTH D, ADBEFEMHEDFMRIMICTONTIIHRAL LTHL2TIE
V. —HTHECOWTE, (S2,TH0S3) % {£1} THl- 722 RAD DA AR HE
BRBHZEDD, BENBREADEONS Z PRI T NS,

CR Z A DIAA R HEZ 55 121E CR Paneitz fEFRIZIEAEMETH D, Kz 01
SpecP D N TH 5. —J5T Rossi B2 5705 & 512, HDIAARARERIGE I
CR Paneitz TEAHRIZADEEGEEZ O, ZOART PAEIENNCERTH 2 L5 H
BHED Y ZARIHTH 5.

fIRE 7.3: CR Paneitz fEAZOERM ]
HHIAARABER: CR 28181238\, CR Paneitz fEHZIE RICERTH 20 ?

% 72 CR Paneitz fEFH 21X Rossi BKETIX B DEHEZ HIRE D 023, Z OMHE D
IAAARAEEZ CR 2RI —RICILFET 2D DTH 205 03, HIEOL ZA0h -
TV,

78 7.4: CR Paneitz {(FRZOADEH(E |

HWHIAAARAEER CR 2RI B W T, CR Paneitz fEFZR DB DEIHEIZL T
[RIETH 2 02 ?

M EofEE, CR Paneitz fEFZR & W5 FFEMEAR OB 28 L T, CR ZKIED
HDAAAREMEZ B L K5 L T 2AD—HERTDDTHS. SROMEITL ST
& OERBE DAL Z eI 5.
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