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ۙ೥ɼԾఆ͞Εͨ౷ܭϞσϧͷதʹσʔλΛੜ੒͢ΔਅͷϞσϧؚ͕·Εͯ
͍ͳ͍Α͏ͳ৔߹ɼͭ·ΓϞσϧ͕ޡಛఆ͞Ε͍ͯΔ৔߹ͷϕΠζਪ࿦ʹؔ
͢Δ͕ڀݚ੝ΜʹߦΘΕ͖͍ͯͯΔɽ͜ͷΑ͏ͳ৔߹ɼ௨ৗͷϕΠζͷఆཧ
ߋ৽͸ҙຯΛͳͣ͞ɼҰͭͷղܾ๏ͱͯ͠ҰൠతͳϕΠζߋϕΠζͮ͘جʹ
৽ʹͮ͘جҰൠޙࣄ෼෍Λ༻͍Δํ๏͕͋Δɽຊ࿦Ͱ͸ɼͦͷ࿮૊ΈΛ֓؍
͠ɼ৽ͨͳϩόετϕΠζਪఆͷํ๏ΛఏҊ͢Δɽ

1. ͸͡Ίʹ
ύϥϝʔλ θ Λ༩͑ͨ΋ͱͰͷ X ͷີ౓ؔ਺Λ f(x | θ) ͱ͠ɼθ ͷࣄલີ౓Λ π(θ)

ͱ͢Δɽ·ͨɼσʔλ X Λੜ੒͢Δਅͷ෼෍Λ G ͱ͠ɼ͜ͷਅͷ෼෍͸Ծఆ͞Εͨ
Ϟσϧ {f(x | θ) | θ ∈ Θ} ʹؚ·Ε͍ͯΔͱ͢Δɽ͜ͷͱ͖ɼσʔλ X = x Λ༩͑ͨ
΋ͱͰͷ θ ͷޙࣄ෼෍͸ϕΠζͷఆཧʹΑΓ

π(θ | x) = f(x | θ)π(θ)∫
Θ f(x | θ′)π(θ′)dθ′

ͱද͞ݱΕΔɽ͜͜Ͱɼθ ͷࣄલ෼෍͸ f(x | θ) ʹ͓͚Δ θ ͷࣄલͷෆ͔֬͞Λද͠
͍ͯΔ͜ͱʹ஫ҙ͢Δɽ͔͠͠ͳ͕Βɼσʔλੜ੒աఔ͕૝ఆͨ͠Ϟσϧͷதʹೖͬ
͍ͯͳ͍৔߹͸ɼπ(θ) ͸ԿΛද͍ͯ͠Δͷ͔ɼͱ͍͏ٙ໰͕ੜ͡Δɽྫ͑͹ɼස౓࿦
ͷ࿮૊ΈͰϞσϧ͕ޡಛఆ͞Ε͍ͯΔ৔߹ͷ࠷໬๏Ͱ͸

θ∗ = argmin
θ∈Θ

{
−
∫

log f(x | θ)dG(x)

}

Λλʔήοτͱ͜͠ΕΛਪఆ͢Δ͜ͱΛ͑ߟɼਪఆྔͷ઴ۙ෼෍ͷڞ෼͕ྻߦࢄαϯ
υΠονܕʹͳΔ͜ͱ͸Α͘஌ΒΕ͍ͯΔ࣮ࣄͰ͋ΔɽBissiri et al. (2016) Ͱ͸ɼ͜
ͷ − log f(x | θ) ΛΑΓҰൠͷଛࣦؔ਺ ℓ(θ, x) ʹஔ͖͑׵ɼ

∫
ℓ(θ, x)dG(x) Λ࠷খʹ͢

Δύϥϝʔλʹؔ͢Δ߹ཧత (coherent) ͔ͭଥ౰ͳ (valid) ϕΠζߋ৽Λ͍ͯ͑ߟΔɽ
͜ΕΛҰൠϕΠζߋ৽ (general Bayesian updating) ͱݺͼɼରԠ͢Δޙࣄ෼෍ΛҰൠ
෼෍ޙࣄ (general posterior) ͱݺͿɽ͜ͷΑ͏ʹɼσʔλ x ͱύϥϝʔλ θ Λ໬౓ؔ
਺Ͱ͸ͳ͘Ұൠͷଛࣦؔ਺ʹΑΓ݁ͼ͚ͭΔ͜ͱʹΑΔϕΠζతํ๏͸࣮ࡍʹ͸΋͏
গ͠લ͔Β༻͍ΒΕ͖ͯͨͷͰ͋Δ͕ (ྫ͑͹ɼChernozhukov and Hong (2003) ౳)ɼ
͜ͷํ͑ߟΛ౷Ұతʹѻͬͨͷ͕ Bissiri et al. (2016) Ͱ͋Γɼ͜ͷ࿦จΛى఺ʹؔ࿈
ΘΕ͖͍ͯͯΔɽߦʹ੝Μ͕ڀݚ

2. General posterior distribution
X Λ෼෍ P ʹै͏֬཰ม਺ͱ͠ɼͦ ͷ nݸͷಠཱͳෳ੡Λ Xn = (X1, . . . , Xn)ͱ͓͘ɽ
͍·ɼθ = θ(P ) (θ ∈ Θ)ʹؔ৺͕͋Δͱ͠ɼσʔλͱ θ Λ݁ͼ͚ͭΔؔ਺ͱͯ͠ଛࣦؔ
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਺ ℓ(θ, x)Λ४උ͢Δɽ·ͨɼλʔήοτͱͳΔ฼਺Λ θ∗ = argminθ∈Θ EX∼P ℓ(θ, X)ʹ
ΑΓఆٛ͢Δɽ͜ ͜ͰɼEX∼P ℓ(θ, X)Λ θͷؔ਺ͱͯ͠Έͨ΋ͷΛ discrepancy function

ͱݺͼ D(θ) ͱ͔͘͜ͱʹ͢ΔɽD(θ) ΛσʔλΛ༻͍ͯݧܦਪఆͨ͠΋ͷΛ Dn(θ) ͱ
͔͖ɼ

Dn(θ) = n−1
n∑

i=1

ℓ(θ, Xi)

ʹΑΓද͢ݱΔɽޙʹड़΂ΔҰൠϕΠζߋ৽ͷ߹ཧੑΛอূ͢Δʹ͸ɼDn(θ) ͕σʔ
λ Xi ʹؔͯ͠Ճ๏ੑΛ͍ͯͬ࣋Δ͜ͱ͸ॏཁͰ͋Δɽθ ͷࣄલ෼෍Λ Π ͱ͢Δͱ͖ɼ
Π-Մଌू߹ A ʹର͢ΔҰൠޙࣄ෼෍͸࣍Ͱ͞ࢉܭΕΔɿ

Πn,ω(A) =

∫
A e−ωnDn(θ)Π(dθ)∫
Θ e−ωnDn(θ′)Π(dθ′)

. (1)

͜͜Ͱɼω > 0 ͸ࣄલʹܾΊ͓͔ͯͳ͍ͱ͍͚ͳ͍ scale parameter Ͱ͋Γɼlearning

rate ͱݺ͹Εɼޙࣄ෼෍ͷ͕޿ΓΛίϯτϩʔϧ͢Δ໾ׂΛՌ͕ͨ͢Ұൠʹબ୒͸೉
͍͠ɽ·ͨɼ͜ͷҰൠޙࣄ෼෍͸ Gibbs posterior ͱݺ͹ΕΔ͜ͱ΋͋Δɽଛࣦؔ਺
ℓ(θ, x) ͸෼ੳͷ໨తʹԠܾͯ͡ΊΕ͹Α͘ɼྫ͑͹ϝσΟΞϯͷਪఆͷڵຯ͕͋Ε͹
ℓ(θ, x) = |x− θ| ͱબ΂͹ɼD(θ) = EX∼P |X − θ| ͷ࠷খ஋ͱͯ͠ͷϝσΟΞϯͷਪఆ
Λσʔλ͕ै͏౷ܭϞσϧΛԾఆ͢Δ͜ͱͳ͘͜͏ߦͱ͕ՄೳͰ͋Δɽ
ͷ͜ͱ͔ΒΘ͔ΔΑ͏ʹɼM-ਪఆͷͱ͖ͱಉ͡Α͏ʹɼσʔλͱ฼਺͸໬౓ͷه্
୅ΘΓʹ discrepancy function ʹΑΓϦϯΫ͓ͯ͠ΓɼͦΕʹΑΓϞσϧͷޡಛఆΛ
ճආͰ͖Δɽ͞ΒʹɼϕΠζతͳΞϓϩʔν͸฼਺ͷ෼෍ͷਪఆΛ༩͑ΔͨΊɼޙࣄ
෼෍ΛϚϧίϑ࿈࠯ϞϯςΧϧϩ (MCMC) ๏ͳͲʹΑΓద੾ʹۙࣅͰ͖Ε͹ɼ৴༻
۠ؒ (credible interval) ͷܗͰ฼਺ͷෆ͔֬͞ͷఆྔԽ (uncertainly quantification) ͕
༰қʹͰ͖Δɽ
͜͜ͰɼҰൠϕΠζߋ৽ͷଥ౰ੑͱ߹ཧੑʹ͍ͭͯগ͠৮ΕΔɽ

ఆཧ 1 (Zhang (2006)). ν Λ֬཰ଌ౓ͱ͠ɼଛࣦؔ਺ ℓ(θ, x) ͸σʔλ xi ʹ͍ͭͯՃ
๏తͰ͋ΔͱԾఆ͢Δɽ͜ͷͱ͖ɼ(1) ʹର͢Δີ౓ؔ਺ πn,ω(dθ) ͸࣍ͷ࠷খԽ໰୊
ͷղͱͳΔɿ

min
ν

[∫ n∑

i=1

ℓ(θ, xi)ν(dθ) +
1

ω
DKL(ν,Π)

]
.

ͨͩ͠ɼω > 0 ͸ learning rate Ͱ͋ΓɼDKL(ν,Π) ͸ ν ͱ Π ͷؒͷΧϧόοΫɾϥ
Πϒϥʔ (KL)μΠόʔδΣϯεͱ͢Δɽ

ূ໌ͷ֓ཁ͸ҎԼͷ௨ΓͰ͋Δɽ໨తؔ਺Λॻ͖௚͢ͱ
∫ n∑

i=1

ℓ(θ, xi)ν(dθ) +
1

ω

∫
log

(
ν(θ)

π(θ)

)
ν(dθ)

=
1

ω

∫
log

[
ν(θ)

exp{−ω
∑n

i=1 ℓ(θ, xi)π(θ)}

]
ν(dθ)

ͱͳΓɼ͜ΕΛ࠷খʹ͢Δͷ͸ ν(θ) ∝ exp{−ω
∑n

i=1 ℓ(θ, xi)π(θ)} ͷͱ͖Ͱ͋Δ͜ͱ͔
ΒఆཧͷओுΛಘΔɽఆཧ̍ͷ໨తؔ਺ͷୈೋ߲ͷࣄલ෼෍ͷേଇͷई౓ʹؔͯ͠͸ɼ
Bissiri et al. (2016) ʹΑΓɼ߹ཧੑΛอূ͢Δʹ͸ KL-μΠόʔδΣϯεͰͳ͚Ε͹
͍͚ͳ͍͜ͱ͕ࣔ͞Ε͍ͯΔɽ



ɼ߹ཧੑʹ͍ͭͯͰ͋Δ͕ɼ͜Ε͸σʔλΛʹ࣍ n Δͱ͖ʹɼ͜ΕΒ͍ͯͬ࣋͢ݸ
΂ͯΛߋͯͬ࢖৽ͨ͠ޙࣄ෼෍ͱ࠷ॳͷ j લ෼෍ࣄ৽͠ɼͦΕΛߋΛ༻͍ͯϕΠζݸ
ͱͯ͠Έͯ͞Βʹ࢒Γͷ n− j ෼෍͕ಉ͡Ͱ͋Δͱޙࣄ৽ͨ͠ߋ͍ͯ༺ͷσʔλΛݸ
͍͏͜ͱͰ͋Δɽ΋ͪΖΜର਺໬౓͸σʔλʹର͢ΔՃ๏ੑΛͭ࣋ͷͰ௨ৗͷϕΠζ
෼෍ͷ৔ޙࣄͮ͘جʹ෼෍Ͱ͸੒Γཱ͍ͬͯΔੑ࣭Ͱ͋Δ͕ɼҰൠతͳଛࣦؔ਺ޙࣄ
߹͸ࣗ໌Ͱ͸ͳ͍͜ͱʹ஫ҙ͢Δɽ࣮ࡍɼ͙͢ޙʹग़ͯ͘Δɼγ-divergence ͸ͦͷ·
·Ͱ͸Ճ๏ੑΛͨ࣋ͳ͍ɽ

3. ϩόετ౷ܭ΁ͷԠ༻
ຊڀݚͰ͸ɼҰൠϕΠζߋ৽ͷํ͑ߟΛ༻͍ͯσʔλੜ੒աఔʹ֎Ε஋౳ͷԿΒ͔ͷ
ҟৗ͕͋Δ৔߹ʹɼͦͷҟৗʹର݈ͯ͠ؤͳϕΠζਪఆʹ͍ͭͯѻ͏ɽ લઅͰ΋ड़΂
ͨͱ͓ΓɼຊདྷҰൠޙࣄ෼෍͸ model free ͳํ๏Ͱ͋Δ͜ͱ͕௕ॴͰ͋Δ͕ɼຊઅͰ
͸ಛʹ౷ܭϞσϧ {f(x | θ) | θ ∈ Θ} ΛҰͭ૝ఆ͠ɼଛࣦؔ਺ͱͯ͠ ℓ(x, f(x | θ)) Λ
Δ͜ͱʹ͢Δɽ͢ΔͱɼਪఆͷλʔήοτͱͳΔύϥϝʔλ͸μΠόʔδΣϯε͑ߟ
ʹର͢Δ૬ޓΤϯτϩϐʔ (cross entropy) Λ࠷খԽ͢Δ΋ͷͰ͋Δͱ΋͑ߟΔ͜ͱ͕
Ͱ͖Δ (͜ͷ৔߹ɼଛࣦؔ਺͕Ϟσϧ f(x | θ) ʹґଘ͢Δɼͭ·Γ scoring rule ͱͳͬ
͍ͯΔ͜ͱΛআ͚͹ɼୈ 2અͷ general Bayesian updating ͷ࿮૊Έʹ৐Δɽ)ɽμΠ
όʔδΣϯεʹͮ͘جϩόετਪఆ͸ۙ೥ɼ౷ֶܭɾػցֶशͰඇৗʹΑ͘༻͍ΒΕ
͓ͯΓ density power divergence ΍ γ-divergence ͳͲ༷ʑͳྑ͍ੑ࣭Λ΋ͭμΠόʔ
δΣϯε͕ఏҊ͞Ε͖͍ͯͯΔɽಛʹɼऀޙ͸֎Ε஋ͷׂ߹͕খ͘͞ͳͯ͘΋҆ఆ͠
ͨਪఆ஋Λ༩͑Δ͜ͱ͔Βۙ೥༷ʑͳϞσϧʹର͢Δख๏͕ఏҊ͞Ε͖͍ͯͯΔɽ
ϕΠζతͳ؍఺Ͱɼγ-divergenceΛ͑ߟΔ͜ͱͷར఺ͱͯ͠ɼύϥϝʔλͷෆ͔֬͞
ʹؔ͢Δղੳ͕Ͱ͖Δ͜ͱɼ༧ଌ෼෍ͷਫ਼౓͕͍͜ߴͱͳͲ͕͛ڍΒΕΔɽ·ͨɼྫ
͑͹εύʔεϞσϦϯάΛࡍ͏ߦʹ͸ଟ͘ͷ৔߹ɼௐ੔ύϥϝʔλͷબ୒͕ඞཁʹͳ
Δ͕ɼϕΠζ౷ֶܭͰ͸ͦͷύϥϝʔλʹ΋ෆ͔֬͞Λ͑ߟɼௐ੔ύϥϝʔλ΋σʔ
λ͔ΒਪఆͰ͖Δྑ͞΋ͭ࣋ɽ
֬཰ີ౓ g, fθ ʹରͯ͠ɼγ-divergence ͸࣍Ͱఆٛ͞ΕΔɿ

dγ(g, fθ) =
1

γ(γ + 1)
log

∫
g(x)1+γdx

− 1

γ
log

∫
g(x)f(x | θ)γdx+

1

γ + 1
log

∫
f(x | θ)1+γdx. (2)

͜͜Ͱɼγ > 0 ͸͋Β͔͡Ί෼ੳऀ͕ࢦఆ͢Δఆ਺Ͱ͋Δɽ(2) ࣜͷୈ̎ɼ߲̏໨
Λ߹Θͤͯ γ-cross entropy ͱΑͼɼ͜ͷଛࣦؔ਺Λ࠷খʹ͢ΔΑ͏ͳ θ Λλʔή
οτʹ͢Δ (͜ΕΛ θ∗γ ͱ͢Δ)ɽϩόετ౷ܭͷจ຺Ͱ͸ɼσʔλੜ੒෼෍ͱͯ͠ɼ
g(x) = (1 − ε)f0(x) + εw(x) ͷ༷ͳԚછ෼෍Λ૝ఆ͢Δ͜ͱ͕ଟ͘ɼ͋Δ৚݅ΛԾఆ
͢Δͱɼγ-divergence ʹΑΓ g ͱ fθ ͷڑ཭Λଌͬͨͱ͖ʹɼλʔήοτ฼਺ θ∗γ ͸ ε

ͷେ͖͞ʹΑΒͣ θ0 ͍ۙ͜ͱ͕ Fujisawa and Eguchi (2008) ʹΑΓࣔ͞Ε͍ͯΔɽ͜
͜Ͱɼθ0 ͸ f0 = fθ0 Λຬͨ͢Α͏ͳλʔήοτͱͳΔ෼෍ͷ฼਺Ͱ͋Δͱ͢Δɽ͔͠
͠ɼ(2) Λͦͷ··͏͓࢖ͱ͢Δͱσʔλʹؔ͢Δଛࣦؔ਺ͷՃ๏ੑ͕੒ΓཱͨͣɼҰ
ൠޙࣄ෼෍ͷ߹ཧੑ͕ࣦΘΕΔͨΊɼγ-cross entropy Λ୯ௐมͯ͠׵Ճ๏ੑΛ΋ͨͤ
Δ޻෉Λ͢Δɿ

− exp{−γdγ(g(x), f(x; θ))} ∝−
∫
f(x; θ)γdG(x)

{
∫
f(x; θ)1+γdx}γ/(1+γ)

=: q(γ)(θ, x).



͜͜Ͱɼ୯ௐม׵ʹؔͯ͠͸λʔήοτͱͳΔ θ∗γ ͷ஋͸มΘΒͳ͍͜ͱʹ஫ҙ͢Δɽ
͜ΕΒͷ४උͷ΋ͱͰ Nakagawa and Hashimoto (2019) ͸ γ-divergence ͮ͘جʹ θ

ͷޙࣄ෼෍Λ

π(γ)(θ | X) ∝ exp

{
−

n∑

i=1

q(γ)(θ, xi)

}
π(γ)(θ)

ʹΑΓఏҊͨ͠ɽ͜͜Ͱɼπ(γ)(θ) ͸ f(x | θ) ʹ͓͚Δ θ ͷࣄલ෼෍Ͱ͸ͳ͘ɼλʔ
ήοτͱͳΔύϥϝʔλ θ∗γ ʹؔ͢Δࣄલ෼෍Ͱ͋Δ͜ͱʹ஫ҙ͢Δɽ·ͨɼҰൠޙࣄ
෼෍ʹ͓͚Δ learnig rate ω ͸ 1 ͱ͍ͯ͠Δɽ্هͷޙࣄ෼෍ʹݶΒͣҰൠޙࣄ෼෍
͸ਖ਼ن෼෍Ϟσϧͷ৔߹Ͱ͢ΒඇৗʹෳࡶͳܗʹͳΓɼڞ໾ࣄલ෼෍΋ଘ͠ࡏͳ͍ͷ
Ͱɼޙࣄฏۉ౳ͷޙࣄཁ໿౷ྔܭΛղੳతʹ͢ࢉܭΔ͜ͱ͸೉͍͠ɽͦͷͨΊɼޙࣄ
෼෍Λ MCMC ๏Λ༻͍ͯۙ͢ࣅΔ͜ͱͰ฼਺ͷਪଌΛ͏ߦɽ·ͨɼޙࣄ෼෍ͷ઴ۙ
ੑ࣭ͱͯ͠͸ҎԼͷఆཧ͕੒Γཱͭɽ

ఆཧ 2 (Nakagawa and Hashimoto (2019)). ͍͔ͭ͘ͷਖ਼ଇ৚݅ͱɼθ̂(γ)n Λ γ-divergence

લ෼෍ࣄখԽਪఆྔͰ͋Δͱ͢Δɽ͜ͷͱ͖ɼ࠷ π(θ) ͕ θ∗γ ʹ͓͍ͯਖ਼஋͔ͭ࿈ଓͳ
Β͹

∫ ∣∣∣∣π
(γ)(t | X)− (2π)−p/2

∣∣J (γ)(θ∗γ)
∣∣p/2 exp

(
−1

2
t⊤J (γ)(θ∗γ)t

)∣∣∣∣dt
p→ 0 (n → ∞)

͕੒Γཱͭɽͨͩ͠ɼt =
√
n(θ − θ̂(γ)n ) Ͱ͋Γ઴ۙڞ෼ࢄ͸

J (γ)(θ∗γ) = −Eg

[
∇2q(γ)(θ;X1)

]

Ͱ͋Δɽ

͜ͷఆཧ͸ɼޙࣄ෼෍ͷ઴ۙਖ਼ੑنʹؔ͢Δఆཧͱͯ͠஌ΒΕ͍ͯΔ Bernstein-von

Mises ͷఆཧͷྨࣅͰ͋Δɽ͜͜Ͱ஫ҙ͢΂͖͜ͱ͸ɼස౓࿦ʹ͓͚Δ γ-divergence

͸ྻߦࢄ෼ڞ෼෍ͷنখԽਪఆྔͷ઴ۙਖ਼࠷ J (γ)(θ∗γ)
−1I(γ)(θ∗γ)J

(γ)(θ∗γ)
−1 Ͱ͋Γɼ઴ۙ

ಛఆ͞Ε͍ͯΔͱ͖ͷޡΛൺֱ͢Ε͹Θ͔ΔΑ͏ʹɼϞσϧ͕ྻߦࢄ෼ڞ෼෍ͷޙࣄ
తʹ΋ස౓࿦ʹ͓͚Δࣅ৴༻۠ؒ͸ۙޙࣄ nominal coverage Λୡ੒͠ͳ͍͜ͱ͕Θ͔
ΔɽͦͷͨΊɼ࣮ࡍ͏࢖ʹࡍʹ͸ద੾ͳํ๏Ͱޙࣄ৴༻۠ؒΛΧϦϒϨʔγϣϯ͢Δ
ඞཁ͕͋Δɽࣄલ෼෍ͱͯ͠ɼࣄ؍٬લ෼෍ͷҰͭͰ͋Δ probability matching prior

Λ༻͍Δ͜ͱʹΑΓɼnominal coverage ଴Ͱ͖ͦ͏Ͱظతʹୡ੒͞ΕΔ͜ͱ͕ࣅ͕ۙ
͋Δ͕ɼϞσϧ͕ޡಛఆ͞Ε͍ͯΔ৔߹ʹ͸ͦΕͰ΋͏·͍͘͘ͱ͸ݶΒͳ͍͜ͱ͕
Syring and Martin (2019) Ͱࢦఠ͞Ε͍ͯΔɽprobability matching prior ʹؔͯ͠͸ɼ
Datta and Mukerjee (2004) ͕ৄ͘͠ɼ·ͨɼޙࣄฏۉͱϕΠζਪఆྔΛ࣍ߴͷΦʔ
μʔͰ matching ͢ΔΑ͏ͳࣄ؍٬લ෼෍΋͋Δ (Ghosh and Liu (2011), Hashimoto

(2019))ɽ
Ұํɼdensity power divergence ΋ϩόετ౷ܭͰ͸Α͘༻͍ΒΕΔํ๏ͷҰͭͰ͋
Γɼ͜Εʹͮ͘جϕΠζਪ࿦͸ Ghosh and Basu (2016) ͰఏҊ͞Ε͍ͯΔɽ൴Β͸ɼ
਺஋࣮ݧʹ͓͍ͯਖ਼ن෼෍ͷฏۉͷਪఆ໰୊ͷΈΛѻ͍ͬͯΔ͕ɼγ-divergence جʹ
ͮ͘ํ๏Λ༻͍Δͱ෼ࢄ΋ະ஌ͷ৔߹Ͱ΋ (જࡏόΠΞε͕খ͍͞ͱ͍͏ҙຯͰ) ҆ఆ
ͨ͠ਪఆΛ͜͏ߦͱ͕Ͱ͖Δͱ͍͏͜ͱ͕ Nakagawa and Hashimoto (2019) ʹΑΓ֬
ೝ͞Ε͍ͯΔɽ



·ͨɼਪఆྔͷײ౓Λ෼ੳ͢ΔࡍʹΑ͘༻͍ΒΕΔӨؔڹ਺ʹ͍ͭͯ΋ಋग़͢Δ͜
ͱ͕Ͱ͖ΔɽT (γ)

n,π Λޙࣄฏۉ൚ؔ਺ͱ͢Δͱ n Λݻఆͨ͠΋ͱͰɼ

IFn(y, T
(γ)
n,π , F ) = nCovπ(γ)(θ;F )(θ, kγ(θ; y, f))

͕੒Γཱͭɽͨͩ͠ɼCovπ(γ)(θ;F ) ͸ޙࣄ෼෍ͷԼͰͷڞ෼ࢄͰ͋Γ

kγ(θ; y, f) =
∂

∂ε
Q(γ)(θ;Gε, Fθ)

∣∣∣∣
ε=0

=

[
fγ
θ (y)−

∫
fγ
θ (x)f(x)dx

](∫
f 1+γ
θ (x)dx

)−γ/(1+γ)

.

ͱ͢Δɽ͜͜ͰɼGε = (1− ε)F + εΛy (Λy ͸ y ʹୀԽͨ͠෼෍) Ͱ͋Γɼ

Q(γ)(θ;Gε, Fθ) =

(∫
f 1+γ
θ dx

)−γ/(1+γ) ∫
fγ
θ (x)dGε(x)

ͱ͢Δɽैདྷख๏ͱͷӨؔڹ਺ͷൺֱͱਪఆྔͷόΠΞεʹؔ͢Δ਺஋࣮ݧ͸౰೔঺
հ͢Δɽ

4. ॖখࣄલ෼෍ʹͮ͘جϩόετͳϕΠζճؼϞσϧ
μΠόʔδΣϯεʹͮ͘جճؼϞσϧͷਪఆ͸ɼ৚݅෇͖෼෍Λಉఆ͢Δ͜ͱͱಉ஋
Ͱ͋Γɼnon-Bayesian ͷ࿮૊ΈͰ͸εύʔεͳ৔߹΋ؚΊ༷ͯʑͳ͕ڀݚͳ͞Ε͍ͯ
Δ (ྫ͑͹ɼKawashima and Fujisawa (2017))ɽ͜͜Ͱ͸ɼϕΠζճؼϞσϧͷ࿮૊Έ
ͰɼҰൠతͳଛࣦؔ਺ʹର͢Δޙࣄ෼෍Λߏ੒͠ɼॖখࣄલ෼෍ʹͮ͘ج֎Ε஋ʹର
਺ϕΫτϧͷਪఆํ๏ΛఏҊ͢Δɽ܎ؼͳճ݈ؤͯ͠
໨తม਺ yi ͱڞมྔϕΫτϧ xi = (xi1, . . . , xip)⊤ ʹର͠ɼճؼϞσϧ f(yi | xi; θ)

Λ͑ߟΔɽྫ͑͹ɼ࿈ଓม਺ yi ʹରͯ͠ɼf(yi | xi; θ) = φ(yi; x⊤
i β, σ

2) Λ͑ߟΔͱ
ਖ਼نઢܗճؼϞσϧͰ͋Γɼೋ஋ม਺ yi ʹରͯ͠ɼf(yi = 1 | xi; θ) = ψ(x⊤

i β)
yi{1 −

ψ(x⊤
i β)}1−yi Λ͑ߟΔͱϩδεςΟοΫճؼϞσϧʹରԠ͢Δɽͨͩ͠ɼφ(·;µ, σ2) ͸

ਖ਼ن෼෍ N(µ, σ2) ͷີ౓ؔ਺ͱ͠ɼψ(x) = exp(x)/{1 + exp(x)} ͱ͢Δɽθ ͷϕΠζ
ਪଌʹؔͯ͠ɼ࣍ͷΑ͏ͳҰൠϕΠζߋ৽Λ͑ߟΔ͜ͱ͕Ͱ͖Δɿ

π(θ | y, x) ∝ exp

{
−

n∑

i=1

ℓ(yi, xi, θ)

}
π(β, σ2).

ͨͩ͠ɼL(yi, xi, θ) ͸ i ൪໨ͷσʔλͱ θ Λ݁ͼ͚ͭΔଛࣦؔ਺Ͱ͋Γɼπ(θ) ͸∫
L(y, x, θ)dG(x, y)Λ࠷খʹ͢ΔΑ͏ͳλʔήοτ฼਺ θͷࣄલີ౓Ͱ͋ΔɽL(yi, xi, θ) =

− log f(yi | xi; θ) ͱ͓͘ͱ͜Ε͸௨ৗͷϕΠζߋ৽ʹରԠ͢Δ͕ɼԾఆ͞ΕͨϞσϧ
f(yi | xi; θ) ͕֎Ε஋ͷࠞೖͳͲʹΑΓޡಛఆ͞Ε͍ͯΔ৔߹ʹ͸ͨͬޡਪఆ݁ՌΛ༩
͑ͯ͠·͏ɽͦ͜Ͱɼલઅͱಉ༷ʹ୯ௐม͞׵Εͨ γ-cross entropy ଛࣦؔ਺ͮ͘جʹ

L(yi, xi, θ) = cγ(θ)
−γ/(1+γ)f(yi | xi; θ)

γ

෼෍Λ༻͍Δɽͨͩ͠ɼcγ(θ)ޙࣄҰൠ͍ͨͮجʹ = n−1
∑n

i=1

∫
f(y | xi; θ)1+γdy ͱ

͢Δɽ



มྔϕΫτϧڞ xi ͷ͕ݩ࣍େ͖͍৔߹ɼyi ʹӨڹΛ༩͑Δ xi ͷ෦෼ू߹ΛબͿ͜
ͱ͸ॏཁͰ͋ΔɽϕΠζ౷ֶܭͷ࿮૊ΈͰ͸ɼࣄલ෼෍Λద੾ʹఆΊΔ͜ͱʹΑΓҙ
ຯͷ͋Δม਺Λબͼग़͢͜ͱ͕ՄೳͰ͋Δɽ͜͜Ͱ͸ɼಛʹॖখࣄલ෼෍ (shrinkage

prior) ͱݺ͹ΕΔࣄલ෼෍Λ༻͍ͨํ๏Λ͑ߟΔɽॖখࣄલ෼෍ͱͯ͠͸ɼβ ʹର͢
Δਖ਼ن෼෍ͷई౓ࠞ߹ (scale mixtures of normal) લ෼෍Λ༻͍Δ͜ͱ͕ଟ͍ɿࣄ

π(β) =
p∏

k=1

∫ ∞

0

φ(βk; 0, uk)g(uk)duk.

ͨͩ͠ɼg(·) ͸ mixing distribution ͱ͢Δɽ͜ͷܗͷࣄલ෼෍͸ɼ༷ʑͳ΋ͷ͕ఏҊ
͞Ε͓ͯΓɼରԠ͢Δ MCMC ๏΋ଟ͘։ൃ͞Ε͍ͯΔ͕ɼҰൠޙࣄ෼෍ͷ࿮૊ΈͰ
͸ͦΕΒͷํ๏Λͦͷ··͜͏࢖ͱ͕Ͱ͖ͳ͍ͱ͜Ζʹ೉͕͋͠͞Δɽg(·) Λྫ͑͹ɼ
਺෼෍ͱ͢Δͱࢦ Park and Casella (2008) ʹΑΔ Bayesian lassoɼ൒ίʔγʔ (half-

Cauchy) ෼෍ ͱ͢Δͱ Carvalho et al. (2010) ʹΑΔ horseshoe estimator ʹରԠ͢Δ
͜ͱʹ஫ҙ͢Δɽ
౰೔͸ɼॖখࣄલ෼෍Λ༻͍ͨͱ͖ͷϩόετϕΠζճؼϞσϧʹର͢Δεέʔϥ
ϒϧͳ MCMC ΞϧΰϦζϜΛఏҊ͠ɼ਺஋࣮ݧͱ࣮σʔλղੳΛ௨ͯ͠ఏҊख๏ͷ
ύϑΥʔϚϯεΛࣔ͢ɽ

ݙจߟࢀ
[1] Bissiri, P. G., Holmes, C. C. and Walker, S. G. (2016). A general framework for updating

belief distributions. Journal of the Royal Statistical Society B, 78(5), 1103–1130.

[2] Carvalho, C. M., Polson, N. G., and Scott, J. G. (2010). The horseshoe estimator for
sparse signals. Biometrika, 97, 465–480.

[3] Chernozhukov, V. and Hong, H. (2003). An MCMC approach to classical estimation.
Journal of Econometrics, 115, 293–346.

[4] Datta, G. S. and Mukarjee, R. (2004). Probability Matching Priors: Higher Order Asymp-
totics. Springer, New York.

[5] Fujisawa, H. and Eguchi, S. (2008). Robust parameter estimation with a small bias against
heavy contamination. Journal of Multivariate Analysis, 99 (9), 2053–2081.

[6] Ghosh, A. and Basu, A. (2016). Robust Bayes estimation using the density power diver-
gence. Annals of Institute of Statistical Mathematics, 68, 413–437.

[7] Ghosh, M., Liu, R. (2011). Moment matching priors. Sankhyā, 73-A, 185–201.
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