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1 ELC®IC

ZIZTiE, v)L b2 H EORFRBIEERRZ BIEHR LRI 212U
9, /EFHZE A D positive (A > 0) TH 5 &I,

(Az,z) >0 z€H

MO DZ 22 UET, KT, A D positive 22D invertible D& &, A >0 T
FKUET, £/, HOHBFEMFE A BIZXHLT, A-B>012&k>T. fEMEIEA
e A> B DPEHARICEAINE T, RY ECTEHRERI N/ ERREEL f 12X 5 functional
calculus Z DEFZRFT 5. T2b5

A>B>0 = f(A) > f(B)

DeE, frREHERFHEVVWET, 22T, BEBIOWTEELRFFEZ BN
X720 FH A, TEFZEDIEHELENN T,

t — 1 ac0,1] DEEDH FRRBEATH S,
W, 2L Lowner-Heinz inequality & FHEXNTWE S, [28], [24], [30] (BAF (LH)
THY,)
2 PMERFZRRFTHRNWI L, ROFFIroHoNET -

2 1 10
=) =)
o, ZNED, a>1 D&, ¢ BMEARKRBEFHTERVI LMo NET,
ST, (LH) &0, a€[0,1] 2R UT, a-BfE #, DIRO XS B TEERS
NE9 :
A#,B = A2(A":BA %)*Az for A>0, B >0,

1



cf. [31], [32], [1], —M¥MIZiX, Kubo-Ando [27] 12 & ZIEMZ Y DHERIZ & - T,
FEE R BB L FEH R ORI IX, 7 7 ¢ »-FRLA

Ao B=Aif(A2BA 2)A: for A>0, B>0

ZEoTHEALGNET, KT,
flz)=1ox

IMERFEFEY o ORBBEHEIFENTWE T, 26, EHEEEE, RO 3&M4%
7S 2HEEZFEVWET

Monotonicity: A<C, B<D = AocoB<CoD
Upper semi-continuity: A, | A, B, B = A, 0 B, Ao B
Transformer inequality: T*(A o B)T < (T*AT) o (T*BT) for all T

(Normalization: lo1)

2 (LH) IERYTH5AER
BANZ, (LH) &FAfEZR ) )V AARERZ R ONEEIT £, [11], [21]

Theorem 2.1. Let A, B > 0.

(1) ||BtA'BY|| < ||BAB||* for 0 <t <1.

(2) JJA'TB™7Y < ||AT|"TBJ*=t  for 0 <t <1 and arbitrary T.
(3) 1ABA| < |4*B|

(4) ||TS|| = ||ST|| if ST is selfadjoint.

(5) |(A#:B)2(C#:D)2|| < | AsC3||' || B2D3||" for 0 <t < 1.
(6) (T*AT)' > T*A'T for contraction T and 0 <t < 1.

(1) 1%, Araki BJICEDETH, ROKDIIZHEPTEET

(1) ||B'A'BY|| > ||BAB||* for t > 1.

(17) |A'BY|| < ||[ABJ|* for 0 <t < 1.

(5) & Corach-Porta-Recht [6] . (6) I& Hansen [23] 12X D 9,

—7Ji. Heinz [24] &, (LH) &0 & 53D ULEWAEFXEZRLTWET ¢
Heinz inequality. Let A, B > 0. Then

|AT + TB|| > |A'TB'"™" + A"'TB|| for 0 <t <1 and arbitrary T.



ZHUZH AR ARERDRE DD 0 £, [29), [5], [7], [8], [12], [15]

Theorem 2.2. (1) ||R*RT +TSS*|| > 2||RTS|| for arbitrary R, S,T.

(2) |ISTR™' + ST'TR|| > 2||T|| for invertible selfadjint S, R and arbitrary T
(3) |ISTS™ 1+ S7ITS|| > 2||T|| for invertible selfadjint S and arbitrary T
(4) ||ReAT|| > ||AT A|| for A >0 and selfadjoint T.

(5) |ReT'S|| > ||ST|| if ST is selfadjoint.

Theorem 2.1 (4) & Theorem 2.2 (5) ZHAR2% Z 12X D, Heinz AFEAD (LH) &
DIWAFERTHDZ D000 9, £72. Theorem 2.2 (1) F & D, Heinz i~
LEAF, BAERMEEIAEARD ) )V ARIZ EIRTE £7,

3 Ando-Hiai inequality

Ando-Hiai [2] 12 & % log-majorization theorem (£, IRD L S IZERKINTWVWE T For
a € [0, 1] and positive definite matrices A and B,

(A#QB)T > (log) AT#QBT (1” > 1).
EZADVEBRIZEEBHEINT WA DX, IRDIEHAZEAREN
A#,B<1 — A"#,B"<1 forr>1

T. Ando-Hiai inequality (AH) &IEENTWE T, I D 2 ZBHIRA~ D — A LIZk
OWTHEZSNET, [13), [16], [15]

Generalized Ando-Hiai inequality (GAH).
If A#,B < 1 for a € [0,1] and positive operators A, B, then A"#3zB* < 1 for

r,s > 1, where § = m

(GAH) OF LA IZ2WTI, ROHHBRVEE LLEEA

It A#%B < 1 for some ¢ > 1 and positive operators A, B, then AT##BS <1
q S+T
for r,s > 1.

ZNEETEE, (GAH) IZ2W Tk, 220 one-sided fRIXFAMETH > T, 51
Z 3 5 1% Furuta inequality DRIRBHTH S Z EXHONTVWET, T40bb,



RD 3 DIE[AMHE:
(i) A#.B<1 = A4 _
(i) A#.B<1 = A#_

B<1f0rr>1

(1—

B® <1 for s > 1.

(1 a)s

(iii) Furuta inequality

ST, T D (AH) IZBET2HEEL LT, IROFERD [33], [26] 1I2dH D £7,
ad 0,112 LT, 2HER 1, . a-geometric mean & &L [FA—DEXRTH A X
9, HIH, AgaB = Az(A"2BA"2)*A: for A, B > 0.

Theorem S. For a € [-1,0] and A, B > 0,

Af,B<1 = A'g,B" <1 forre|0,1].

PaGiz, (AH) % —f% (b U7z F3EHS, Theorem S (X U THIMNE S D TH 55, X
DI EMWHSILUET -

Lemma 3.1. If Ag,B <1 for a € [—1,0] and positive invertible operators A and
B, then A"tgB <1 for r € |0, 1], where =

ar+( 1 )’

Lemma 3.2. If Ay, B <1 for a € [—1,0] and positive invertible operators A and
B, then AjgB® <1 for s € [722,1], where 3 = T

ZZT, siZBTBHIRs € [£22,1]1d, €[-1,0] ZRFAT DD EDTY, 74
B, ZOE5 L HMOHRPBETH S I LIIMIETE X,
ZD2DODEEMAGEDLESZ LIZL> T, Theorem S D—BAbAFONE T ¢

Theorem 3.3. If A, B <1 for a € [—1,0] and positive invertible operators A and
B, then A™13B* <1 for r € [0,1] and s € [T22%,1], where 3 =

ar+( 1 a)s”’

4 Furuta inequality

K<HBNTWS &S50, HHA%RIE (LH) 0RH2 b ThY 5,



Furuta Inequality (FI) ¢ (I+r)g=p+r
q=7p
If A> B > 0, then for each r > 0,
()  (B5APB%): > (B5B’B%)q
and (1,1)
(i)  (A2BPA2)T > (A2 APAS)d p
(1,0)
hold for p > 0 and ¢ > 1 with (1 +r)qg > (0, —7)
p+r.

Furuta inequality (Z B89 2 SCHkIZ. [19], [20], [9], [10], [34]. [15] 7ZR&E Lz 7z
DEI,

(FI) 23 (LH) 25ATWA Z X, r=02795&, [HEMENg>p bl
CkokEEE N ES, — AT, (LH) KO ARREICBWTEHESR IO L EVRDE
FT, a-geometric mean Z FHWTCTZNZRT LIRD LS ITBHINE T -

If A> B >0, then for each r > 0
AT #ﬁ BP< A
holds for p > 1.
(FI) 2 2D & 51k &, Kamei [25] & D HEBRERIEFONE T
If A> B >0, then for each r >0
Aq#%JWSB(Sm
holds for p > 1.
Lemma 2.1 Z HHAERDOERITRIRT 2 2RO X 512720 £7,

Theorem 4.1. If A> B > 0, then

A_Tu 147 Bp S A

p+r

holds for p < —1 and r € [—1,0].



5 Grand Furuta inequality

Ando-Hiai inequality @ D, Furuta HHIZ X > T, Zhve (FI) 249 5
ERZEAEADREINE Uz, [22], [14]

Grand Furuta inequality (GFI) IfA> B >0 andt € [0, 1], then
[A5 (A5 BPA™5)° A5 |aisr < AL
holds forr >t and p,s > 1.
FEBE. (GFI) O F T, (FI) XU (AH) ODALEIFIRD L5127 >TWET -
(GFI) fort =1, r=s < (AH)
(GFI) for t =0, (s =1) < (FI)
ST, (GFD) % (FI) EARRIZIRD LS IZREITE X

IfA>B>0andt € [0,1], then

AT H atgr (At ﬂs Bp) <A

(p—t)s+r

holds forr >t and p,s > 1.

o T, LD & FMKIZ LT, Theorem 2.3 % (GFI)-BITEEZ T Z LN TE
ESr B

Theorem 5.1. I[f A> B > 0, then

A . (A#,BP) < A

r+(p—1)s

holds forp < —1, r € [0,1] and s € [;_21, ].

ZOFER Y (GFI) L OHIMN S, IROZ LRI ET:
Conjecture 5.2. IfA> B >0 andt € [0,1], then

Ay, (A'4,BP) < A

r+(p—t)s

holds for p < —1, r € [0,¢] and s € [=2,1].

p—t’

BRFRTRESZ &I, IROEIAELTTY ¢



Theorem 5.3. I[f A> B >0 and t € [0, 1], then

A7y, (A'4,BP) < A

r+(p—t)s
holds for p < —1, r € [0,t] and s € [max{p -, (z_t)},l].
BB, WOM s = =4 20D TR I LTWB Z AR S E T,

Proposition 5.4. If A> B >0 and t € [0,1], then

A_H_th 1—tr (At#sBp) <A

r+(p—t)s

holds for p < —1, r € [0,t] and s = —_QTP__(;_U-

Proposition 5.5. If A> B >0 and t € [0,1], then

AT 0 a—ttr (At#sBp) <A

T+(p—1t)s

holds for p < —1, r € [0,t] and s = p%tt.

6 Bebiano-Lemos-Providéncia inequality

Bebiano-Lemos-Providéncia  [4] (FIRD / IV LAARERZRRLUE U2, 4] 20O
—fAlE [17) TEm IO TV,

Bebiano-Lemos-Providéncia inequality (BLP)

1+¢

|AZ BIA || < ||A2(AZB*A%): A3

holds for A, B >0 and s >t > 0.

BIFiDFERDIGH & U T, (BLP) QRN HFHZILART A I N TEET, TOHTE
e UTIRODE DI 2R L ET,

Lemma 6.1. Suppose that A, B > 0.
(1) If A" 5. BPY" < A" for some p < —1 and r € [—1,0], then B'*" < A7,
(2) If A" 5. BPY" < A for some p € [0,1] and r < —1, then B! < AU,



Corollary 6.2. Suppose that A, B > 0.

(1) If A"ty B < A™ for some p < —1 and r € [~1,0], then B** < A for

—1<s<r.

(2) If A" g1 BPYT < AT for some p € [0,1] and r < —1, then B'** < A for

r<s<-—1.
FERIZ, (BLP) O—biZkoETHONET:
Theorem 6.3. If A, B > 0, then

147 147

|AF B AT |5 < (A3 (A3 BTT AT AL

holds for either p < —1 and r € [-1,0] or p € [0,1] and r < —1.

%7z, Corollary 6.2 IZX53T5H D& LT, BPFOoNET:

Theorem 6.4. If A, B > 0, then

1+

5Bl AN || < || A3 (A5 BPTT AR ) A3 ||

1A

holds for either p < —1 and =1 < s<r <0 orpe€[0,1] andr <s < —1.

7 Reverse inequalities of (LH)
Theorem 2.1 TR R7z X 512, Araki inequality

|ABA|]P < || APBPAP|| for A,B >0

& (LH) & [AfERARERTT, TOHARERIZOWTIE, RO K D 72iERAH 18] 12

BWwTHIonTWET,

Theorem R. IfA20,0<m§BngorsomeM>m>0andh:%,then

([ABA|P <) [[A"BPA?[| < K (h, p)| ABA]

holds for p > 1, where K (h,p) is the generalized Kantorovich constant defined by

K(h,p) =

1 hWw—h(p—1h—1\"
h—1p—1 \h—h p '



Theorem 7.1. Suppose that A > 0,0 <m < B < M for some M >m > 0 and
h= % Then

p+r
1+s

A3 (A5 BPH AR A | < K (2, =) Th | AT B A

holds for p < —1, =1 <s andr < —(p+ 1+ s).

DOFRERIFIRD & 5 LFHFEAFATERE T

Corollary 7.2. Suppose that A >0, 0 <m < B < M for some M > m > 0 and
h = % If B < AY™s for some —1 < s <0, then

ptr

)—%Al—i-r
1+s

A" b BPYT < K(RMTS —
forp<—landr<—(p+1-+s).

Corollary 7.3. Suppose that 0 <m < B < M for some M >m > 0 and h = %
If A > B, then
A" by B < K(h,—(p+ 1)) r AN

forp<—landr<—(p+1).

BREIZ, ZIZETIMAEREZEZRL 9, EBRIE, 526N > 018U T,

T P(+)

| A3 (A3 B A3)5 A3 |55 — A A B A"

7

DEREBEDIZ\, TD=DIZ,
Forq>1,]\/[>m>0andh:%,

o hi—1 5 hi—1
1= th (]’Lq — hq_1>7 J2 = th - q(h _ 1)
and
(1-XM if 0 <A<y
_1
Blm, Mg A) = q 5 (s )+ A gy € [y, o
(1—XN)m if A > jo
EBEET,

Theorem 7.4. Suppose that A > 0, 0 < m < B < M for some M > m > 0 and
h:%. Ifp<—1, —1<sandr < —(p+1+s), then for each A >0

p+r
1+s

HA%(A%BHTA ) A2 Bl+sA (m1+s’M1+s’ . ,)\)HAHIJFS.

< )\HA
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