S H AR
2026 S

ERATRORFNEYy a3
R, JAMSU b

(4HH, 3H26H)
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Exact solutions to an autonomous dKdV equation via
Painlevé-type ordinary difference equations

PE (2% (AT

AREHETIX, B2 2 XotlmzE7 e
€ 1

2 *
€Ut mt1 — Um = — , (I,m)eZ, w,eC, ecC (1)
UL m+1 Ul+1,m

DR NT 2B - TR Ko TRl I N2 /e o Z L 2nd, AR (1)
Fe=1t32%L 2] DEHD KAV ARER N 2 HERCwE ST 5, 7, HEX
(1) 1 [4] DIEH® dKAV HEROIEHAMROR R G E e L TEHRTEZ %, Zhool
¥ &b, AEEHTEAER (1) IAHD dKAV HER L FER,

PIREAFHHECTHNWD -GV 2 HEATH 2, 72720, o =g, B = €"B

q-Pn (Aél)—surface) 5]:

Groim +1 B (Fim +1)
F mF m — 7—7 G mG m — -
I+1,m L', ot 2Groim +1,mGl, 12 Fim
)
q_ng (Aél)—surface) [10]:
ﬂm2(Hl m+1 + al2) 0412
G m G m = : ’ Hlvm Hlm =
Lm+14G1, Hz,m+1(5m2Hz,m+1 + a;?) A G (Gim + 1)

q-Prv (Aél)—surface) 3]:

( Fl+1,m o ﬁm2<1 + Hl,m + Hl,mFl,m)
Gim B 1+ EFp + FnGrm ’
Giy1m 1+ F,+ FnGim
Hy (104G + GrnHim)’
Hiim €Y1+ Gim + G Him)
Fim  Ba(1+ Hyp + HynFin)
sz,mGl,mHZ,m = aﬂ

q-Pr (Aél)—surface) [1]:

al25m2’72(1 + Hl,m—i—l)
Hy i (V2 + B Hymi1)

O‘l272 (Bmz + E,m)

Fimi1Fro =
b B2 Fin(1+ Fi)

Hl,m—i—lHl,m -

* T184-8588 WEHIHUE/ NE T 2-24-16 BB RY TR
e-mail: nakazono@go.tuat.ac. jp
ARIFLIRAE (FREER S :23K03145) OB Z 72 DTH %,
2020 Mathematics Subject Classification: 33E17, 35Q53, 37K10, 39A13, 39A14, 39A23, 39A45
F—7—F ! discrete KAV equation; ¢-Painlevé equations
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DIREARFHEETHO S 2h-FED vy =8l - 255 5K (7, 8] TH %,

1 1
Xn+2th = - h_ ( h_ + fYn) s TYn+2n = €Vn (2)
i:l1 Xn+k izll Xn+k
X, oo X ! ! + (3)
n+2hAn — T 5T h— Tn |y  Tnt2r+1 = €Vn
k:i Xn+2k k:é Xn+2k+1

h=10r %, HER (2) & ¢-P; (AV-swrface) [9] 1%L <, KRR (3) 1 ¢-Pr (AV-
surface) [9] IZFE LW,
AFHEITFR S [6]) ONFEIZDWTDHDTT,

SE

[1] H. W. Capel, F. W. Nijhoff, and V. G. Papageorgiou. Phys. Lett. A, 155(6-7):377-387,
1991.

[2] R. Hirota. J. Phys. Soc. Japan, 43(4):1424-1433, 1977.

[3] K. Kajiwara, M. Noumi, and Y. Yamada. J. Phys. A, 34(41):8563-8581, 2001.

[4] K. Kajiwara and Y. Ohta. Journal of the Physical Society of Japan, 77(5):054004, 2008.
[5] M. D. Kruskal, K. M. Tamizhmani, B. Grammaticos, and A. Ramani. Regul. Chaotic
Dyn., 5(3):273-280, 2000.

[6] N. Nakazono. arXiv preprint arXiv:2503.06013, 2025.

[7] N. Nakazono. Physica Scripta, 99(8):085214, 2024.
[8] N. Okubo. arXiv preprint arXiv:1704.05403, 2017.
[9]
[

ot

9] A. Ramani and B. Grammaticos. Phys. A, 228(1-4):160-171, 1996.

10] A. Ramani, B. Grammaticos, T. Tamizhmani, and K. M. Tamizhmani. J. Phys. A,
33(3):579-590, 2000.
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Little u-function, the Rogers-Ramanujan continued
fraction and Schur’s ¢-Fibonacci numbers

B ookt (AERITEHRE - )
TR IR - REHET)

B =
— AL p BEL [ST] DIB(LAEIR T & 2 little p BEIDFRFIRILIC DOV T DFEAT
5.2 %. ZORIFEIX, FHTI Schur i & D E A X7z ¢-Fibonacci #51 D
WtsN[A], [S] 27z LTE D, FIHED 7T — X TREND Z L Z2RT.

reH:={r €C; Im(r) >0}, ¢:= ¥ TN LT

(2)- ~TI0-ar), @ == o= e)
i)y = o)y i= o (@), vezutoel), (1) = 0
- > q"2 B 1 . > q”2+” B 1
¢a) = (@ (0,056 #a) = ,; (@@ (6% 0% )

Rl) = 6 g () = g Olia) = bla) = (r.0/0)

B FEYBRERASRT A —Ray, ... a,, by, ..., b, IR LT, q@RMEREE R
TED5:

ai,...,a, = (ag,. .., a0, < " n(n1)>s—r—|—1 .
s 4, T ) = 77 1 N -1 2 €,
¢ (bl,...,bs I ) 2 g D
ay,...,a, (al...,ar)n< , =D \STT
74, T | = (_1) q 2 ) xT.
(bl,...,bs ) 2 (b, ba).
EE 1. 2,y € C\gZ 122\, little pu B 12, y) ZRTED 5;

g r 1
iz, y) = —(:E,q)OOQ(qy)I% (0,0’q’ y) .

I 2. necZIZHLT,

M, (w;q) == —igslju(z, " Jz) = @ )1(”/x)1¢2< ,q,qu‘">

AIFLEEHAE (JSPS KAKENHI Grant Number 21K13808, 25KJ0371) OB %2372 DTH 3.
F—U— K ! Zwergers’ p-function, g-hypergeometric function, g-Borel transform, ¢-Laplace transform,
Rogers-Ramanujan continued fraction, ¢-Fibonacci numbers
*1 T 090-0015 At#EEAL R ER] 165 Ak R T SERE T 5

e-mail: g-shibukawa@mail.kitami-it.ac.jp
*2 T 657-8501 KR HRBR Hi/NETL 3-4-1 ST R E R EBERE & B LA 708

e-mail: tsuchimi@math.kindai.ac. jp
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r¥3%. ZOR,

) = 0(x°¢* ¢°) | 0(=°¢* ¢")
ez a) = G0 (G + )
9(155(]‘ q5 .

Mi(aia) = Gla) (o) (
T, M,(z;q) & Schur’s ¢g-Fibonacci & Djifi{t. X
Folq) = Faoa(q) — ¢" 2 Foa(q) = 0
7z S, 7, My(x7q) = My(zq; q) = My, (z; q) DD

M,(z3q) = : et
w(z39) = (q”“/x,q)oo@(x)owl xq*’“q’ P
— e o (L) a D 52 gy,

(24" /7)o0 £
) L (DM 0(2)%6(y)? L ,
0‘;51 <07Q7q ) - y0<x/y>8<xy) (Mnfl(x7Q) Mn71<y7Q>>
FRCIFE B n 1T LT
My (x;q) = Mo(x; ¢)T-1(q) + Mi(x;q)Sn(q)
MWD ILD. 72720, T_1(q) :=1, So(q) :== 0, To(q) := 0 2D

Sule) = ) fQCl_j_q>q, Tg)= ) ﬁhﬁ(n_"j_1>;

0<2j<n—1 0<2j<n—1 J

EIE 3. JFEEE m, n LT,

n  nn=1) — n m  m(m=1) — m
(=1)"q = o¢1<0;%q'”>iwm0mq)—(—1)q 2 o¢1<0an'”>lwﬁ@x@

FHzm =n+10DHK,

o¢1<8§%qm*>ﬂﬁwdxw)+q%@1<6§%QMQ>ALAMQ)—1.

HiZn = 0D,

G@Mﬂ@@}+ﬂ@ﬂ%@my:E%T,m@_nﬁﬁ):L

BE R
[A] G. Andrews, Fibonacci numbers and the Rogers-Ramanugjan identities, The Fibonacci
Quart. 42 (2004), no. 1, 3-19.

[GIS] Kristina Garrett, Mourad E. H. Ismail and Dennis Stanton, Variants of the Rogers-
Ramanugjan identities, Adv. in Appl. Math. 23 (1999), no. 3, 274-299.

[S] I. Schur, Ein Beitrag zur Additiven Zahlentheorie, Sitzungsber., Akad. Wissensch. Berlin.
Phys.-Math. Klasse, (1917), pp. 302-321.

[ST] Shibukawa, G. and Tsuchimi, S., A generalization of Zwegers’ p-function according to
the q-Hermite—Weber difference equation, SIGMA, 19 (2023) 014 pp23.
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U,(sl) DFGERIEED S ZAELR E ¥ ¥ FKIE & OHFr#r
AS I o NG

HiE LK (iR
RIARR—EE  (BIfREERR)*

77400 B, BEXUZOT 4 v VRIOTESES T = {0,1} 5 STEA 0 2R
72T 4 v VIRISHT B ERKTCHM Y —Blsh 2E X %, shOL L LREY =4 b
RIAV (M) &, FRETH 2 ZDsl, DRBUCHIR T 2 221X TRD X 51250,
DiEY =4 M NOERXTTERIRHIV () OB SRS 1,

AO \lez @ V @[V A() +A() n6]

5[2
A,n>0

727200 VA, DIRZFnIZEL— P SICEBREERL, 5IBNEIV(A) DY =4 b
ELTIENAg—nd B L, B iZBIF2 V() DEEEER [V(A) : A+ Ay — nd]
L7, RIAV(N) DEEMEEIZDBEAAEDP LRGN TED, EEENY TR
m@@r%%ﬁMﬂZLTV()#ﬂﬂD%+1ﬁn%%%ﬁt@éA_QNh®% <
B3 ﬁﬁ?%‘ﬁ%ﬂb ()@i%t%@Z@%@ﬁﬁm

2 n2 (1)
e (=g 0" Zapp(q)
by Lo)(g) = V(Ag) : 2rA1 + A —n(5q":—q ( = —
oy () ;;%[ (o) s 20k o =m0 (@ @) g;% (@ @)2n

t&éo::fZQ()uﬂwiotq TR DETH B,

" 2n 2n
n—ri, n—r—1 .

—OHODRERIUIRD X5 I12FIT 5,

q’"2(1 _ q2r+1) q1+3+---+(2r71)

(Do T—tmpor (1 —a™)
B DIENZ BT % minimal excludant [2] DRERIC XAUX, 2D Z B IFREEKT %,

R 1. V(A) Z LELD KSR LTz Z. KB 2B 5 sl, D 2r + 1 RITBENE
HOEHEEIX., B/ PNRATED2r + 1 TH 2 XD n DREDEE Y —8 T 3%,

—J7. #HEE O~ NEIR KRB DO ZOHORB 2K 5V IRIEOMEEE
A BT 5 Z I & DH LW partition statistic Z €F L. Z4L% sqrank £ %1 T
L/(T@rﬁ*%%ﬁt[ lo

B 2. s/ NRANTEDI2r + 1 TH 5 X 572 n OPENDMEENZ. sqrankD3r TH 5 K5
7&?1@/\%”0)1.?5(2 —HT 5,

*1 T 239-8686 I RBZHE T EK 1-10-20  BAEARZER BLLEHIERE
e-mail: em64040@nda.ac. jp

*2 T 930-8686 %S| IEAERE THEK 1-10-20 BB IGHARERE oY 2ER

e-mail: takagi@nda.ac. jp
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BTREU,(sly) DFES B(A) D8RI & 3205 [4] ZHWBICTHE L 2HEET 5.
ZZTRERRZEDLOEANDHFEREDO L v FITE L., KE0 D ground state & 01 %
MDIRUTzp = - papspapr = ---0101 &5 5, —fKD state l +2EB/ITp & —F
X272y Millp = pop, TEEHEST 2 01 RT7ZHED R LT RTHEMA ST 2 & ABEUE
DLy FBEZHDTHY, FicH o7y M2l AEEhind ORNEERZE f
DYERIZREE T % highest states £ 725, XX p DT AN F— E(p) %& energy function
H(a,b) = 1(a > b), 0(a < b) ZFAVT E(p) = S0 k{H (per1, px) — H(Prerr, i)} &
THUXZNDENL— P SITKBRE L 725, Pl ZAXKE 4 Tl highest states & 72 5%
215205 D, ZDS5 B sl, D5 RITTEIRIITHIET 2 HDH—> (---010000) . 3
KITEEIRENCHR ST 2 DA > (---0100101010 B X X ---01001001) . 1 KICRE
KRBT 200 "> (---0100101011 B X K---01001101) H 2, —F. 4D
DEND S LE/IEAFTEE S THE2HD08—>2 B+1. 382 Q+14+1B&U
1+1+14+1D, 1220 UBXU2+2) THD, HEIITHEEL T 5,

fidm B(Ag) D oS AFITRITB W TRE n Tl highest states & 7% % X 213 2HT p(n)
(n DITEED lH 2505, 2D 55 2r + 1 RITBERIERBL D highest states 120G F 25 %
AREDOLRTEREE PN LT 5, BEnDNEZTAHOED n DY ¥ FRFTRE
N30, HEEHIVEECIoTY Y IMELORAZER TSI 2I2E25 11D
MISZEEL. LdRD 2 0DaEICHEL T TD X 5K 20DMEEEZ %,

1. BNBRANE A 2r +1TH 2 X5 hnDnBlehoizdiEar. Pl oo
ARIL 101 OXIFET 55 ?

2. sqrank 23 r TH % & 5 %an DAEIREDLTEE L, Pho & OO E TR
1501 OXFIFEET 2027

RGBT 2 FHERIZ. BEO 1IN 1OREHIHEFEETRIcERL. ZDHEEE
MEVRMEZ EAMICEER L2 TH B, BHIZIZ EIBRDKRE 4 DHZEITOWTIIELLT
DEIMIGE 5,

010000 — 2 4 2,
---0100101010 ¢—1+1+4+1+41, ---01001001 <— 3 + 1,
---0100101011 ¢— 2+ 141, ---01001101 +— 4.

MEEMIREDORIC OV TS TRE T 5. £, shDB I —DDLAL
TEREY =4 MREV(A) ISHIET 2558 B(A) DRZAFRITOWT b [FAERORERZ
B70T, ZHUTOVTHERE LW,

SE

[1] BAIEN, 774 ) —RODKEHRDT TILZRAFRICOVT
HABY 22025 FEEFER MRS REy > a VilE7 72 b F 27 b pp.45-50.

[2] G.E. Andrews and D. Newman, The minimal excludant in integer partitions, Journal of
Integer Sequences 23 (2020) Article 20.2.3.

[3] T. Takagi, A polynomial bosonic form of statistical configuration sums and the odd/even
minimal excludant in integer partitions, Annals of Combinatorics (accepted)

[4] Kang, S-J., Kashiwara, M., Misra, K.C., Miwa, T., Nakashima, T., Nakayashiki, A.:
Affine crystals and vertex models, Int. J. Mod. Phys. A7 (suppl. 1A), 449-484 (1992)
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A7)V b VY RSKIZ X BifEEL 7 T 7 D43
INRHEA (RZRIITR)
HAR A FHERBERY: 20264E3 H

YA 7 ADOWIEKER 77 7 B(A) = (SSYT(A\) U {0}, e, fi, —) (MFED) IZHRICE
R OBELIC X 2 [AEIC A CE 2, SREEIZHER G & T, FEL RS
N2 L) >TDIFFIE 10T ETH %, Maas-Gariépy (2023) (X, SSYT(N\) D Z
DIAEEOWEESE 7 VAT NVAT N by EWONT T 7EZBA L, S512,
IFHERE DI B(\) OMEfE RS 77 7 2R L, ZOEMBIEIE. bk ) E1DODHEAK
HIHERTFREIZIC G L v 2 & ZRE L 7z, Cain-Malheiro-Rodrigues-Rodrigues, Brauner-
Corteel-Daugherty-Schilling 7 £ b B (M5 & b 20254F) 3H %, Tz
ZUF. AIRIZEEES A 7OV b S IER %

Sk)\ Z xdes T

TeST(A

kﬁkttotﬁt\SH)iW@A@W@$Q%®wm\d%TMT®%TW ¢
it extn n = |\ TH S, IR RSK XS

Knuth arrays, — | | SSYT(A) x SSYT()), w + (P(w), Q(w))

AFn
1Z Schur BIEL DRI D FEAR I HE N FRBI B B 3 2 B
Z SA(X)S)\(Y) = Z Fdesw_l(X)FdeSU)(Y)
Abn wESy,
ZEL, L. XY IZEREBOMZERT, bEAA, RSK 2R T4, R, RS
WINZ 7% 5,

givol 5 | |ST(N),  w e P(w),

AFn

Su = | |ST(N) x ST(N),  w — (P(w),Q(w)),

AFn

N" — | |SSYT(A) x ST(A), w — (P(w),Q(w))

AFn

IRIZ, DAV E VRO BERICKD D Z E 2R L T2,
EE 1

ZSkA(a:): Z zdesw,

A\n wes‘nvol
-1
§ Sk)\ Sk)\ § ' l,desw desw
AFn weSh
desw
E S,\ Sk/\ E Fdes(w 1) .
AFn weSy

¥—U—VF %777, A7V kv, RSK ML
*221-8686 FEEEHI A/ X /NG 3-27-1 FIARJIR2E

e-mail: masato210@gmail.com
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7, 2O ¢HEPSHET 5, Z DRI TIE, # L > Mahonian #5HPR B E Frobe-
nius FFHBIBEF S5 15, E 612, major index % charge, cocharge & DB & HIHA L
Zo mrClE, 2N DFIEZMN L 2w,

SE X

[1] S. Brauner, S. Corteel, Z. Daugherty, A. Schilling, Crystal skeletons and their axioms,
arXiv:2503.14782.

[2] A. J. Cain, A. Malheiro, F. Rodrigues, I. Rodrigues, Structure of quasi-crystal
graphs and applications to the combinatorics of quasi-symmetric functions, to appear.
arXiv:2302.07694.

[3] M. Kobayashi, Crystal skeleton polynomials, in preparation.

[4] F. Maas-Gariépy, Quasicrystal structure of fundamental quasisymmetric functions, and
skeleton of crystals, arXiv:2302.07694.
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SVllE:

J&HA TASEP DX — 7 5RO ML & e DREH
B 2 T 72 A
HR BN (KR

1 ZL®Ic: AH TASEP eR—FHEER

(RHEHOWNAIZ. L7V b [1]1HESLL)

1 KT RIS A BT B2, KBk RT3 — )T AN T iR AR & 52 2 IERFR
HMPEMEFE (TASEP) W5, 22Tk, AMERSGEMHZH L7 TASEP (M 1) 2%
2%, U, MNTOEHE N, ROV A X% L35 (N<L)

PSS AN N
OO0 O]l O

X1 TASEP OIREEDHI, ZZTWEL=10, N=4TdH53,

IOLE, RO HHFZREE Q= (F) D2, SREZ. UTOHAITER T 2,

o t RIFKI L T2, MUNRERIHIPA [¢, ¢ + dt] NS, BRI, WX dt THD
RAKEET %, 72720, BOOADYRAMOR 7235 % & 2IZBHIL W,

TASEP OZ#)d, v~ A X —JifER

d
So(t) = My() 1)

(M € R < raz474l o € R R bL) ik hididadnd, LidoT
TASEP X&) M OEFHE - EENZ AR EIITERIHET N5,

Ll ZOF AR LT M O A XHRKRETEE, M OERELERTH 572
YOMED S, EENZBEREDO S EDAT M OEHMEESHT2DERETH 3,
FZT, —&D L, N I LU TH—MIC M OFEEHE - BEEXZ sk 3 FiEL LT,
N—FREED LA TVWS, Zhid. N—FAHRER

N N

L: _1\V+1 . i =
(1_Zi)L ( 1) E 7 ( 1,2, ,N), (2)

*T223-8521 ME/IIREETHEILXHE 4 THL -1 BEERARY: HEF v (X
e-mail: iwao-s@keio. jp
AWFFIIRIAE (FEZ5:22K03239,23K03056) ORI Z21 72dDTH 3,
2020 Mathematics Subject Classification: 82B23, 60j27, 82C22
¥ —v—F ! Bethe ansatz, periodic TASEP, completeness, algebraic curves and Riemann surfaces.
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BATTHEEBBOM (21,...,2y) EARDF 2 2P TENR. LTOFIET N, ¢ DK
TEXBR3LWVWHHDTH 3, (ZOEREBIEFARFBHETIZHOEZL,)
a N

Ty ..oy WHELRWERC, (0 € Sy) 282N TET,
N .
Y@, an) = Y Coll = zo0)™ .. (1= Zo)"™, A= 1:%.
oeSN i=1
727200 Y(xy,. .., an) DEBI <z <19 < <oy < LF KFOMNEZD S
HT,
N )

L7235 T, TASEP OZEE) % @3 21213 — 7 HEK (2) oz RdIuL L,
2 TASEP RX—FAHEERDREE

R—FHER (2) OEERDZRABSEIERMEFBRCL > TREINTER, 22
T, HERBEEGHZ R U BB 172 /51502 < v 5T & 7223 Prolhac[2, 3] O
—HOMFICED, V=< VHZHAWIAERN R TFED FE L

AWFZETlE Prolhac OBFZE 2 H#E LitEd, X—7 518K (2) 2 REER#rNc e s
%, ZOEMMUIZ, HHANICECHISATVWE Y —< VH L C LRI o it
ZHWZ, >hiLwvwz e, BERMEORER, N—7HERX (2) 13IEF cwFNZ TS
HIAR & EAR DR R DR 2 KD 2R WWHELTLES. LdoTIDHIET, R—
7 HER (2) DFTXRTOREEZ Z e BAREL 72 5,

FRE LT, TASEP R— T REEDTLMMELY (O37 X — XD generic RGEIT) B
TERNCHRIR S 2 Z e BT E . 2. TR—T 51K (2) O S & D~ XX —TEK
(1) DR FTRXRTRL T2 LWVS VT, R=TREEIIBIT 2 EARNLHETD 5,
(R=THERADTER2MIZZ K OFFREDRD LD LFRDTWVWD H DD, BUAKNT %
AR 25 2. (R (L HEFEWFEE) OFIZRED) #lo TV 3 XERIZE)r 272 X 5 TH 5,)

L,N — 00 IZ8BF % TASEP X&)% E 2 21ci:. Aushz ) —~<rHmofEiie
HAER D O E L N OB LTHobTHHRAPERICK 2, RENIHIUL, Z
O DARERDFHEDTIEITDOWTHIEN LIz,

BE Xk

[1] S. Iwao and K. Motegi, "Bethe roots for periodic TASEP and algebraic curve,”
arXiv:2504.19690.

[2] S. Prolhac, Riemann surfaces for KPZ with periodic boundaries, SciPost Phys. 8, 008
(2020).

[3] S. Prolhac, Riemann surface for TASEP with periodic boundaries, J. Phys. A: Math.
Theor. 53, 445003 (2020).
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