
J (F ) :=
1

2

∫
Ω\F

CE(uF ) : E(uF ) dx+H2(∂F ).

Here the set F ⊂⊂ Ω represents the shape of a void within an elastic body Ω ⊂⊂ R3

and uF denotes the elastic equilibrium in Ω\F , i.e., the minimizer of the elastic energy

EF (u) :=
1

2

∫
Ω\F

CE(u) : E(u) dx

among all displacements u ∈ H1(Ω\F ;R3) satisfying the Dirichlet boundary condition
u = wo on ∂Ω. As usual, E(u) := (Du + (Du)T )/2 stands for the symmetric part of
the gradient of u while C is the elastic tensor acting on 3× 3 matrices A and satisfying
the ellipticity condition CA : A > 0 for all A ̸= 0. Finally, H2 is the two dimensional
Hausdorff measure in R3.

The above energy is used to describe the equilibrium shapes of voids in elasti-
cally stresses solids, see for instance [15]. Existence and regularity of minimizers have
been studied in two dimension in [8, 5], while a relaxation result for a related, similar
functional in any dimension has been obtained in [3]. Note that if F ⊂⊂ Ω is a C2

minimizer of the functional J under a volume constraint then F satisfies the following
Euler-Lagrange equation

(1.1) HF − 1

2

∫
Ω\F

CE(uF ) : E(uF ) = λ on ∂F

for a suitable Lagrange multiplier λ ∈ R, where HF denotes the mean curvature, i.e.,
the sum of the principal curvatures of ∂F . In turn the elastic equilibrium uF satisfies
the following Dirichlet-Neumann problem

(1.2)


divCE(uF ) = 0 in Ω \ F,
CE(uF )[νF ] = 0 on ∂F,

uF = wo on ∂Ω.

Assume now that a chemical potential µt is acting on an initial configuration Fo.
Then, according to the Einstein-Nerst law, the system starts to evolve according to the
following equation

Vt = ∆∂Ftµt on ∂Ft,
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1. Introduction
In this short note we are going to collect a few results recently obtained in [1, 9, 10] 
concerning the H−1 gradient flow of an elastic energy of the type
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where Vt denotes the normal component of the velocity of the evolving surface Ft in the
direction of the exterior normal νFt and ∆∂Ft stands for the Laplace-Beltrami operator
on ∂Ft. Assuming that µt is given by the first variation of the energy functional J ,
i.e., by the left hand side of (1.1), the above equation becomes

(1.3) Vt = ∆∂Ft(HFt −W (E(uFt))),

where we have setW (A) = 1
2
CA : A. Note that the above equation is volume preserving

since a simple calculation shows that

d

dt
|Ft| =

∫
∂Ft

Vt dH2 =

∫
∂Ft

∆∂Ft

(
HFt −W (E(uFt))

)
dH2 = 0.

Moreover, if wo = 0 then uFt = 0 for all t > 0 and (1.3) reduces to the well known
surface diffusion equation

(1.4) Vt = ∆∂FtHFt .

It was first observed by Cahn and Taylor in [4] that the surface diffusion equation
can be seen as the gradient flow of the energy functional J with respect to a suitable
distance in H−1. The same is still true for the more general equation (1.3). Note also
that the surface diffusion decreases the perimeter since

d

dt
H2(∂Ft) =

∫
∂Ft

HFtVt dH2 =

∫
∂Ft

HFt∆∂FtHFt dH2 = −
∫
∂Ft

|∇HFt|2 dH2 ≤ 0,

where ∇ stands for the tangential gradient on ∂Ft. However, this property is not true
in general for the solutions of (1.3).

The papers [1, 9, 10] deal with two different kind of results. The first one is a
short time existence result for equation (1.3). The approach is based on a fixed point
argument on the map f 7→ W (E(uft )), where u

f
t is the solution of the flow

Vt = ∆∂Ft(HFt − f).

The implementation of this simple idea is technically quite involved. The main difficulty
is that one would like to control the trace of the elastic energy W (E(uF )) on ∂F by
means of the mean curvature HF . More precisely, given an integer k ≥ 1, one would
like to prove a linear estimate of the Hk−1/2 norm of the trace of W (E(uF )) on ∂F in
terms of the Hk−1 norm of the mean curvature HF . However, such an estimate is not
true in general. Observe for instance that in 3D an L2 bound on HF does not imply
that uF is bounded in H2(Ω \ F ). Thus, equation (1.3) cannot be viewed as a lower
order perturbation of the surface diffusion equation. To face this difficulty one has to
prove some delicate new estimates for the solutions of the linear elasticity system (1.2),
see Theorem 3.2. Of course, the existence proof simplifies a lot if no elasticity term is
present as for the surface diffusion equation, see [7].

Local in time existence is the best we may hope for equation (1.3), since an example
of Giga and Ito, see [12], shows that even for the surface diffusion equation in 2D
pinching may occur in finite time.

Here, we shall also discuss a few results concerning the long time existence and
asymptotic behavior of solutions of of both equations (1.3) and (1.4). Precisely, we show



that if one starts close to a strictly stable stationary point for the energy functional J
then the solution exists for all times and the map

t 7→
∫
∂Ft

|∇(HFt −W (E(uFt))|2 dH2

decays exponentially fast. In turn, this implies the exponential convergence of the flow
Ft to a stationary set F∞. The key point in the proof of the decay of the above integral
is provided by the following energy identity. If (Ft) is a sufficiently smooth solution in
(0, T ) of the evolution equation (1.3) then, setting

Rt = HFt −W (E(uFt)),

on has

(1.5)
d

dt

(∫
∂Ft

|∇Rt|2 dH2

)
= −2∂2J (Ft)[∆FtRt]

− 2

∫
∂Ft

BFt [∇Rt,∇Rt] (∆FtRt) dH2 +

∫
∂Ft

HFt|∇Rt|2 (∆FtRt) dH2,

where, for a function φ ∈ H1(∂Ft) with zero average on ∂Ft, we have denoted with
∂2J (Ft)[φ] the second variation of the energy associated with the volume preserving
flow of initial velocity φνFt , see Theorem 3.3, and BFt [·, ·] is the second fundamental
form of ∂Ft. Thus, the rough idea of the proof is to show that if Ft stays sufficiently
close to a strictly stable stationary point G of J , then

∂2J (Ft)[∆FtRt] ≥ co∥∆FtRt∥H1(∂Ft)

for a fixed constant c0 > 0, while the last two integrals in (1.5) can be estimated by

σ∥∇(∆FtRt)∥L2(∂Ft)

where the constant σ becomes smaller and smaller as the distance from the initial
datum Fo to the strictly stable stationary set G goes to zero.

This argument is used also in the special case of the surface diffusion equation where
the results presented here extend the ones on the exponential stability of n-dimensional
spheres ([7, 16]). Other known stability results for the surface diffusion flow in the case
of infinite cylinders were obtained in [13, 14] while the stability of a two-dimensional
triple junction configuration (under Neumann conditions) was obtained in [11].

2. Stability of the surface diffusion flow

In this section we present the stability result proved in [10] for the surface diffusion flow
in the unit flat torus T3. To this end, recall that T3 is defined as the quotient of R3

with respect to the equivalence relation x ∼ y ⇐⇒ x− y ∈ Z3. The functional spaces
Hk(T3), k ∈ N, can be identified with the subspace of Hk

loc(R3) of functions that are
one-periodic with respect to all coordinate directions. Similarly, the space Ck,α(T3),
α ∈ (0, 1) may be identified with the space of one-periodic functions in Ck,α(R3). In
the same way we shall say that a set F ⊂ T3 is of class Hk, Ck,α or smooth if its
one-periodic extension to R3 is of class Hk, Ck,α or smooth, respectively.



As mentioned in the introduction the surface diffusion flow is the H−1 gradient flow
of the perimeter. We recall that in the periodic setting, the (relative) perimeter of a
set F ⊂ T3 is defined as

J(F ) := PT3(F ) := sup

{∫
F

divφdz : φ ∈ C1(T3;R3) , ∥φ∥∞ ≤ 1

}
.

We now recall the first and second variation formulas for the perimeter. To this aim
we need to set some notation. Given a C2 set F ⊂ T3 we denote by F1, . . . , Fm its
connected components. Then, given a vector field X ∈ C2(T3;R3), let (Φt)t∈(−δ,δ) be
the associated flow, that is the solution of

(2.1)


∂Φt

∂t
= X(Φt),

Φ0 = Id.

We say that the flow (Φt)t∈(−δ,δ) is admissible for F if

|Φt(Fi)| = |Fi| for t ∈ (−δ, δ) and i = 1, . . . ,m.

Note that when the flow associated with X is admissible, then for i = 1, . . . ,m we have∫
∂Fi

X · νF dH2 = 0.

Next theorem gives the first and second variation formulas for the perimeter in the flat
torus (see [6, 2]).

Theorem 2.1. Let F ⊂ T3 be a set of class C2 and X ∈ C2(T3;R3) a vector field such
that the associated flow (Φt)t∈(−δ,δ) is admissible. Then

d

dt
J(Φt(F ))∣∣

t=0

=

∫
∂F

H∂FX · νF dH2 ,

where νF denotes the outer unit normal to ∂E. Moreover

d2

dt2
J(Φt(F ))∣∣t=0

=

∫
∂F

(
|∇(X · νF )|2 − |B∂F |2(X · νF )2

)
dH2

−
∫
∂F

H∂F div∂F
(
Xτ (X · νF )

)
dH2 +

∫
∂F

H∂F (divX)(X · νF ) dH2 ,

where |B∂F |2 is the sum of the squares of the principal curvatures of ∂F , div∂F stands
for the tangential divergence and Xτ is the tangential component of X.

In view of the above formulas we say that a C2 set F ⊂ T3 is stationary if its first
variation with respect to any admissible flow is zero, i.e., there exist λi ∈ R such that

H∂Fi
= λi for all i = 1, . . . ,m.

Note that if F is stationary and the flow associated with the vector fieldX is admissible,

d2

dt2
J(Φt(F ))∣∣t=0

=

∫
∂F

(
|∇(X · νF )|2 − |B∂F |2(X · νF )2

)
dH2.



In view of this formula we to introduce the following quadratic form, defined on the
functions φ ∈ H(∂F ) := {φ ∈ H1(∂F ) :

∫
∂Fi

φdH2 = 0, for all i = 1, . . . ,m} as

∂2J(F )[φ] :=

∫
∂F

(
|∇φ|2 − |B∂F |2φ2

)
dH2

Note that the condition
∫
∂Fi

φdH2 = 0 for i = 1, . . . ,m is related to the fact that we
allow only variations preserving the volume of the connected components of F .

The notion of stability amounts to requiring that ∂2J is positive definite in a suitable
sense. In fact we have to take into account that J is translation invariant, so that in
particular J(F ) = J(∪mi=1(Fi + tηi)), where ηi ∈ R3, for i = 1, . . . ,m and t ∈ R. By
differentiating twice this identity with respect to t, one obtains that on the space

T (∂F ) := {φ ∈ H(∂F ) : φ = ηi · νF on ∂Fi, ηi ∈ R3, i = 1, . . . ,m}

the second variation vanishes. In view of these observations, we say that the stationary
set F is strictly stable if

∂2J(F )[φ] > 0 for all φ ∈ T⊥(∂F ) \ {0}.

With all these definition in hands we can now state the following stability result which
is a particular case of the stability result of [10], see also [1]. To this end, we say that a
family of sets Ft converges exponentially fast to a smooth set E if there exists to with
the property that for all t > t0

∂Ft = {x+ h(x, t)νE(t) : x ∈ ∂E}

and for all integers k ≥ 1 there exist ck > 0 and Ck > 1 such that

∥h(·, t)∥Ck(∂F∞) ≤ Cke
−ckt.

Theorem 2.2. Let G ⊂ T3 be a strictly stable smooth stationary set. There exists
δo > 0 with the following property. If Fo is such that ∂Fo = {x+ho(x)νG(x) : x ∈ ∂G},
where ∥ho∥H3(∂G) ≤ δo and |Fo| = |G|, the unique classical solution (Ft)t>0 of the flow
(1.4) with initial datum Fo exists for all times t > 0.

Moreover Ft → σ + F∞ exponentially fast, where F∞ is the unique stationary set
near G such that |F∞,i| = |Fo,i| for i = 1, . . . ,m. In particular, if |Fo,i| = |Gi| for
i = 1, . . . ,m, then Ft → σ +G and |σ| vanishes as δo → 0+.

3. The surface diffusion flow with elasticity

In this section we discuss local in time existence and stability for equation (1.3).

To this end, we denote by G ⊂⊂ Ω a fixed reference set and choose η > 0 so that
the signed distance function from ∂G, denoted by d(·, ∂G), is smooth in the tubular
neighborhood {x : |d(x, ∂G)| < η}. Given h ∈ C1(∂G) with ∥h∥L∞(∂G) < η, we set

(3.1) ∂Fh = {x+ h(x)νG(x) : x ∈ ∂G}.

Next local in time existence theorem is proved in [10]. To simply the notation, in the
statement Fo stands for Fho while Ft stands for Fh(·,t).



Theorem 3.1. LetM>0 be such that ||W (E(uG))||L∞(∂G)<M/4. There exist T, δ > 0
such that, if ∥ho∥H3(∂G) ≤M and ∥ho∥L2(∂G) < δ, there is a unique solution (Ft)t∈(0,T ) to
(1.3) with initial datum Fo, with h ∈ H1(0, T ;H1(∂G))∩L∞(0, T ;H3(∂G)). Moreover,
for every integer k ≥ 1,

sup
0≤t≤T

tk∥h(·, t)∥2H2k+3(∂G) +

∫ T

0

tk∥h(·, t)∥2H2k+5(∂G) dt ≤ C(k,M).

The proof of the above theorem requires precise estimates of solutions of the linear
elasticity system (1.2). They are stated in the next theorem. To this end, if Fh is as
in (3.1) we denote by λh : ∂G 7→ ∂Fh the map λh(x) = x+ h(x)νG(x).

Theorem 3.2. . Let K > 0, α ∈ (0, 1), and let k ≥ 3 be an integer. There exists
Ck = Ck(K) > 0 such that if h ∈ Hk(∂G), ∥h∥C1,α ≤ K and ∥h∥L∞(∂G) < η then

∥W (E(uFh
)) ◦ λh∥Hk− 3

2 (∂G)
≤ Ck(∥h∥Hk(∂G) + 1).

Moreover there exists C = C(K) > 0 such that, if h1, h2 ∈ H3(∂G) with ∥hi∥H3(∂G) ≤
K, ∥hi∥L∞(∂G) < η for i = 1, 2, then

∥uFh2
◦ λh2 − uFh1

◦ λh1∥H3/2(∂G) ≤ C∥h2 − h1∥H2(∂G).

Let ΓG,1, . . . , ΓG,m be the connected components of ∂G and let G1, . . . , Gm be
the bounded open sets enclosed by them. Note that the Gi’s are not in general the
connected components of G as it may happen that Gi ⊂ Gj for some i ̸= j. Note also
that if F = Fh is as in (3.1) then ∂F has the same number m of connected components
ΓF,1, . . . , ΓF,m, which can be numbered in such a way that

ΓF,i = {x+ h(x)νG(x) : x ∈ ΓG,i}.

Similarly to what we have done in the previous section, we say that F is stationary if
there exist λi ∈ R such that

H∂F −W (E(uF )) = λi for all i = 1, . . . ,m.

Given a vector field X ∈ C2
c (Ω;R3), we say that the associated flow (Φt)t∈(−δ,δ), i.e.,

the solution of (2.1), is admissible for F if

|Φt(Fi)| = |Fi| for t ∈ (−δ, δ) and i = 1, . . . ,m.

As before we may define the second variation corresponding to the vector field X as
d2

dt2
J (Φt(F ))∣∣

t=0

. Then we have

Theorem 3.3. Let F ⊂⊂ Ω be a smooth set, X ∈ C2
c (Ω;R3). Set ψ := X · νF . Then,

d2

dt2
J (Φt(F ))∣∣

t=0

=

∫
∂F

|∇ψ|2 − |BF |2ψ2 dH2 − 2

∫
Ω\F

W (E(uψ)) dx

−
∫
∂F

∂νF (W (E(uF )))ψ
2 dH2 −

∫
∂F

(HF −W (E(uF ))) div∂F (ψXτ ) dH2,(3.2)

where the function uψ is the unique solution in H1(Ω \ F ;R3), with uψ = 0 on ∂Ω, of∫
Ω\F

CE(uψ) : E(φ) dx = −
∫
∂F

div∂F (ψCE(uF )) · φdH2

for all φ ∈ H1(Ω \ F ;R2) such that φ = 0 on ∂Ω.



Note that if F is stationary then the last integral in (3.2) is zero. Therefore, as
before, we may define for any ψ ∈ H(∂F )

∂2J (F )[ψ] : =

∫
∂F

|∇ψ|2 − |BF |2ψ2 dH2

− 2

∫
Ω\F

W (E(uψ)) dx−
∫
∂F

∂νF (W (E(uF )))ψ
2 dH2.

Again, we say that a stationary set F is strictly stable if

∂2J(F )[φ] > 0 for all φ ∈ H(∂F ) \ {0}.

With these definitions in hand we may now state the following asymptotic stability
result.

Theorem 3.4. Let G ⊂⊂ Ω be a smooth strictly stable stationary set. There exists
δ > 0 such that if ho ∈ H3(∂G) with ∥ho∥H3(∂G) < δ, then the unique solution (Ft)t>0

of the flow (1.3) with initial datum Fo is defined for all times t > 0.
Moreover Ft → F∞ exponentially fast, where F∞ is the unique stationary set near G

such that |F∞,i| = |Fo,i| for i = 1, . . . ,m. In particular, if |Fo,i| = |Gi| for i = 1, . . . ,m,
then Ft → G exponentially fast.
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