
݅࣍ͱࢠఆͨ͠ͷ2-Ҽࢦ

ઍ༿ɹप ∗(ຊେֶ۽)

1. ͡Ίʹ
άϥϑͷϋϛϧτϯด࿏ʹؔ͢ΔཧͱԠ༻ͷ྆໘ʹ͓͍ͯࡏݱͳ͓ൃ׆ͳ
Εଓ͞Ҋ͞Εɼଟ͘ͷ݁Ռ͕ߟͷ֦ு͕ɼ༷ʑͳํࡍͳ͞Ε͍ͯΔɽ࣮͕ڀݚ
͚͍ͯΔ͜ͱ͕ԿΑΓͷূڌͰ͋Ζ͏ɽຊڀݚͰɼͦͷதͷҰͭͱͯ͠ʮࢦఆ͠
ͨͷ 2-ҼࢠʯʹযΛͯΔɽಛʹɼͦͷΑ͏ͳ 2-Ҽࢠʹର͢Δ࣍݅ʹ
Λ͋ΒͨΊͯཧ͢ΔɽੑͷՌͷؔۙ࠷ɼ͜Ε·ͰʹಘΒΕͨ݁Ռ͠ߟ͍ͯͭ
·ͨɼ͔ͦ͜Βͯ͑͘ݟΔϋϛϧτϯด࿏ͱࢦఆͨ͠ͷ 2-Ҽࢠͷ࣌ݱͷ “ࠩ”

Λ໌Β͔ʹ͍͖͍ͯͨ͠ɽ

2. ϋϛϧτϯด࿏ʹର͢Δ࣍݅
ҎԼɼຊڀݚͰѻ͏άϥϑͯ͢༗͔ͭݶ୯७Ͱ͋ΔɽಛʹஅΓ͕ͳ͍ݶΓɼ“άϥ
ϑ”ແάϥϑͷ͜ͱΛ͢ࢦͷͱ͢ΔɽάϥϑGͷಠཱͱ࿈݁ΛͦΕͧΕα(G)

ͱκ(G)Ͱද͠ɼಠཱ s࣍ͷ࠷খΛσs(G)ͱ͢Δɽͭ·Γɼ v ͷ࣍Λ
dG(v)Ͱද͢ͱ͢Δͱɼα(G) ≥ sͷͱ͖ɼ

σs(G) = min
{∑

v∈X

dG(v) : XҐ sͷಠཱू߹
}
;

α(G) < sͷͱ͖ɼσs(G) = +∞ͱఆٛ͢Δɽάϥϑͷͯ͢ͷΛؚΉด࿏Λϋϛ
ϧτϯด࿏ͱݺͿɽ

༩͑ΒΕͨάϥϑʹϋϛϧτϯด࿏͕ଘ͢ࡏΔ͔Ͳ͏͔Λఆ͢Δʢϋϛϧτ
ϯด࿏ʣNPશʹଐ͢͜ͱ͕ΒΕ͍ͯΔɽैͬͯɼϋϛϧτϯด࿏ͷଘੑࡏ
ʹର͢Δ“ΑΓྑ͍”े݅ʹؔ͢Δ͕ͦڀݚͷத৺ͷҰͭͱͳ͍ͬͯΔɽͦͷதͰ
ҎԼͷ݁Ռάϥϑཧʹ͓͚ΔݹయతͳఆཧͷҰͭͰ͋Γɼ͜ͷఆཧΛग़ൃͱ
ͨ݁͠Ռ͕ଟ͘͞Ε͍ͯΔʢαʔϕΠจ রʣɽࢀ[19]

ఆཧ 2.1 (Ore [24]). GΛҐn ≥ 3ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼσ2(G) ≥ nͳΒɼG

ʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

ҰํɼChvátal, Erdős (1972) ϋϛϧτϯด࿏ͷଘੑࡏʹରͯ͠ɼಠཱͱ࿈݁
ͷؔΛ༩͑ͨɽ

ఆཧ 2.2 (Chvátal, Erdős [11]). GΛҐ n ≥ 3ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼα(G) ≤
κ(G)ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

Bondy (1978) ʹΑͬͯɼOre݅ΛΈͨ͢άϥϑChvátal-Erdős݅ΛΈͨ͢͜
ͱ͕ূ໌͞Ε͍ͯΔ ([1])ɽैͬͯɼఆཧ 2.2ఆཧ 2.1ΑΓ͍͜ڧͱʹͳΔɽͦͷ
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ɼBondyޙ (1980) ಠཱκ(G) + 1࣍Λ͑ߟΔ͜ͱͰɼఆཧ 2.2ͷҰൠԽΛ༩
͑ͨɽ

ఆཧ 2.3 (Bondy [2]). G ΛҐ n ≥ 3 ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼσκ(G)+1(G) >
1
2(κ(G) + 1)(n− 1)ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

Yamashita (2008) ࣍ʹؔ͢Δ৽͍͠ෆมྔΛಋೖ͢Δ͜ͱͰɼఆཧ 2.3Λվ
ྑͨ͠ɽάϥϑGͷҐ tҎ্ͷ෦ू߹Xʹରͯ͠ɼ

∆t(X) = max
{∑

x∈Y

dG(x) : Y ⊆ X, |Y | = t
}

ͱఆΊɼs ≥ tʹରͯ͠ɼ

σs
t (G) = min

{
∆t(X) : XҐ sͷಠཱू߹

}

ͱఆٛ͢Δɽͨͩ͠ɼα(G) < sͷͱ͖ɼ σs
t (G) = +∞ͱ͢ΔɽάϥϑGʹରͯ͠ɼ

σs
t (G) ≥ t · σs(G)

s ཱ͕͢Δ͜ͱʹҙͤΑɽ

ఆཧ 2.4 (Yamashita [30]). GΛҐn ≥ 3ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼσκ(G)+1
2 (G) ≥ n

ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

͞Βʹɼσκ(G)+1
t (G)ͱ͍͏݅Λͨ͑ߟ߹ɼt = 2ͷͱ͖͕ྑ࠷ͷ݅Ͱ͋Δ͜ͱ

͕ࣔ͞Ε͍ͯΔɽ͜Εϋϛϧτϯด࿏ͷଘੑࡏʹରͯ͠ “2ͷ࣍”͕ॏཁͰ
͋Δ͜ͱΛҙຯ͍ͯ͠Δɽ

ͯ͞ɼ࣍અҎ߱Ͱʮࢦఆͨ͠ͷ 2-ҼࢠʯʹযΛͯɼ͕࣍݅Ͳͷ
Α͏ʹมԽ͢Δ͔Λ͍ͯ͘͜ݟͱʹ͢Δɽ·ͨɼҰൠͷάϥϑ͚ͩͰͳ͘ೋ෦άϥϑ
༗άϥϑ্ͷͦͷΑ͏ͳ2-Ҽࢠͷଘੑࡏʹର͢Δ࣍݅ʹ͍ͭͯ͢ߟΔɽ

3. ݅࣍ର͢Δʹࢠఆͨ͠ͷ2-Ҽࢦ
֤͕ด࿏Ͱ͋ΔΑ͏ͳάϥϑGͷશҬ෦άϥϑΛGͷ 2-Ҽࢠͱ͍͏ɽैͬͯɼ
ϋϛϧτϯด࿏“1ͷ2-Ҽࢠ”ͱ͍͑ݴΔ͜ͱ͕Ͱ͖Δɽϋϛϧτϯด࿏
ͱରশతʹɼ2-Ҽࢠͷଘੑࡏඞཁे͕݅ΒΕ͓ͯΓ ([27])ɼϚονϯά
ʹؼண͢Δ͜ͱͰߴʹٻΊΔ͜ͱ͕Ͱ͖Δ ([21])ɽ͞Βʹɼϋϛϧτϯด࿏ͱ2-Ҽ
ߦʹൃ׆ڀݚͷࢠͳ“ࠩ”ΛௐΔͨΊʹɼಛఆͷ੍ΛՃͨ͠2-ҼࡉͷΑΓৄࢠ
ΘΕ͍ͯΔɽͦͷதͷҰͭͱͯ͠ʮࢦఆͨ͠ͷ2-Ҽࢠʢkͷ2-ҼࢠʣʯΛ
Δ͜ͱ͕Ͱ͖Δ͕ɼͦͷΑ͏ͳ͑ߟ 2-Ҽࢠͷଘੑࡏఆϋϛϧτϯด࿏ͱ
ಉҎ্ʹ͍͠ɽैͬͯɼଘੑࡏʹର͢Δ“ΑΓྑ͍”े݅ͷ͕ߟॏཁͰ͋Γɼ
ͦΕ͕·ͨϋϛϧτϯด࿏ͱ͍͏ಛผͳ߹ͱͷࠩΛଌΔҰͭͷईʹͳΔɽ

3.1. Oreܕ݅

1997ʹBrandt, Chen, Faudree, Gould, LesniakʹΑͬͯൃද͞ΕͨҎԼͷ݁Ռඇ
ৗʹڵຯਂ͍ͷͰ͋Δɽ

ఆཧ 3.1 (Brandt et al. [3]). kΛਖ਼ͱ͠ɼGΛҐn ≥ 4kͷάϥϑͱ͢Δɽ͜ͷ
ͱ͖ɼσ2(G) ≥ nͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ



͜ͷఆཧʹΑΓɼఆཧ 2.1ͷOre݅ϋϛϧτϯด࿏ͷΈͳΒͣɼ͋ΒΏΔͷ
͔Βߏ͞ΕΔ 2-ҼࢠͷଘੑࡏΛอূ͢Δ͜ͱʹͳΔɽ·ͨɼશೋ෦άϥϑ
K(n−1)/2,(n+1)/2͔Β࣍݅ͷ͕ੑྑ࠷͔ΔͷͰɼϋϛϧτϯด࿏ͱk (≥ 2)

ͷ 2-ҼࢠͷؒʹOreܕ݅ʹ͓͍͕ͯࠩͳ͍ͱ͑ݴΔɽ͔͠͠ͳ͕Βɼෳݸͷด
࿏Λѻ͍ͬͯΔɼఆཧ 3.1ͷূ໌ఆཧ 2.1ͷͷΑΓΔ͔ʹෳࡶͰ͋Δ͜ͱʹ
ҙ͞Ε͍ͨɽҎԼఆཧ 3.1ͷূ໌ํͰ͋Δɽ

εςοϓ 1. kݸͷૉͳด࿏ͷଘੑࡏΛࣔ͢ɽ

εςοϓ 2. kݸͷૉͳด࿏Λkͷ2-Ҽࢠͱ֦ு͢Δɽ

ఆཧ 3.1ͷҐ݅“n ≥ 4k”ɼεςοϓ 1ʹͷΈ༻͞Ε͍ͯΔɽ࣮ࡍɼBrandt et

al.  Justesen ([16]) ͷ݁ՌͷͨΊʹͦͷҐ݅Λઃఆͨ͠ʢ[3, Lemma1]ͷূ໌Λ
ɼEnomotoʹޙরͤΑʣɽࢀ (1998) ͱ Wang (1999) ͕ͦΕͧΕಠཱʹ Justesenͷ݁
ՌΛվળ͍ͯ͠Δɽ

ఆཧ 3.2 (Enomoto [13], Wang [28]). kΛਖ਼ͱ͠ɼGΛҐ 3kҎ্ͷάϥϑͱ͢
Δɽ͜ͷͱ͖ɼσ2(G) ≥ 4k − 1ͳΒɼGʹkݸͷૉͳด࿏͕ଘ͢ࡏΔɽ

͜ͷఆཧΛ༻͍Δͱɼఆཧ 3.1ͷҐ݅ “n ≥ 4k − 1”ʹվળͰ͖Δ͜ͱ͕͔
Δɽ·ͨɼશೋ෦άϥϑK2k−1,2k−1͕Ґ݅ͷੑྑ࠷Λ͍ࣔͯ͠Δɽ

ܥ 3.3 (Brandt et al. [3], Enomoto [13], Wang [28]). kΛਖ਼ͱ͠ɼGΛҐ n ≥
4k − 1ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼσ2(G) ≥ nͳΒɼGʹ kͷ 2-Ҽ͕ࢠଘࡏ
͢Δɽ

͜ΕΒͷ݁ՌʹΑΓɼҐͷेେ͖͍άϥϑͷ࠷খ͕࣍ͦͷҐͷҎ্͋
Ε kͷ 2-Ҽ͕ࢠଘ͢ࡏΔ͜ͱʹͳΔ͕ɼ͠༩͑ΒΕͨάϥϑ্ʹϋϛϧτ
ϯด࿏ͷଘ͕͢ੑࡏͰʹ͔͍ͬͯΔͷͰ͋Εɼͦͷ࠷খ࣍݅ΛվળͰ͖Δ͜
ͱ͕ΒΕ͍ͯΔʢԼͷ݁ՌҎ֎ʹ [14, 26]ࢀরͤΑʣɽ͜͜Ͱɼδ(G)άϥϑGͷ
Λද͢ɽ࣍খ࠷

ఆཧ 3.4 (DeBiasio et al. [12]). kΛਖ਼ɼεΛ 0 < ε < 1/10ΛΈ࣮ͨ͢ͱ͠ɼG

Λϋϛϧτϯด࿏ΛͭҐn ≥ 3k/εͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼδ(G) ≥ (2/5 + ε)n

ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

Δ݁Ռͷূ໌ɼఆཧؔ͢ʹࢠఆͨ͠ͷ2-Ҽࢦ 3.1ͱಉ༷ͷํʢεςοϓ 1ɾ
εςοϓ 2ʣ͕༻͍ΒΕ͍ͯΔ͜ͱ͕ଟ͍ɽैͬͯɼ“ূ໌ͷํ”ʹ͓͍ͯ͜ͷఆཧ
ڵຯਂ͍ͷͱ͑ݴΔͩΖ͏ɽ࣮ࡍɼҎԼͷʹ͍ͭͯ͢ߟΔ͜ͱͰɼఆཧ 3.1

ͷผূ໌Λ༩͑ΔՄੑ͕͋Δɽ✓ ✏
 3.5. ఆཧ 3.4ΛOreܕ݅ʹվྑͰ͖ΔͩΖ͏͔ɽ✒ ✑

3.2. Chvátal-ErdősܕɾBondyܕɾYamashitaܕ݅

લड़ͷఆཧ 2.1ͱఆཧ 3.1ͷؔੑΛྀͯ͠ߟɼChen, Gould, Kawarabayashi, Ota,

Saito, Schiermeyer (2007) Chvátal-Erdősܕ݅ʹ͓͍ͯಉ༷ͷ͜ͱΛ༧͍ͯ͠Δ
ʢ[17, Problems 1.1, 1.2]ࢀরͤΑʣɽ



༧ 3.6 (Chen et al. [5]). ҙͷਖ਼kʹରͯ͠ɼkͷΈʹґଘ͢Δࣗવn(k)͕
ଘ͠ࡏɼα(G) ≤ κ(G)ΛΈͨ͢Ґn(k)Ҏ্ͷͯ͢ͷάϥϑGʹkͷ2-Ҽࢠ
͕ଘ͢ࡏΔɽ

͜ͷ༧ʹରͯ͠ɼChen et al. ҎԼΛূ໌ͨ͠ɽ

ఆཧ 3.7 (Chen et al. [5]). k,αΛਖ਼ͱ͠ɼGΛα(G) = αΛΈͨ͢Ґnͷάϥϑ
ͱ͢Δɽ͜ͷͱ͖ɼn ≥ k · r(α + 4,α + 1) ͔ͭ α ≤ κ(G)ͳΒɼGʹ kͷ 2-

Ҽ͕ࢠଘ͢ࡏΔɽ͜͜Ͱɼr(m,n)ϥϜθʔΛද͢ɽ

Kaneko, Yoshimoto ([17]) ͱSaito, Yoshimoto ([25]) ɼ্ه༧ͷk = 2ͷ߹ʹ
Ξϓϩʔν͍ͯ͠Δɽ·ͨɼจ [6]ͷதͰؔ࿈ͨ݁͠Ռ͕ಘΒΕ͍ͯΔ͕ɼ༧ 3.6

Ұൠʹશղܾ͞Ε͍ͯͳ͍ɽैͬͯɼϋϛϧτϯด࿏ͱk (≥ 2)ͷ2-Ҽࢠ
ͷؒʹChvátal-Erdősܕ݅ʹ͓͍ͯେ͖ͳ͕ࠩଘ͢ࡏΔɽ

͜͜Ͱɼఆཧ 2.2ͷূ໌ํʹ͍ͭͯͯݟΈΔ͜ͱʹ͠Α͏ɽChvátal-ErdősʹΑΔ
“ด࿏ͷ֦ு๏ʢεςοϓ 2ʣ”ͷΞΠσΞҎԼͷ௨ΓͰ͋Δɽ

1. άϥϑG্ͷด࿏CΛG− CͷHͷۙʹΑͬͯ༗ݸݶͷ۠ؒʹׂ͢Δɽ

2. ҟͳΔ۠ؒͱHͷͷྡؔΛௐΔ͜ͱͰด࿏CΛ֦ு͢Δʢ͠ด࿏C

Λ֦ுͰ͖ͳ͍ͱ͢Δͱɼ֤۠ؒͱHͷ͕ಠཱू߹Λܗ͢Δ͜ͱʹͳΓɼ
Chvátal-Erdős݅ʹໃ६͢Δɽʣ

͜ͷٞʹ͓͚Δ “ด࿏C”Λ “kݸͷૉͳด࿏C1, . . . , Ck”ʹஔ͖ͯ͑ΈΔͱɼ
kͷ2-Ҽࢠͷଘੑࡏʹରͯ࣍͠ͷ͜ͱ͕༰қʹಘΒΕΔɽ

໋ 3.8. k Λਖ਼ͱ͠ɼGΛ k ͷૉͳด࿏Λͭάϥϑͱ͢Δɽ͜ͷͱ͖ɼݸ
α(G) ≤ ⌈κ(G)/k⌉ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

ैͬͯɼ͠kݸͷૉͳด࿏ͷଘ͕͢ੑࡏͰʹ͔͍ͬͯΔͷͰ͋Εɼα(G) ≥
⌈κ(G)/k⌉+1ཱ͕͍ͯ͠Δͱͯ͠Α͍ɽ·ͨɼఆཧ 2.3ఆཧ 2.4Λྀ͢ߟΔͱɼ͜
ͷؔࣜΛΈͨ͢άϥϑʹରͯ࣍݅͠Λ༩͑Δ͜ͱ͕ΑΓࣗવͷΑ͏ʹࢥΘΕ
Δɽ͜ͷߟΛͱʹɼզʑkͷ2-Ҽࢠͷଘੑࡏʹରͯ͠ҎԼͷYamashitaܕ
݅Λ༩͑ͨɽ

ఆཧ 3.9 ([8]). k Λਖ਼ͱ͠ɼGΛҐ n ≥ 5k − 2ͷάϥϑͱ͢Δɽ͜ͷͱ͖ɼ
σ⌈κ(G)/k⌉+1
2 (G) ≥ nͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

͜ͷఆཧఆཧ 2.4ͱఆཧ 3.1ͷڞ௨ͷҰൠԽʹͳ͍ͬͯΔʢୈ 6અͷਤ 1ࢀর
ͤΑʣɽ

ܥ 3.10 ([8]). kΛਖ਼ͱ͠ɼGΛҐn ≥ 5k − 2ͷάϥϑͱ͢Δɽ

(i) σ⌈κ(G)/k⌉+1(G) > 1
2(⌈κ(G)/k⌉+ 1)(n− 1)ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏ

Δɽʢैͬͯɼσ2(G) ≥ nͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽʣ

(ii) α(G) ≤ ⌈κ(G)/k⌉ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

ఆཧ 3.9ͷҐ݅ “n ≥ 5k − 2”ɼఆཧ 3.1ʹର͢Δঢ়گͱಉ༷ʹɼεςοϓ 1

ͷͨΊʹઃఆ͍ͯ͠Δɽ࣮ࡍɼܥ 3.10ͷBondyܕɾChvátal-Erdősܕ݅ʹ͓͍ͯɼ
Ґ݅Λ“n ≥ 4k − 1”ʹվળ͢Δ͜ͱ͕Ͱ͖Δʢ[7]ΛࢀরͤΑʣɽ



ҎԼͷද͜Ε·Ͱͷ݅Λ·ͱΊͨͷͰ͋Γɼ֤݅ʹ͓͚Δϋϛϧτϯด࿏
ͱk (≥ 2)ͷ2-Ҽࢠͷ࣌ݱͷ͕ࠩͯݟऔΕΔɽ

ϋϛϧτϯด࿏  kͷ 2-Ҽࢠ

Oreܕ σ2 ≥ n σ2 ≥ n

ఆཧ 2.1 ఆཧ 3.1

Chvátal-Erdősܕ α ≤ κ α ≤ ⌈ κ/k ⌉
ఆཧ 2.2 ܥ 3.10

Bondyܕ σκ+1 > 1
2 (κ+ 1)(n− 1) σ⌈κ/k⌉+1 > 1

2 (⌈κ/k⌉+ 1)(n− 1)

ఆཧ 2.3 ܥ 3.10

Yamashitaܕ σκ+1
2 ≥ n σ⌈κ/k⌉+1

2 ≥ n

ఆཧ 2.4 ఆཧ 3.9

ද 1: ݅ͷൺֱ࣍

4. ೋ෦άϥϑ্ͷࢦఆͨ͠ͷ2-Ҽࢠʹର͢Δ࣍݅

4.1. Moon-Moserܕ݅

Moon, Moser (1963) ఆཧ 2.1ͷ“ೋ෦άϥϑ൛”ʹ͍ͭͯ͠ߟɼೋ෦άϥϑʹ͓͚
ΔΑΓࣗવͳ࣍݅Λ༩͑ͨɽGΛೋ෦άϥϑͱ͠ɼAͱBΛͦͷ෦ू߹ͱ͢Δɽ
|A| = |B|ͷͱ͖ɼGۉͰ͋Δͱ͍͏ɽೋ෦άϥϑGʹ͓͚Δ “ඇྡ 2࣍
”ͷ࠷খσ1,1(G)ΛҎԼͰఆٛ͢Δɽ

σ1,1(G) = min
{
dG(u) + dG(v) : u ∈ A, v ∈ B, uv /∈ E(G)

}
.

ͨͩ͠ɼG͕શೋ෦άϥϑͷͱ͖ɼσ1,1(G) = +∞ ͱ͢Δɽʢೋ෦άϥϑGʹର͠
ͯɼσ1,1(G) ≥ σ2(G) ≥ 2δ(G)ཱ͕͢Δ͜ͱʹҙͤΑɽʣ

ఆཧ 4.1 (Moon, Moser [22]). GΛҐ 2n ≥ 4ͷۉೋ෦άϥϑͱ͢Δɽ͜ͷͱ͖ɼ
σ1,1(G) ≥ n+ 1ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽʢैͬͯɼσ2(G) ≥ n+ 1ͳΒ
ɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ·ͨɼδ(G) ≥ (n+1)/2ͳΒɼGʹϋϛϧτϯ
ด࿏͕ଘ͢ࡏΔɽʣ

લઅ·ͰͷͷྲྀΕ͔Βఆཧ 4.1ͷMoon-Moser݅ k (≥ 2)ͷ 2-Ҽࢠͷ
ଘੑࡏอূ͢ΔͷͰͳ͍͔ʁͱ͑ߟΔͷࣗવͰ͋Ζ͏ɽ࣮ࡍɼChen, Faudree,

Gould, Jacobson, Lesniak (2000) ͜ͷ؍͔ΒڀݚΛਐΊɼ࠷খ࣍݅ʹؔͯ͠
ఆతͳ݁ՌΛ༩͑ͨɽ͜͜Ͱɼ෦ू߹͕A,Bͷೋ෦άϥϑGʹରͯ͠ɼδ1,1(G)ߠ =

min
{
dG(u) + dG(v) : u ∈ A, v ∈ B

}
ͱఆٛ͢Δɽ

ఆཧ 4.2 (Chen et al. [4]). kΛਖ਼ͱ͠ɼGΛҐ2nͷۉೋ෦άϥϑͱ͢Δɽͨ
ͩ͠ɼn ≥ max{51, k2/2 + 1}Ͱ͋Δɽ͜ͷͱ͖ɼδ1,1(G) ≥ n+ 1ͳΒɼGʹ
kͷ2-Ҽ͕ࢠଘ͢ࡏΔɽʢैͬͯɼδ(G) ≥ (n+ 1)/2ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ
Δɽʣ͢ࡏ

ҰํɼLi, Wei, Yang (2001) ఆཧ 4.1ΑΓΘ͔ͣʹ͍ڧ“Oreܕ”͕݅k

ͷ2-ҼࢠͷଘੑࡏΛอূ͢Δ͜ͱΛࣔͨ͠ɽ



ఆཧ 4.3 (Li et al. [20]). kΛਖ਼ͱ͠ɼGΛҐ 2n ≥ 4k + 2ͷۉೋ෦άϥϑͱ
͢Δɽ͜ͷͱ͖ɼσ2(G) ≥ n+ 2ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

͔͠͠ͳ͕Βɼ͜ΕΒͷఆཧMoon-Moser݅ “σ1,1(G) ≥ n + 1”͕ kͷ 2-

ҼࢠͷଘੑࡏΛอূ͢Δͷ͔ʁͱ͍͏͍ʹશʹ͍͑ͯͳ͔ͬͨɽͦ͜Ͱɼզʑ
ҎԼͷղΛ༩͑ͨɽ

ఆཧ 4.4 ([10]). kΛਖ਼ͱ͠ɼGΛҐ2nͷۉೋ෦άϥϑͱ͢Δɽͨͩ͠ɼn ≥
12k+2Ͱ͋Δɽ͜ͷͱ͖ɼσ1,1(G) ≥ n+1ͳΒɼGʹkͷ2-Ҽ͕ࢠଘ͢ࡏΔɽ

͜ͷఆཧͷ࣍݅ͯ͢ͷ kʹରͯ͠ྑ࠷Ͱ͋ΔɽैͬͯɼҰൠͷάϥϑͷ
߹ͱಉ༷ʹɼೋ෦άϥϑʹ͓͍ͯϋϛϧτϯด࿏ͱk (≥ 2)ͷ2-Ҽࢠͷؒʹ
ඇྡ2࣍݅ʹ͓͍͕ͯࠩͳ͍ͱ͑ݴΔɽ
ҎԼఆཧ 4.4ͷূ໌ํͰ͋Δɽ͜͜ͰɼάϥϑGͷล෦ू߹MͰɼ͍ޓʹ
Λڞ༗͠ͳ͍ͷΛGͷϚονϯάͱݺͿɽಛʹɼGͷ֤͕Mʹଐ͢Ұͭͷล
ͷʹͳ͍ͬͯΔͱ͖ɼMΛશϚονϯάͱݺͿɽ

εςοϓ 1. G−
⋃
Ci͕શϚονϯάΛؚΉΑ͏ͳkݸͷૉͳด࿏C1, . . . , Ckͷଘ

Λࣔ͢ɽੑࡏ

εςοϓ 2. εςοϓ 1ͷkݸͷૉͳด࿏Λkͷ2-Ҽࢠͱ֦ு͢Δɽ

εςοϓ 2Ͱด࿏ΛҼࢠ֦ு͢ΔͨΊʹɼεςοϓ 1Ͱด࿏֎͕શϚονϯά
ΛؚΉΑ͏ʹઃఆ͍ͯ͠Δɽ·ͨɼୈ5.2અͰࣔ͞ΕΔΑ͏ʹɼεςοϓ 1ʹ͓͚Δ
ૉͳด࿏ɼ༗άϥϑ্ͷૉͳ༗ด࿏ͱີͳ͕ؔ͋Δɽ͜Εೋ෦άϥϑ
ʹ͓͚Δ͕Ұൠͷάϥϑͷ߹ʹൺ͍ͯ͠Ͱ͋Δ͜ͱΛ͍ࣔࠦͯ͠Δɽ

4.2. ೋ෦άϥϑʹ͓͚Δಠཱ

ೋ෦άϥϑʹ͓͚ΔChvátal-Erdősܕ݅Ͳ͏ͳΔͩΖ͏͔ɽͦͦೋ෦άϥϑ
ʹ͓͚Δಠཱ࿈݁ΛͲͷΑ͏ʹఆ͖ٛͩ͢Ζ͏͔ɽOrdaz, Amar, Raspaud

(1996) ೋ෦άϥϑ্ͷϋϛϧτϯด࿏ʹରͯ͠ɼҎԼͷ“ಠཱ”ͱ࠷খ࣍ͷؔ
Λ༩͍͑ͯΔɽ͜͜Ͱɼ෦ू߹͕A,Bͷೋ෦άϥϑGʹରͯ͠ɼαBIP(G)ΛҎԼͰఆ
ٛ͢Δɽ

αBIP(G) = max
{
|X| : X |X ∩ A| = |X ∩ B|ΛΈͨ͢ಠཱू߹

}
.

ఆཧ 4.5 (Ordaz et al. [23]). GΛҐ 2n ≥ 4ͷۉೋ෦άϥϑͱ͢Δɽ͜ͷͱ͖ɼ
αBIP(G) ≤ 2δ(G) − 4ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽैͬͯɼαBIP(G) ≤
2κ(G)− 4ͳΒɼGʹϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

Ore݅ͱChvátal-Erdős݅ͷؔੑͱҟͳΓɼఆཧ 4.1ͷMoon-Moser݅Λ
Έͨ͢ೋ෦άϥϑ͕ఆཧ 4.5ͷ݅ΛΈͨ͢ͱݶΒͳ͍͜ͱʹҙ͞Ε͍ͨɽ͔͠
͠ͳ͕Βɼ͜Ε·ͰͷͷྲྀΕΛྀ͢ߟΔͱɼҎԼͷࣗવͰ͋Γɼ͔ͦ͜Β৽
ͨͳల։ͷՄੑ͕ेʹظͰ͖ΔΑ͏ʹࢥΘΕΔɽ✓ ✏
 4.6. ೋ෦άϥϑʹ͓͚Δkͷ2-Ҽࢠʹର͢Δ“ಠཱαBIP(G)”ͱ࿈݁
ͷؔΛ༩͑Αɽ·ͨɼఆཧ 4.5ͷ݅kͷ2-ҼࢠͷଘੑࡏΛอূ͢Δ
ͩΖ͏͔ɽ✒ ✑



5. ༗άϥϑ্ͷࢦఆͨ͠ͷ2-Ҽࢠʹର͢Δ࣍݅

5.1. Woodallܕ݅

Woodall (1972) ༗άϥϑʹ͓͚Δ༗ϋϛϧτϯด࿏ʢͯ͢ͷΛؚΉ༗
ด࿏ʣͷଘੑࡏʹରͯ࣍݅͠Λ༩͑ͨɽ༗άϥϑDʹରͯ͠ɼ“ඇྡ 2
࣍”ͷ࠷খσ1+,1−(D)ΛҎԼͰఆٛ͢Δɽ͜͜ͰɼA(D)Dͷूހ߹Λද͠ɼ
d+D(v)ͱd−D(v)ͷͦΕͧΕ vͷग़࣍ͱೖ࣍Λද͢ɽ

σ1+,1−(D) = min
{
d+D(u) + d−D(v) : u, v ∈ V (D), u ̸= v, (u, v) /∈ A(D)

}
.

ͨͩ͠ɼD͕શ༗άϥϑͷͱ͖ɼσ1+,1−(D) = +∞ ͱ͢Δɽ

ఆཧ 5.1 (Woodall [29]). DΛҐn ≥ 2ͷ༗άϥϑͱ͢Δɽ͜ ͷͱ͖ɼσ1+,1−(D) ≥ n

ͳΒɼDʹ༗ϋϛϧτϯด࿏͕ଘ͢ࡏΔɽ

͜ͷఆཧOreͷఆཧ (ఆཧ 2.1) ͷҰൠԽʹͳ͍ͬͯΔɽ

ҙ 5.2. GΛҐnͷάϥϑͱ͠ɼD(G)ΛGͷ֤ล uvΛ 2ͭͷހ (u, v)ͱ (v, u)ʹ
ஔ͖͑Δ͜ͱͰG͔ΒಘΒΕΔ༗άϥϑͱ͢Δɽ͜ͷͱ͖ɼD(G)ͷఆΊํΑΓ

1. ͷ࣍ (i)–(iii)ಉͰ͋Δ :

(i) (u, v) ∈ A(D(G))ɼ(ii) (v, u) ∈ A(D(G))ɼ(iii) uv ∈ E(G)ɽʢಛʹɼσ2(G) =

σ1+,1−(D(G))ཱ͕͢Δɽʣ

2. D(G)্ͷ͞ l (≥ 3)ͷ༗ด࿏G্ͷ͞ lͷด࿏ʹରԠ͍ͯ͠Δɽ

ैͬͯɼ͠άϥϑ G͕ Ore݅ΛΈͨ͢ͳΒɼ༗άϥϑ D(G)ఆཧ 5.1ͷ
Woodall݅ΛΈͨ͢ɽ͞ΒʹɼD(G)ʹ͓͚Δ༗ϋϛϧτϯด࿏ͷଘੑࡏGʹ͓
͚Δϋϛϧτϯด࿏ͷଘੑࡏΛҙຯ͢ΔɽΑͬͯɼఆཧ 5.1ఆཧ 2.1ΑΓ͍͜ڧͱ
͕͔Δɽ

զʑɼఆཧ 2.1ͱఆཧ ͼఆཧٴ3.1 2.1ͱఆཧ 5.1ͷؔੑΛྀͯ͠ߟɼWoodall

͕݅ҎԼͷ 2-ҼࢠͷଘੑࡏΛอূ͢Δ͜ͱΛࣔͨ͠ɽ͜͜Ͱɼ༗άϥϑDʹର͠
ͯɼ֤͕༗ด࿏Ͱ͋ΔΑ͏ͳDͷશҬ༗෦άϥϑΛ༗2-ҼࢠͱݺͿɽ

ఆཧ 5.3 ([9]). kΛਖ਼ͱ͠ɼDΛҐn ≥ 12k+3ͷ༗άϥϑͱ͢Δɽ͜ͷͱ͖ɼ
σ1+,1−(D) ≥ nͳΒɼDʹ֤ด࿏ͷ͕͞3Ҏ্Ͱ͋Δkͷ༗ 2-Ҽ͕ࢠଘࡏ
͢Δɽ

ҙ 5.2ͱಉ༷ͷٞʹΑΓɼఆཧ 5.3ఆཧ 3.1ΑΓ͍͜ڧͱ͕͔Δɽैͬͯɼ
ఆཧ 5.3ఆཧ 3.1ͱఆཧ 5.1ͷڞ௨ͷҰൠԽʹͳ͍ͬͯΔʢୈ6અͷਤ 1ࢀরͤΑʣɽ

5.2. ೋ෦άϥϑ্ͷશϚονϯάΛؚΉ2-Ҽࢠ

લઅͰհͨ͠༗ϋϛϧτϯด࿏ͷ݁Ռೋ෦άϥϑ্ͷશϚονϯάΛؚΉϋ
ϛϧτϯด࿏ͱ͕ؔ͋Δɽ࣮ࡍɼLas Vergnas (1972) ఆཧ 5.1ΛҎԼͷΑ͏ʹ͍ݴ
ޓશϚονϯάMʹରͯ͠ɼMʹؔ͢ΔަΔɽ͜͜ͰɼάϥϑGͱGͷ͍ͯ͑
ด࿏ΛM-ด࿏ͱݺͼɼMͷลΛؚͯ͢Ήϋϛϧτϯด࿏ΛM-ϋϛϧτϯด࿏ͱݺ
Ϳ͜ͱʹ͢Δɽ



ఆཧ 5.4 (Las Vergnas [18]). GΛҐ 2n ≥ 4ͷۉೋ෦άϥϑͱ͠ɼMΛGͷશ
Ϛονϯάͱ͢Δɽ͜ͷͱ͖ɼσ1,1(G) ≥ n+2ͳΒɼGʹM-ϋϛϧτϯด࿏͕ଘࡏ
͢Δɽ

ҎԼͷ͜ͱ͔Βఆཧ 5.1ͱఆཧ 5.4ͷಉੑ͕͔Δɽ

ҙ 5.5 ([15, 31]ࢀরͤΑ). DΛҐnͷ༗άϥϑͱ͠ɼGΛҎԼͷ (1)–(3)ͷ
खॱʹैͬͯಘΒΕΔάϥϑͱ͢Δɽ

(1) Dͷ֤ vΛ2ͭͷ vAͱ vBʹׂ͢Δ

(2) Dͷ֤ހ (u, v)ΛลuAvBʹஔ͖͑Δ

(3) ลू߹M = {vAvB : v ∈ V (D)}ΛՃ͢Δ

͜ͷͱ͖ɼG {vA : v ∈ V (D)}ͱ {vB : v ∈ V (D)}Λ෦ू߹ͱ͢ΔҐ 2nͷۉೋ
෦άϥϑͰ͋ΓɼMGͷશϚονϯάʹͳΔ͜ͱ͕͔Δɽ
ɼGΛA,BΛ෦ू߹ͱ͢ΔҐʹٯ 2nͷۉೋ෦άϥϑɼMΛGͷશϚονϯ
άͱ͠ɼҎԼͷ (1’)–(2’)ͷखॱʹैͬͯಘΒΕΔάϥϑΛDͱ͢ΔͱɼDҐnͷ
༗άϥϑʹͳΔ͜ͱ͕͔Δɽ

(1’) GͷMҎ֎ͷ֤ลuAvBʢuA ∈ A, vB ∈ BʣΛހ (u, v)ʹஔ͖͑Δ

(2’) Mͷ֤ลΛ1ʹॖ͢Δ

ɼ͍͓ͯʹܗΕͧΕͷมͦه্

1. ͷ࣍ (i)–(ii)ಉͰ͋Δ :

(i) (u, v) ∈ A(D)ɼ(ii) uAvB ∈ E(G)ɽʢಛʹɼσ1+,1−(D) = σ1,1(G)− 2ཱ͕͢Δɽʣ

2. D্ͷ͞ l (≥ 2)ͷ༗ด࿏G্ͷ͞2lͷM-ด࿏ʹରԠ͍ͯ͠Δɽ

ैͬͯɼఆཧ 5.3࣍ͷΑ͏ʹ͍͑ݴΔ͜ͱ͕Ͱ͖Δɽ͜͜ͰɼάϥϑGͱGͷ
ͿɽݺͱࢠΛM-2-ҼࢠશϚονϯάMʹରͯ͠ɼMͷลΛؚͯ͢ΉGͷ2-Ҽ

ఆཧ 5.6 ([9]). kΛਖ਼ɼGΛҐ2nͷۉೋ෦άϥϑͱ͠ɼMΛGͷશϚον
ϯάͱ͢Δɽͨͩ͠ɼn ≥ 12k + 3Ͱ͋Δɽ͜ͷͱ͖ɼσ1,1(G) ≥ n+ 2ͳΒɼGʹ֤
ด࿏ͷ͕͞6Ҏ্Ͱ͋ΔkͷM-2-Ҽ͕ࢠଘ͢ࡏΔɽ

ҙ 5.5ΑΓɼୈ 4.2અͰհͨ͠ 4.6༗άϥϑ্ͷࢦఆͨ͠ͷ༗
2-Ҽࢠʹର͢Δ “ಠཱ”ͱ࿈݁ͷؔͷֻ͔ΓͱͳΔͩΖ͏ɽ͜ͷҙຯͰ
 4.6ڵຯਂ͍ͷͱ͑ݴΔɽ

6. ͓ΘΓʹ
ຊߘͰɼϋϛϧτϯด࿏ͱࢦఆͨ͠ͷ2-Ҽࢠͷ“ࠩ”Λ࣍݅ͷ؍͔Β
ɽಛʹɼඇྡ͖ͨͯ͠ߟ 2࣍݅Λͨ͑ߟ߹ɼʢೋ෦άϥϑ༗ά
ϥϑʹ͓͍ͯʣϋϛϧτϯด࿏ʹର͢Δ݅ࣗମ͕ kͷ 2-ҼࢠͷଘੑࡏΛอ
ূ͢Δ͜ͱ͕͔ͬͨʢఆཧ 3.1, 4.4, 5.3, 5.6ʣɽ͜Εɼϋϛϧτϯด࿏ͰΑ͘
ΕΔ͞༺ crossing insertionͷख๏͕ kͷ 2-Ҽࢠʹ্ख͘ద༻Ͱ͖ͨ
ͨΊͰ͋Δɽ



Ұํɼୈ 2અͱୈ 3.2અͰհͨ͠Α͏ʹɼಠཱ࿈݁ʹؔ͢ΔChvátal-Erdős

Δ͜ͱ͕Ͱ͖͑ߟ݅ʹΑͬͯͦͷ֦ுΛྀ࣍ͨ͠ߟΔͱɼͦΕΛ͢ࡏ͕݅ଘܕ
Δʢఆཧ 3.9ɼܥ 3.10(i)ʣɽ͔͠͠ͳ͕Βɼࡏݱͷͦͷ࣍݅kʹґଘ͠
͍ͯΔʢද ͕݅kͷ2-Ҽܕরʣɽϋϛϧτϯด࿏ʹର͢ΔChvátal-Erdősࢀ1
Λอূ͢Δͱ༧͞Ε͍ͯΔ͕ʢ༧ੑࡏͷଘࢠ 3.6ʣɼͦΕʹର͢Δྑ͍ূ໌๏͕ݱ
ͱ͍͏ҙຯͰɼ໋ࡧͳ͍ɽূ໌๏ͷ͍͔ͯͬͭݟͰ࣌ 3.8ʢܥ 3.10(ii)ʣͷ
݅Λগͣͭ͠վળ͍ͯ͘͜͠ͱҰͭͷࡦͷΑ͏ʹࢥΘΕΔɽޙࠓɼChvátal-Erdős

ͷղ໌ʹΊ͍ͯ͘༧ੑ݅Ҏ֎ͷ݅ʹ͓͚Δ྆ऀͷؔ࣍݅Λத৺ʹɼܕ
ఆͰ͋Δɽ
ਤΛ·ͱΊ͓ͯ͘ɽͰհͨ͠ఆཧʢͷҰ෦ʣͷؔߘɼຊʹޙ࠷
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Annals of Discrete Math. 41 (1989) 299–306.

[17] A. Kaneko, K. Yoshimoto, A 2-factor with two components of a graph satisfying the
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